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ABSTRACT: The occurrence of limit-cycle oscillations during the low to high confinement mode transition in
magnetically confined plasma is investigated using bifurcation theory. The fixed-point and stability analyses of the
minimal temporal model are carried out, revealing two distinct critical external power thresholds. The first corresponds
to the onset of limit-cycle oscillation via Hopf bifurcation in which plasma turbulence and zonal flow shear form a self-
regulating state. The second is associated with the transcritical bifurcation that drives the system into high confinement
mode where mean flow shear sustains turbulence suppression. The minimal temporal model is extended to a spatio-
temporal model by coupling it to the energy transport equation and allowing for the turbulence spreading effect. In this
model, the limit-cycle orbit originates at the plasma edge due to pressure gradient driven linear instability. During each
cycle, the turbulence and zonal flow fronts also propagate radially inward due to turbulence spreading effect. Once the
external power threshold surpasses the second critical value, an edge transport barrier is formed self-consistently at the
edge of plasma pressure profile, providing rapidly strong mean flow shear that sustains local turbulence suppression
and prevents the back-transition to the low confinement mode.
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INTRODUCTION

Magnetic confinement fusion aims to achieve sus-
tained thermonuclear reactions by maintaining a high-
temperature plasma within strong magnetic fields.
Among the various operational regimes, the high-
confinement mode (H-mode) plays a crucial role be-
cause it significantly improves plasma energy con-
finement compared with the low-confinement mode
(L-mode) [1]. For next-step fusion devices, such as
the International Thermonuclear Experimental Reac-
tor (ITER) and DEMOnstration power plant (DEMO),
accessing and maintaining H-mode is crucial for
achieving the plasma conditions necessary for efficient
fusion power production. Despite its importance, the
transition from L-mode to H-mode, commonly referred
to as the L-H transition, remains one of the most com-
plex nonlinear phenomena in plasma physics, involv-
ing multiscale interactions among plasma turbulence,
zonal flow shear, and mean flow shear [2].

A key feature observed in the vicinity of the L-H
transition is the emergence of limit-cycle oscillations
(LCOs)—quasi-periodic oscillations in edge turbulence
and flow shear [3–6]. These oscillations arise from the
dynamic competition between turbulence drive and
shear suppression, providing detailed information on

the self-regulation processes governing confinement
transitions. Predicting the LCO phase is important
because it provides an early indicator that the plasma
is approaching the L-H transition. Since LCOs arise
from the self-regulating interaction between turbu-
lence and shear flows, their onset, amplitude, and
duration contain useful information about the heating
power threshold and the nonlinear mechanisms that
lead to H-mode access. A reliable prediction of the
LCO phase can therefore help clarify the physical route
from L-mode to H-mode and may provide guidance
for optimizing external heating scenarios and confine-
ment control in future fusion devices. The multi-
predator–one-prey model is a widely used theoreti-
cal framework for describing LCO behavior [7]. In
this model, turbulence acts as the prey, while zonal-
flow (ZF) shear and mean-flow (MF) shear serve as
competing predators that suppress turbulence growth
through shear-induced turbulence decorrelation. The
corresponding energy causality is illustrated in Fig. 1.
Turbulence extracts free energy from the pressure
gradient through linear instabilities and transfers its
energy to zonal flows via Reynolds stress. The gen-
erated zonal flows subsequently suppress turbulence,
reducing turbulent transport and allowing the pressure
gradient to recover. On a slower time scale, mean-
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Fig. 1 The energy causality among plasma turbulence, zonal-
flow shear, and mean-flow shear

flow shear also suppresses turbulence and inhibits the
growth of zonal flows. The interplay among these
mechanisms forms a self-regulating feedback loop that
gives rise to LCO behavior. Earlier studies have shown
that this minimal temporal model captures essential
features of the L-H transition and describes the ex-
istence of multiple equilibrium states, also known as
fixed points, bifurcation structures, and the occurrence
of LCOs [8, 9] under a certain set of model parameters.
However, temporal models alone are insufficient to
describe the formation of the edge transport barrier
(ETB), which characterizes H-mode. This is because
the ETB formation is intrinsically spatial and arises
from the coupled effects of pressure-gradient drive,
turbulence spreading [10, 11], and localized shear-
flow generation near the plasma edge. To address this
limitation, the temporal predator-prey model must be
extended to a spatio-temporal system by coupling it
with the one-dimensional energy transport equation
[12] and allowing for turbulence spreading effect.

In this work, we investigate the dynamical be-
havior of the L-H transition using both temporal
and spatio-temporal formulations of the predator-prey
models. We perform fixed-point and stability anal-
yses to identify the multiple equilibrium states of
the system and to track how their stability changes
as the controlled parameter is varied. Two distinct
critical power thresholds emerge from the bifurcation
analysis: (1) a first threshold associated with a Hopf
bifurcation, marking the onset of limit-cycle oscilla-
tions, and (2) a second threshold corresponding to a
transcritical bifurcation, after which the turbulence-
free state becomes only stable state.

Although spatio-temporal models have previously
been proposed to describe the L-H transition with
the preceding LCO-phase [13, 14], these formulations
typically rely on a slow, linear power ramp-up, during
which the models can reproduce the emergence of

the LCO phase. However, under such conditions it
becomes difficult to determine the precise location of
the limit-cycle orbit, as its size continuously evolves
with the increasing heat source. Consequently, the
system trajectory may not actually converge onto a
stable limit cycle; instead, it spirals inward and out-
ward throughout the transition driven by the linear
power ramp-up. Moreover, a strictly linear power-
ramp scenario is not always experimentally achievable.
In this work, we address these limitations by employing
a simplified version of the spatio-temporal model with
a step-like external heat source. In this study, the
external heat source is prescribed in a step-like form to
mimic an abrupt increase in externally injected heating
power, such as neutral beam injection, electron or ion
cyclotron microwave heating. The step-like profile is
not intended to represent a specific actuator waveform,
but rather an idealized heating scenario that allows
the nonlinear system to relax to each dynamical state
before the next power level is applied. This makes it
possible to identify the limit-cycle orbit more clearly
than in a continuously ramped heating case. This
approach enables a clear identification of the limit-
cycle orbit in the three-dimensional phase space, as
the abrupt heating allows the system trajectory to
fully settle onto the limit cycle before subsequently
transitioning to the H-mode regime.

By incorporating turbulence spreading and
pressure-gradient-driven instabilities, the spatio-
temporal extension reproduces key observations,
including the edge localized onset of LCOs and the
inward propagation of turbulence and zonal-flow
fronts. Above the second power threshold, the
model predicts the spontaneous formation of a
robust edge transport barrier that sustains strong
mean-flow shear and suppresses turbulence, thereby
preventing back-transition to L-mode. In summary,
this study provides a unified theoretical description
of confinement transitions in magnetically confined
plasma, highlighting the central roles of bifurcations,
multi-predator–prey interactions, and radial transport
processes. The results contribute to a deeper
understanding of the physics underlying H-mode
access and hold implications for optimizing plasma
performance in future fusion reactors.

SPATIO-TEMPORAL MULTI-PREDATOR–ONE-PREY
MODEL

It is believed that the occurrence of LCOs in magnetic
confinement devices arises from the nonlinear and
complex interactions among plasma turbulence, ZF
shear, and MF shear. These dynamics can be described
using the minimal temporal multi-predator–one-prey
model [7, 8, 15], in which the ZF and MF shears act as
competing predators that suppress the plasma turbu-
lence, which in turn behaves as the prey. A detailed
description of the temporal model is provided in [7].
To self-consistently describe the formation of an edge
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transport barrier (ETB), which develops at the plasma
edge, the temporal model must be extended to include
spatial effects. This can be achieved by coupling
the temporal model with the one-dimensional energy
transport equation and allowing for turbulence spread-
ing effect. The resulting extended model captures the
space-time evolution of turbulence intensity (I), zonal
flow shear energy (EZF = V ′2ZF), and plasma pressure
(p). The model can be written as follows:

∂ I
∂ t
=
�

γL I −αZFEZF I −αMFEMF I −∆ωI2
�
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Predator-prey system

Equations (1) and (3) exhibit the characteristics of
a predator-prey system, where turbulence intensity
(prey) emerges first and subsequently transfers part
of its energy to the zonal flow (the first predator)
via three-wave nonlinear interaction. The zonal flow,
in turn, interacts back with the turbulence through a
suppression mechanism, resulting in a self-regulating
dynamics [2]. The first term on the right-hand side
(RHS) of Eq. (1) represents the growth of turbu-
lence driven by a linear instability, with the turbulence
growth rate γL defined as:
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where αI denotes the strength of the growth rate,
R is the plasma major radius, and L−1

p = |d ln p/dy|
is the inverse pressure gradient scale length. The
term (R/Lp)cri corresponds to the critical threshold
of plasma pressure gradient, and Θ is the Heaviside
function. The second and third terms describe the
suppression of turbulence by ZF and MF shears with
coupling coefficients αZF and αMF, respectively. The
fourth term accounts for the nonlinear saturation of
turbulence. These terms enclosed within the square
brackets represent the locality effect of the turbulence
intensity, while the final term introduces the non-local
turbulence self-scattering, which originates from non-
linear mode-coupling in wavenumber space [16], with
turbulent thermal diffusivity χN . When the pressure
gradient exceeds its critical value, the turbulence is
excited and propagates toward the region of weaker
excitation. Consequently, turbulence can penetrate
into linearly stable region of the plasma [17], leading

to the enhancement of turbulent energy cross-field
transport and degradation of the energy confinement.

The first term on the RHS of Eq. (3) represents the
excitation of the zonal flow as turbulence is sufficiently
strong to overcome the linear flow damping γd (the
second term). The MF shear also inhibits the growth
of zonal flow with the inhibition strength ζ0. It is
worth noting that the evolution of zonal flow shear
energy does not explicitly depend on the spatial effect
by itself, on the other hand, it depends on the space-
time evolution of the turbulence intensity and mean
flow shear through excitation and inhibition effects,
respectively.

One-dimensional energy transport equation

The mean flow shear energy EMF = V ′2E×B, the second
predator, can be obtained by the radial force balance
equation: V ′E×B ≈ ρscs/L

2
p, where we only consider

the diamagnetic shear under the assumption of frozen
density profile to simplify the analysis and prevent
numerical instabilities. Moreover, we also neglect
the contribution of pressure profile curvature, and
poloidal and toroidal magnetic fields. The space-time
evolution of plasma pressure in the mean flow shear
calculation can be obtained by the one-dimensional
energy transport equation. The terms enclosed within
square brackets of Eq. (4) is the diffusive energy flux
comprises the neoclassical and turbulent thermal dif-
fusivities. The former is given by:

χneo =
�

R
a

�3/2

q2ρ2
s νii , (6)

which is the collisional thermal diffusivity in the Ba-
nana regime. The parameter q = 1+ 2 (y/a)2 is the
simplified formal magnetic q-profile and νii is the ion-
ion collision frequency. The latter is given by

χturb =
acs I

1+αt EMF
, (7)

where it is self-consistently coupled to the turbulence
intensity evolution rather than assumed to be constant
as done in the previous works [18, 19]. Here, αt is
the cross-phase modification of turbulent transport by
the mean flow shear, providing the strength of the
turbulent transport suppression. The last term on
the RHS of Eq. (4) represents the flux-driven external
heat source providing the free energy into the system,
where Q0 is the amplitude of the Gaussian heat source
localized at the plasma core and Lp,dep is the energy
deposition width.

Fixed-point and stability analyses

Under certain limits, the spatio-temporal model can be
reduced to the temporal model. Thus, the multiple
equilibrium states and their dynamics are equivalent.
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Fig. 2 The equivalent phase portrait of the temporal model
projected onto the plane without zonal flow for different
heat source σ. The black arrow indicated the direction
of increasing in heat source. The shown fixed points are
calculated at σ = 1.1.

In this section, we carry out the fixed-point and stabil-
ity analyses of the temporal model in which the results
can be qualitatively adapted to describe the dynamics
of spatio-temporal model. The analysis procedures are
similar to those in [8, 9]. The general procedures can
be explained as follows: first, by considering the system
at steady state, we obtain the nullclines of the system,
where their intersections represent the location of fixed
points in the phase space. Second, to determine the
type and stability of each fixed point, we perform
linearization by evaluating the Jacobian matrix of the
system of equations at each corresponding fixed point
and look for the eigenvalues, which contain the in-
formation of each equilibrium state [20]. Once the
controlled parameter is varied, the dynamic of each
fixed point will change as the eigenvalues also change.
In this work, the external heat source is chosen as a
control parameter to mimic the heating scenario in the
actual fusion experiment.

The phase portrait between plasma turbulence
and pressure gradient projected onto the plane with-
out zonal flow shear carried out by the fixed-point
analysis of the temporal model is shown in Fig. 2.
The colored curves and black horizontal line represent
the nullclines of the system. The darker red curves
correspond to the nullclines with higher external heat
source, while other nullclines are fixed as the heat
source is varied. The red, green, purple, and blue dots
represent the locations of the L-, T-, H-, and QH-mode
fixed point, respectively. Note that the name of each
fixed point is preserved to be the same as those in [8].
The time evolution of these fixed points under varying
heat sources is illustrated by arrows, each matching
the color of the respective mode, i.e., each fixed point
move along the nullclines as the controlled parameter
is varied. Here, σ denotes the normalized external
heating strength used as the control parameter in
the reduced temporal bifurcation analysis. Increasing
σ corresponds to increasing the externally applied

Table 1 Model parameters used in the simulations.

Parameter Value Parameter Value

ρs 10−2 ∆ω 2.5×10−3

R 4 αZF 10
a 1 αMF 4.5×10−3

αt 0.1 ζ0 102

χN 5.0×10−3 γd 7.5×10−4

αI 2.5×10−3 Lp,dep 0.12
(R/Lp)cri 3.7 νii 3.0×10−3

heating power. The value σ = 1.1 is selected as a
representative case because it lies in the intermediate
regime where the L-, T-, H-, and QH-mode fixed points
can be clearly displayed and compared.

The stability analysis of the temporal model re-
veals that there are two distinct critical values in the
external heat source. Surpassing the first one causes
the T-mode fixed point loses its stability and undergoes
Hopf-bifurcation giving rise to the LCO behavior. On
other hands, surpassing the second one gives rise to the
transcritical bifurcation where the LCO is terminated
and the system transits to the state without turbulence
and zonal flow as this state is the only possible stable
state. In the next section, we will use this information
to look for the occurrence of the LCO during the L-H
transition in the spatio-temporal model.

Numerical simulation setup

The system of partial differential equations (1) to (4)
are numerically solved by BOUT++ fluid simulation
framework [21]. We impose fixed boundary condition
for the edge pressure, i.e., p = 0.01, while other
boundaries are set to Neumann conditions. The model
parameters are shown in Table 1, which are similar
to those used in the literature. However, since our
model is the simplified version, some parameters need
to be adjusted to satisfy the Hopf bifurcation criterion
and to avoid numerical instability especially during
the LCO-phase where the pressure gradient changes
drastically. We utilize the CVODE time integrator for
time evolution. The finite volume method is employed
to discretize the diffusion terms. The pressure gradient
is calculated via the fourth-order central finite differ-
ence method. The radial coordinate y and time t are
normalized by the minor radius a and drift-wave time
scale a/cs, respectively. Here cs =

p

Ti0/mi is the ion
sound speed with reference ion temperature Ti0 = 1
keV and mi is the ion mass. A uniform grid spacing
of 1/256 and time step of 10 are used. The numerical
simulations are performed with LANTA supercomputer
in Thailand.

RESULTS AND DISCUSSIONS

LCO during L-H transition

This section investigates the occurrence of the LCO
during the L-H transition with the spatio-temporal
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Fig. 3 (a) Time history of the amplitude of the Gaussian heat source. (b) Radial profile of the Gaussian heat source at
t = 150000 a/cs.

80000 100000 120000 140000 160000 180000 200000 220000

0.2

0.4

0.6

0.8

y/
a

(a) L-mode LCO-phase H-mode
Turbulence intensity: I

80000 100000 120000 140000 160000 180000 200000 220000

0.2

0.4

0.6

0.8

y/
a

(b)
Zonal flow shear energy: EZF

80000 100000 120000 140000 160000 180000 200000 220000
t [a/cs]

0.2

0.4

0.6

0.8

y/
a

(c)
Mean flow shear energy: ln(EMF)

0.00000

0.00022

0.00044

0.00066

0.00088

0.00110

0.00132

0.00154

0.00176

0.00198

0.000000

0.000182

0.000365

0.000547

0.000730

0.000912

0.001095

0.001277

0.001460

0.001642

28.15

23.45

18.75

14.05

9.35

4.65

0.05

4.75

9.45

14.15

Fig. 4 Space-time evolution of (a) turbulence intensity, (b) ZF shear energy, and (c) MF shear energy during a step change
in the external heat source. Limit-cycle oscillations emerge in the intermediate regime between L-mode and H-mode. In the
H-mode, the MF shear becomes dominant within the edge transport barrier (ETB) region.

model under a step external heat source. The time
history and typical radial profile of the heat source are
shown in Fig. 3 (a) and (b), respectively.

During the first phase of the heating scenario, the
amplitude of the Gaussian source is below the first
critical point. As a result, an arbitrary initial condition
evolves and saturates at the stable spiral fixed point
where turbulence and zonal flow remain at low levels
characterized as the L-mode state. The space-time
evolution of turbulence intensity, ZF shear energy, and
MF shear energy during the L-mode is shown as the
first phase of Fig. 4 (a) to (c), respectively. Once

the amplitude of the Gaussian source surpass the first
critical point, the stable spiral fixed point loses its
stability, resulting in the Hopf bifurcation hence the
LCO behavior as shown in the second phase of Fig. 4.
Notice that, the amplitude of the each model species
keep growing at the beginning of the LCO-phase then
oscillate with a finite amplitude. This is because as
soon as the heat source exceeds the first critical point,
the unstable spiral fixed point pushes the trajectories
away from it then they are attracted and settled down
to the limit cycle orbit. Once the heat source surpass
the second critical point, the LCO behavior terminates
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Fig. 5 Three dimensional phase space showing L-LCO-H
transition. The limit cycle orbit is shown as the circumference
of the cycle in green.

then the trajectories are attracted to the new fixed
point characterized as the H-mode state. In the H-
mode, the rapid steep pressure gradient forms a very
strong mean flow shear, which then suppresses turbu-
lence intensity and anomalous transport. This results
in the formation of the ETB in the pressure profile. In
addition, since zonal flows are driven by turbulence,
without the driving term zonal flow also disappears in
the ETB region during the H-mode.

The three-dimensional phase space among edge
turbulence intensity, ZF shear energy, and MF shear
energy during L-LCO-H transition via a step heating
scenario is illustrated in Fig. 5. Note that the trajectory
during L-mode regime start at t = 70000 a/cs where
the system already reached the first equilibrium state.
The initial oscillations as initial condition spiral toward
equilibrium point are not shown here. The steady limit
cycle orbit is shown at the circumference of the cycle
in green.

Steady-state radial profiles

The radial profiles of turbulence intensity, ZF shear
energy, MF shear energy, and plasma pressure during
each state are shown in Fig. 6 (a) to (d), respectively.
Note that the time slice of the LCO-phase in green
is selected at the specific time of maximum level of
the turbulence intensity during a certain steady limit
cycle. It can be seen that turbulence and zonal flow
co-exist in the edge region during the L-mode then
they propagate radially inward due to the turbulence
spreading effect during the LCO-phase. In addition,
they dominate over most of the plasma area except
for the deep core region. Interestingly, the turbulence
intensity at a certain limit cycle is very strong in
this phase. This may explain the bursty dynamics of
turbulence amplitude measured by several diagnostics
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Fig. 6 Radial profiles of (a) turbulence intensity, (b) ZF shear
energy, (c) MF shear energy, and (d) plasma pressure during
the L-mode (red), LCO phase (green), and H-mode (blue).
The inset in the pressure profile highlights the formation of
the ETB at the plasma edge.

[22–24]. The ETB formation during the H-mode is
clearly formed self-consistently in the edge region of
the plasma pressure as shown in the inset of Fig. 6
(d). In this region the MF shear is very strong that
capable to suppress the anomalous transport that later
prevent the regeneration of the turbulence intensity in
this region. In other words, the MF shear is responsible
for the sustainment of the turbulence suppression in
the H-mode rather than forming a self-regulation loop
as done by the ZF shear during LCO-phase.

Predator-prey relationship during LCO-phase

In order to confirm the predator-prey relationship be-
tween turbulence (prey) and zonal flow (predator) as
the former appears first then transfers its energy to
the latter via the Reynolds stress, the time evolution
of both quantities is shown in Fig. 7 (a). It is obvious
that the turbulence peaks lead the zonal flow peaks
consistent with the predator-prey type relationship.
This can also be confirmed by the cross-correlation
function between ZF shear energy and turbulence
intensity C (EZF, I) where the maximum correlation
function appears at the positive time lag, indicating the
zonal flow shear energy lag the turbulence intensity.

CONCLUSION

In this work, we employed a simplified spatio-temporal
multi-predator–one-prey model to demonstrate the
emergence of limit-cycle oscillations during the L-H
transition under a step-like external heat source. Un-
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Fig. 7 (a) Time evolution of the edge turbulence intensity and ZF shear energy during the steady LCO phase. (b) Cross-
correlation function between the ZF shear energy and turbulence intensity, evaluated over the same time interval as in (a),
showing a peak at positive time lag, which indicates that the ZF shear response lags the turbulence drive.

like the case of a linear power ramp-up, in which the
system trajectories spiral inward and outward without
fully converging, the step-heating scenario allows the
trajectories to settle onto a well-defined limit-cycle
orbit. This enables a precise identification of the limit
cycle orbit in the three-dimensional phase space. The
model further shows that the edge transport barrier
forms self-consistently at the plasma edge, coinciding
with regions of strong mean flow shear that sustain
turbulence suppression. Future work will focus on
extending the model by incorporating the particle
transport equation to achieve a more comprehensive
description of edge dynamics.
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