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ABSTRACT: In this paper, we study the uniqueness of meromorphic function concerning derivatives and fixed points.
We mainly prove: Let n, k be two positive integers with n > 3k + 8, and let f and g be two meromorphic functions all
whose zeros and poles have multiplicity at least n. If f©) and g share z CM, f and g share co IM, then

(1) k=1, either f(z)=1¢; e’ g(2)=c¢c, e
2 k=22,f=g.

where c;, ¢, and c are three constants satisfying 4c;c,c? =

—l,orf=g;

The result improves some results due to Fang-Qiu [J Math Anal Appl, 2002], Zhang [J Southeast Univ, 2004], Xu-L{-Yi
[Comput Math Appl, 2010] and Zhang [ Comput Math Appl, 2008].
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INTRODUCTION AND MAIN RESULTS

In this paper, meromorphic always means meromor-
phic in the whole complex plane. We use the following
standard notations in value distribution theory [1-4]:
T(r,f),N(r,f),m(r,f),....

We denote by S(r,f) any quantity satisfying
S(r,f) =0(T(r,f)) as r — oo possible outside of an
exceptional set E € (0,00) with finite measure. A
meromorphic function a is said to be a small function
of f if it satisfies T(r,a) = S(r, f).

Let f and g be two nonconstant meromorphic
functions, and let @ be a small function of both f and
g. If f —a and g — a have the same zeros counting
multiplicities (ignoring multiplicities), then we call
that f and g share a CM (IM). Moreover, we denote
by N(r, @) be the counting function for common zeros
of both f —a and g—a with the same multiplicities and
the multiplicity is counted. If

N(r722)+N (g

then we call that f and g share a CM almost. If

N(r %)+ (ns

then we call that f and g share a IM almost.
Let f and g share 1 IM almost. We denote by
N, ( ) 7= 1) the counting function for 1-points of both

f and g about which f has larger multiplicity than g,
with multiplicity being not counted. Similarly, we have

) 2N(r,a) < S(r,f)+S(r,g),

) 2N(r,a) < S(r, f)+5(r, 2),

the notation N, (r, ) Especially, if f and g share 1

M, then N, (1, 7 ) N, (r25)=0.

We denote by N, (r, f) the counting function for
poles of f with multiplicity at least k, and by N(k(r, )
the corresponding one for which multiplicity is not
counted. Set Ni(r,f) = N(r,f) + Nu(r, f) + -+ +
N (r, f).

Fang-Hua [5], Yang-Hua [6] obtained the follow-
ing unicity theorem.

Theorem A Let f and g be two nonconstant entire
functions, and let n(=> 6) be a positive integer. If f"f’
and g"g’ share 1 CM, then either f(z) = c, €%, g(z) =
cy € %, where cq,c, and c are three constants satisfying
(c16))"e?2 =—1, or f = tg, where t is a constant such
that t"*1 =1.

In 2002, Fang-Qiu [7] proved the following theo-
rem.

Theorem B Let f and g be two nonconstant entire
functions, and let n(> 6) be a positive integer. If f"f’
and g"g’ share z CM, then either f(2) = ¢; < glz)=
Cy e, where 1, Co and c are three constants satisfying
4(cicy)" e =—1, or f = tg, where t is a constant such
that t""! = 1.

In 2002, Fang [8] obtained the following result.

Theorem C Let f and g be two nonconstant entire
functions, and let n, k be two positive integers with n >
2k +4. If (FM® and (g™ share 1 CM, then either
f(2)=c;e% g(z)=cye %, where c;,c, and c are three
constants satisfying (—1)*(c,c,)"(nc)** =1, or f =tg,
where t is a constant such that t" = 1.

In 2004, Zhang [9] proved the following theorem.
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Theorem D Let n,k be two positive integers with n >
2k 4+ 4, and let f and g be two nonconstant entire
functions all whose zeros have multiplicity at least n.
If f® and g® share 1 CM, then either f(z) = ¢, e%,
g(2) = c,e™%, where c1,c, and ¢ are three constants
satisfying (—1)kcicoc®* =1, or f = g.

In 2008, Zhang [10] proved the following theo-
rem.

Theorem E Let f and g be two nonconstant entire

functions, and let n, k be two positive integers with n >

2k +4. If (f M and (g™)™® share z CM, then

(1) k =1, either f(2) = ¢ e, g(2) = ¢ e,
where ¢;, ¢, and c are three constants satisfying
4(cic)" (ne2 = —1, or f = g;

2) k=2, f =tg, where t is a constant such that
th=1.

From above theorems, we naturally ask the
following problem.

Problem 1. Are Theorems A-E valid or not for
meromorphic functions?

In 2010, Xu-L{-Yi [11] studied the case of mero-
morphic functions and obtained the following theo-
rems.

Theorem F Let f and g be two nonconstant meromor-
phic functions, and let n, k be two positive integers with
n>3k+8 If (fH® and (g")* share 1 CM, f
and g share oo IM, then either f(z) = c;e%, g(z) =
¢y €%, where cq,c, and c are three constants satisfying
(—1)k(clc2)”(nc)2k =1, or f =tg, where t is a constant
such that t" = 1.

Theorem G Let f and g be two nonconstant meromor-
phic functions, and let n, k be two positive integers with
n>3k+10. If (M) and (g")® share z CM, f
and g share oo IM, then either f(z) = ¢; e, g(z) =
Cy e~=, where 1, Cy and c are three constants satisfying
4(cicy)*(nc)? = —1, or f = tg, where t is a constant
such that t" = 1.

In this paper, we extend and improve Theorem F
and Theorem G, and prove the following results.

Theorem 1 Let n,k be two positive integers with n >
3k+6, and let f and g be two meromorphic functions all
whose zeros and poles have multiplicity at least n. If f %
and g share 1 CM, f and g share oo IM, then either
f(2)=c,e%, g(z)=cy,e %, where cq,c, and c are three
constants satisfying (—1)*cic,c* =1, or f = g.

Remark 1 By Theorem 1, we get Theorem F, and
improve the condition that n > 3k +8 to n > 3k + 6.

Theorem 2 Let n,k be two positive integers with n >
3k+5, and let f and g be two nonconstant meromorphic
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functions all whose zeros and poles have multiplicity at
least n. If f® and g™ share 1 CM, f and g share oo
CM, then either f (2) = c, €%, g(z) = cy ™%, where c1, ¢y
and c are three constants satisfying (—1)*(c;c,)c? = 1,
or f =g.

Theorem 3 Let n,k be two positive integers with n >

3k+8, and let f and g be two nonconstant meromorphic

functions all whose zeros and poles have multiplicity at

least n. If f% and g® share z CM, f and g share oo

IM, then

(1) k=1, either f(z) =¢; e, g(2)=1cy €=, where
¢1,C, and c are three constants satisfying 4c,cyc? =
—lLorf=g;

2) k=22 f=g.

Remark 2 By Theorem 3, we get Theorem G, and
improve the condition that n > 3k + 10 to n > 3k + 8.

Theorem 4 Let n,k be two positive integers with n >

3k+7, and let f and g be two nonconstant meromorphic

functions all whose zeros and poles have multiplicity at

least n. If f® and g® share z CM, f and g share oo

CM, then

(1) k=1, either f(2) =¢; e, g(z)=1c,y €=, where
¢1,C, and c are three constants satisfying 4cycyc? =
—lorf=g;

2 k=22 f=g.

LEMMAS

Lemma 1 ([1]) Let f be a nonconstant meromorphic
function, let k be a positive integer, and let ¢ be a nonzero
constant. Then

T(r,f) <N )+N (1) +N (1, 73=)
=N (1, 7 ) +50.f)
SNC P+ N (1 7) +8 (1 77
—No (1, 70 ) + 50, £,

where N, (r, Jﬁ) is the counting function for which

FUED =0 and f(fk—c) £0.

Lemma 2 ([1]) Let f be a nonconstant meromorphic
function, and let k be a positive integer. Then

m(r, #) =S(r,f).

Lemma 3 ([1]) Let f be a nonconstant meromorphic
function, and let a;, a,, a3 (one may be o0) be three
distinct small functions of f. Then

T(r,f) SN(r, f+al) +]V(r, J%az)
+8 (r, 2 ) +5( ).
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Lemma 4 ([2]) Let k be a positive integer, let f be a
meromorphic function such that f® # 0. Then

T(rf®) < T(rf)+kN(r, f)+5(r, f),
N (r, J%) <N (r, %) +kﬁ(r,f)+8(r,f).
Lemma 5 ([2]) Let f be a nonconstant meromorphic

function, and let P(z) = a,z"+a,_12" 1 +---+a,z+a,,
where a,(#0), a,_1,...,ay are constants. Then

T(r,P(f)) =nT(r, f)+5(f).

Lemma 6 ([2]) Let f;(i =1, 2, 3) be nonconstant mero-
morphic functions such that fi + fo+ f3=1. If fi(i =
1,2, 3) are linearly independent, then

3
HEEWAL )ZN(rfJ+o(T(r))
i=1

where T(r) = max; ;<3 {T(r,f;)}and r ¢ E.

Lemma 7 ([2]) Let f be a nonconstant meromorphic
function, let n(> 2) be a positive integer, and let a,
Ay, ..., a, be distinct small functions of f. Then

m(r,f_lal)+ +m( ¥ 1a )
<m(r’f—1a1+"'+f—1an)+s(r’f)'

Lemma 8 ([2]) Let n,k be two positive integers with
n>k+5, let f and g be two meromorphic functions all
whose zeros and poles have multiplicity at least n, and
let f% #£0and g® #£0. If f® and g® share z CM,
then

T(r,f)=0(T(r,g)),  T(r,g)=0(T(rf)).

Proof: From the condition of Lemma 8, we obtain

T(r,f)
T(r,g)

logr +0(1),

logr +0(1). @

VvV Vv
303

By Lemma 2, Lemma 4, Lemma 7 and Nevanlinna’s
first fundamental theorem, we have

m(n%)ﬂn(r =)

<m(r 7 ) +m(r 7 ) + 506
<m(r’f 5)+50.f)
<T(rnf%?) =N (r, 745 ) + (. f) @
<T (1 f®)+2N(r, )—N (1, 7 ) +5(. f).

From (2) and Nevanlinna’s first fundamental theorem,
we have

T(r,f)+ T(r,f(k)—z)
< T(r,f(k))+2ﬁ(r,f)+N(r, fl)

+N (1,78 ) =N (1 7 ) + 50 )

_ 3)
<T(r,f®)+2N(r,f)+Kk+2)N (1, })
+N( g om Z)+S(r ).
It follows from (1) that
T(r,f(k) —z) =T (r,f(k))—logr
@

= T(r,f(k))— %T(r,f).

Hence, by (3), (4), and f(k) and g(k) share z CM, we
have

LT (r, £) <2N(r )+ (k+ 2N (1, 1)
+N (1, 2= )+ f)
<IN(nf)+ 52N (1)
+7 (1, 7= ) +S(r. )
<EATE A+ T (r =) +S0 ).

5)

From (1), (5), Nevanlinna’s first fundamental theorem
and Lemma 4, we get

=
|

T‘

a

N N N NN S

—~
>
~
~—
/

=

<T(r, 7= ) +50f)

(r, g(k)—z)+5(r,f)

(r, g(k))+logr+5(r,f)
(r,g)+kN(r,g)+logr+S(r, f)+S(r,g)
(r,g)+EN(r, @)+ £ T(r,8) +S(r, f) +S(r, 8)
LT (1, g) + S(r, £) + (1, 8).

T
T
T
T

Then
T(r,f) < 2L T(r,g) +S(r, f) +5(r, 8).

By n> k+5, we get T(r, f)=O(T(r, g)). Similarly, we
obtain T(r,g) = O(T(r, f)). O

By the proof of Lemma 8, we have the following
results.

Lemma 9 Let n, k be two positive integers with n > k +
2, let f and g be two nonconstant meromorphic functions
all whose zeros and poles have multiplicity at least n, and
let f*+D £ 0and gk £ 0. If f 0 and g™ share 1 CM.
Then

T(r,f)=0(T(r,g)), T(r,g)=0(T(r,f)).
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Lemma 10 ([12]) Let f be a nonconstant entire func-
tion, and let k(> 2) be a positive integer: If f f% # 0,
then f(z) = e®*?, where a(# 0), b are two constants.

Lemma 11 ([9]) Let f and g be two nonconstant en-
tire functions, and let k be a positive integer. If all
the zeros of both f and g are of multiplicity at least
k+1, and f®g® =1, then f(z) = ¢;e%, g(z) =
cy €%, where c,,c, and c are three constants satisfying
(=D)*(cycp)c? = 1.

Lemma 12 ([13]) Let f be a meromorphic function,
and let k(= 2) be a positive integer. If f and f% have
finitely many zeros, then f = Re?, where R is a rational
function and P is a polynomial.

Lemma 13 Let k be a positive integer, let f and g

be two nonconstant entire functions whose zeros are of

multiplicity at least k+ 1. If f g =22, then

(1) k=1,either f(z)=c; e, g(2)=cy e‘czzorf(z) =
CTZZ, g(z) = %, where ¢, ¢y, ¢ and C are nongero
constants satisfying 4c;cyc? = —1;

2 k=22 f(z)= %’ glz) = %, where C is a
nongero constant.

Proof: In the following, we consider two cases.

Case 1. k=1. Then f’g’ = z%. Since all zeros
of f and g are of multiplicity at least 2, f and g are
two entire functions, then we know that f =z'e%, g =
z™meP where I, m € {0, 2,3} such that [ +m < 4, and a,
f3 are two entire functions.

Next, we consider five subcases.

Case 1.1. =0, m=0. Then f =e* g=c¢P. It
follows

flg' =o' p'e*P =22, (6)

Now, by (6) we consider three subcases.

Case 1.1.1. o’ =z%e", B’ = €% where y,, 5, are
two entire functions. Obviously, T(r,y}) = m(r,y}) =
m (r, (i?l)/) = S(r,e"). Similarly, T(r,57) =S(r, e1).

By (6) we have e®*A+11+01 = 1_ It follows o’ + 8/ +
Y]+ 67 =0. Then,

22 el 4 e +y,+6,=0. 7

We claim y} + 6] = 0. Suppose, on the contrary,
that v} + 67 Z 0. By (6), (7) and Lemma 3 we have

T(r,e®) < N(r,e’) +N(r, e%)
= 1 5
+N(T’,m)+5(f‘,e 1)
< ﬁ(r, #)vLS(r,e‘sl)
<logr +S(r,ed).

Hence, €°! is a constant, which yields 6, is a constant.

www.scienceasia.org
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If y, is a constant, then y}+6 = 0, a contradiction.
If v, is a nonconstant, then

m(r,z%e") < m(r,e")+m(r,2z?)
®
=m(r,e")+S(r,e").

m(r,e") < m(r,z2e")+m (r, le)

=m(r,z%e") +S(r,e").

9

By (7)-(9) and m(r,y}) = S(r,e"), we have

T(r,e"™)=m(r,e")
=m(r,z2e")+S(r,e")

=m(r,e® +y}) =S(re"),

a contradiction.

Hence, v} + 6} =0. Thatis y; + 6, = C, where C
is a constant. Then by (7) we have z2e?"1 +e¢ =0, a
contradiction.

Case 1.1.2. o’ =ze"2, f’ =ze%, wherey,, 5, are
two entire functions. By (6) we have ze’2+z ed2 +y’2 +
5’2 = 0. Using the same argument as used in Case 1.1.1,
we know y} + &, = 0. That is ze’> +ze® = 0. Hence,
we know that y,, 6, are two constants. Thus o’ = 2cz,
B’ = —2cz, where ¢ is a nonzero constant. It follows
a(z) = cz? +logcy, B(z) = —cz? +logc,, where ¢y, ¢,
are two nonzero constants. Therefore, f(z) = e*®) =
G e g(z)=ef® =¢, e, where c, 1, Co satisfying
4cicpc? =—1.

Case 1.1.3. a’ =e'3, B’ =2?e%, where y,, 55 are
two entire functions. Using the same argument as used
in Case 1.1.1, we get a contradiction.

Case 1.2. [ =2, m=0. Then f = z%e% g =
eP. 1t follows from f’g’ = 2 that 2(2 + za’)B’e**P =
2%. Therefore, we know that there exist two entire
functions y, and &, such that 2 +za’ = e+, ' =
zeds. It follows e’ +z2e% + 2y, +26, = 2. Using
the same argument as used in Case 1.1, we obtain a
contradiction.

Case 1.3. 1 =2, m=2. Then f =z%e%, g =z€f.

/

It follows from f’g’ = z? that
22(2+z2a)(2+2zp)eP =22, (10)

By (10) we know that there exist two entire functions
ys and 65 such that

2+za' =€, 2+zp =e%. 1D
By (10) and (11) we deduce
ys+os+a +p =0. (12)

It follows from (11) and (12) that e’s + e% +2(ys +
5;) = 4. Using the same argument as used in Case
1.1, we know that both y5 and &5 are constants. Thus
a' +p' =0.
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It follows from (10) that z2(4 —z2a’?)e*f = 22
Hence, @’ =0, ' = 0. By (10) we have f(z) = CTZZ,
g(2) = %, where C is a nonzero constant.

Case 1.4. | =3, m=0. Then f =z%e%, g =eP.
It follows from f’g’ = 22 that z%(3 4+ za’)B’ e**F = 22,
Using the same argument as used in Case 1.2, we
obtain a contradiction.

Case 1.5. Fither (=0, m=2o0orl =0, m=3.
Using the same argument as used in Case 1.2, we
obtain a contradiction.

Case 2. k = 2. Since f and g are two nonconstant
entire functions, then by f®g® = 22 we know that
f® and g have zeros only at z = 0. It follows
from the zeros of f and g are of multiplicity at least
k +1 that f and g have zeros only at z = 0. Thus, by
Lemma 12 we deduce that f =z'e”, g =2™e?, where
I,me{0,k+1,k+2}, such that |+ m < 2k+2, and P,
Q are polynomials.

By f(®W g = 22 we have

(Z'(PY +H ) (2™(@Q)F +Ry ) P2 =22, (13)

where Hy, R, are two polynomials with degH;, =1 +
kdegP’—1, degR, =1+ kdegQ’'—1.

In the following, we consider three subcases.

Case 2.1. P'=0, Q' =0. Then f(z) = a!,
g(2) = bz™, where a, b are two nonzero constants. By

W) g =22 we know that f = az**!, g = bz**!. Thus
F®OI) = ap ((k+1)1)*2% = 2%, which yields ab((k +
k+1 k+1
1)1)? = 1. Therefore, f(z) = (le+_1)!’ ¢(2) = s
where C is a nonzero constant.

Case 2.2. Either P’ =0,Q"#00r P’ #0,Q' =0.
Without loss of generality, we consider the case of P’ =
0,Q #0.

By (13) we have I(I—1)---(I—k+1)zl7*ef
E™(Q) + R)e? = z2.  Obviously, I1(1 —1)---(1 —
k + 1)z!7%eP(z™(Q’)* + R,) is a nonzero polynomial
be written as U,. It follows T(r,e?) = T(r, %) =
O(logr) = S(r,e?), a contradiction.

Case 2.3. P’ #0, Q" # 0. By (13) we deduce

[+m+k(degP’ +degQ’) = 2. (14

Next, we consider three subcases.

Case 2.3.1. degP'+degQ’ > 2. Byk=2,1+m > 2
and (14), we obtain a contradiction.

Case 2.3.2. degP’ +degQ’ = 1. Without loss of
generality, we consider the case of degP’ =1, degQ’ =
0. Set

P=az>+bz+d, Q=gqz+r, (15)
where a(# 0), b,d, g, and r are constants.
By (13) and (15) we have fWgh =

2 . .
T, e +(b+@z+d+r = 52 where T, is a polynomial.

Using the same argument as used in Case 2.2, we get
a contradiction.

Case 2.3.3. degP’ = degQ’ = 0. By (14) we have
l+m=2. FromIl,me{0,k+1,k+2}and k > 2, we
get a contradiction. O

5
PROOF OF THEOREM 1
Set (k+1) (k+1)
+ +
?="x s X T ok . P : (16)
FOEO-1) g®(g®—1)
Now, we consider two cases.
Case 1. ¢ = 0. It follows from (16) that
() _1 ) _1
f =c¢ , 17)
£ ¢®

where C is a nonzero constant.

Next, we consider two subcases.

Case 1.1. C =1. By (17) we have f® = g0,
Hence f = g+P, where P is a polynomial with degP <
k—1.

IfP=0,then f =g.

If P # 0, then we obtain

f g _

P P (18)

Since f and g are two nonconstant meromorphic
functions whose zeros and poles multiplicities at least
n, then we have

T(r,f)
T(r,g)

By (19) and Nevanlinna’s first fundamental theorem
we get

nlogr +0(1),

nlogr +0(1). (19)

VARV

T(r5)<T(f)+T(,P)+0(1)
<T(r,f)+(k—1)logr+0(1)
<T(rf)+(k—=1)T(r,f)+0(1)
<KT(r, f)+0(1).

It follows

s(nf)=s0f). (20)

By (18)-(20) and Nevanlinna’s first and second
fundamental theorems we have

T(rf)<T(r,§)+T(rP)+0(1)

<N(n5)+N(n5)+N(r7)
+T(r,P)+S(r,f) ’

< N(r,f)+ﬁ(r, %)+N(r, %)+N(r, g)
+T(r,P)+S(r,f)

< ﬁ(r,f)+ﬁ(r, %)+N(r, %)
+2T(r,P)+S(r, f)

< %N(r,f)+ %N(r,%)+ %N(r,%)
+2E2T(r, f)+5(r, )

<ET )+ 3T +S0f).

(2D
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Similarly,

T(r,g) < —T(r g)+- T(r f+s(rg).  (22)

Since n > 3k + 6, then by (21) and (22) we have
T(r,f)+T(r,g) <S(r,f)+S(r,g), a contradiction.
Case 1.2. C # 1. By (17) we have

1 Cc

=1-cC.
O g

(23)

Since f and g share oo IM, then by (23) we know that
f® +£ 0o and g¥ # co. Thus, )% #0and g # 5.

By Lemma 1 and Nevanlinna’s first fundamental
theorem, we obtain

T(r,g) <N(r,g)+N (r, é) +N(r, g(k)j%)

=N (1 g ) +5(n.9)

N (1 3) =N (1 g +50n0)
(k+1)ﬁ(r,§)+5(r,g)

<k N(r l)+S(r g)

N

N

<ELT(rg)+5(r, ).

It follows from n > 3k + 6 that T(r,g) <
contradiction.
Case 2. ¢ #0. By Lemma 4, we have

T(rf%)

S(r,g), a

T(r, f)+kN(r, f)+5(r,f)
(k+ DT, f)+S(, f).

VA/A\

Thus S(r,f(k)) = S(r,f).
S (r,g(k)) =5(r, g).

Let z, be a pole of f with multiplicity [,. By f
and g share oo IM, we know that z, is a pole of g
with multiplicity [,. Set [ = min{l;,l,}. By (16) we
deduce that z, is a zero of ¢ with multiplicity = [ +
k—1. It follows from Lemma 2 and Nevanlinna’s first
fundamental theorem that

Similarly, we obtain

N(r,f)=N(r,g) < ﬁN (r, %)

,H+1T(r ¢)+0(1)

—N(r,¢)+ m=m(r, ¢) +0(1)
—N(r, ¢)+S(r f(k))+S(r g(k))
=N, ¢)+S(r, f)+5(r,8)

[N (. 7)+ N (1 55)]

+S(r, f)+S(r, 2).

—

ks

@9

n N NN
»—\#

N
»—\>~‘

7
T
L
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By Lemma 4 we have

N (178 ) =N (1585 ) = [N (1 78 ) =N (1 58]
<N(r,%)+kﬁ(r,f)
[ (o) T s
< (k+ DN (1, 1)+ kN(r, £)+5(r, f)
< EET(r, £)+ 50, f).

Similarly,

2217 (r, )+ S(r, g).

N(r g(l"))

By (24)—(26), we get

(26)

N(r,f)=N(1,¢)

< LT (r, £) + T(r, )]+ S(r, f) +5(r, 8)-

Set

27)

f(k+2)
Y= Foern

f(k+1)
flo—1

g(k+2) g(k+1)

+ T

(28)

g+

Let 2z, be a common simple zero of f*) —1 and g —
1. By computation we have p(z,) = 0. Suppose that
¢ # 0. It follows from Lemma 2 and Nevanlinna’s first
fundamental theorem that

Nl)(r’ f<k}71) Nl)( g(k} 1) < N(r, %)

ST(re)+O0()SN(re)+S(rf)+S(r,g), (29)

where Ny (r, )ﬁ) is the counting function of simple
zeros of f) —1. Similarly, we have the notation
Nl)(r, ﬁ) Since f® and g® share 1 CM, and f
and g share oo IM, then by (28) we have

N(r,¢) < 3N(Lf)+IN(n ) +N (1, 1)
N (1 3)+No (1 7 )+ No (1 57

where N, (r, )ﬁ) is the counting function for which
FE+D =0 and f(f% —1) # 0. Similarly, we have the

notation Ny | 7, g(klﬂ)
By Lemma 1, we obtain

(30)

T(r, f) <N )+ Neg (1 2) +8 (1, 7 )
—No (1, 7 ) +50r,f), 3D

T(r,g) <N(r,g)+ N ( )+N( o 1)
—No (T, ( g(k+1) ) +S8(r,g). (32)
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From f® and g® share 1 CM, we have

N (s 75) + 8 (1 g ) = Moy (1 7o)

Al ()

It follows from (31)—(33) that

(33)

T(r, f)+T(r,g) <N(r, £)+N(r,g)
+ 52N (n g )+ N (n )]
+3[N(n - =) +N (1 o)
=[N (1 7) + o (1 79 )
Ny (1 7 ) +S( ) +S(ng). (34)

By Lemma 4 and Nevanlinna’s first fundamental theo-
rem we have

N(r’ i 1)+N( > = 1)
<T@ fO)+T(r,g"®)+0(1)
<T(nf)+T(rg)+ kN(r,f) +kN(r, 2)
+S(r,f)+S(r,g)
<T@ f)+T(rg)+EN(rf)+EN(rg)
+S(r, f)+S(r, g).

Since f and g share oo IM, then by (27), (29), (30),
(34) and (35), we obtain

(35)

T(rf)+T(rg) <[ 2+ N [T(r, )+ T(r, )]
+S(r, f)+S(r, g). (36)

By (36) and [ = n > 3k+6 we obtain T(r, f)+T(r,g) <
S(r, f)+S(r,g), a contradiction. Thus ¢ = 0. That is

f(k+2) f(k+1) 3 g(k+2) . gk+D)
Flen f(k)— 1 gk “glo—1
It follows .
a
FO-1 " g1 +b, (37)

where a(# 0), b are two finite complex numbers.

Next, we consider two subcases.

Case 2.1. b # 0. Since f and g share oo IM, we
know that f® and g share co IM. It follows from
(37) that f® # oo, g® # co. Hence 7= # 0. By
(37) we have g(k) # b—;‘l

Now, we consider two subcases.

Case 2.1.1. b # a. By Lemma 1, we have

T(r,g)éﬁ(r,g)+N( )+N( ﬁ)

—N(r, ﬁ)—i—S(r,g) < (k+ 1)N(r, §)+S(r,g)
< k—:lN (r, §)+S(r,g) < %T(r,g)+8(r,g). (38)

It follows from n > 3k + 6 and (38) that T(r,g) <
S(r, g), a contradiction.

Case 2.1.2. b =a. If b # —1, then using the same
argument as used in Case 2.1.1, we get a contradiction.
If b = —1, then by (37) we have f®g® =1, It
follows from Lemma 11 that f(2) = c¢; e, g(z) =
c, € %, where ¢, ¢, and ¢ are three constants satisfying
(=1)*(c ey = —1.

Case 2.2. b = 0. We consider two subcases.

Case 2.2.1. a = 1. By (37) we have f() = g0,
Using the same argument as used in Case 1.1, we get
f=g.

Case 2.2.2. a # 1. By (37) we obtain (af —g)®) =
a—1. It follows af —g = Q, where Q is polynomial with
degQ = k. Using the same argument as used in Case
1,1, we have a contradiction.

This completes the proof of Theorem 1.

PROOF OF THEOREM 2

Imitating the proof of Theorem 1, we can prove The-
orem 2 only by replacing (30) with the following
inequality.

N(r,cp)<ﬁ(r,%)+ﬁ( )+NO( f(m))"‘No( g(klﬂ))

Hence, we omit the details.

PROOF OF THEOREM 3

It follows from £ and g(® share z CM, f and g share
oo IM that

f0_g
H= PO (39)
where H(# 0, 00) is a meromorphic function.
By (39) we have
N(ryH) <NL(r7f)) N(ry %) <Ivl‘(rzg)' (40)
Set
F® Hg®
f1=7, fo=H, f3=-— . (4D

Obviously, fi + fo + fs = 1.
By (39)-(41) and Lemma 4 we have

T(r,f1)+T(r,f2)+T(r,f3) < O(T(r’f)""T(ra g)) (42)

We suppose that f, and f; are not constants. If
f1,fa, f3 are linearly independent, then by (40)-(42)
and Lemma 6 we obtain
T(rf) <N (12 )+ N, (r 2 )+ N, (1 £)

+N(r, f1) +N (1, £,) + N(r, f3) + o(T(r))
<N, (1, 75 ) +2N,(r,8) + Ny (1, 25 ) +2N(r, £)
+N(r,f)+2logr+S(r,f)+S(r, g). (43)
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By (41) and (43) we have

T(r,f(k)) < T(r f;)+logr

<Ny (1,75 ) + 2N, () + Ny (1, o5 )
+2N(r, f)+ N (r,f)+3logr +S(r, f)+S(r, g)

=N(r78) = [Na( 7 )26 (n 7) ]+ ¥ (5 )
— [N (1) =2V (1 25 )|+ 2N, (1, ) + 2N (1, £)
+N,(r,f)+3logr+5(r,f)+5(r, 2. 44

Let 2, be a zero of f with multiplicity . Then zj is
a zero of £ with multiplicity [ —k > 3. Thus

Ne (1 75 )= 2N (75 ) = A—k=2N (1, ). (45)

Similarly,

N (1 45) =N (n 75 ) = —k=2N (1, 1). (46)

It follows from Lemma 2 and Nevanlinna’s first
fundamental theorem that

m(r, %) < m(r, ﬁ)+$(r,f)
=T(r, f®) =N (r, ) +5(r, f),
T(r,f)<T(r,f®)=N(r7)
+N (1, 1)+, ).

(47)

By (44)-(47), Lemma 4 and f and g share co IM
we obtain

T(r,f) < %N (r, %) + HTZN(r, é)-{-ZNL(r,g)
+(k+2)Iv(r,f)+NL(r,f)+310gr

+8(r, f)+S(r, &) (48)
Similarly,
T(r,g) <k%2N (r, é) + ]%ZN (r, %)
+2N,(r, f)+ (k+2)N(r, g) (49)
+N,(r,g)+3logr +S(r, f)+5(r, g).
Noting that
Ny(nf)+N;(rg) SN(r,f)=N(r,g).  (50)
By (48)-(50) we have
(n—=2k=A)[T(r, I+T(r, )1 < (kt5) [N(r, f HN (1, 8)]
+6logr+S(r,f)+S(r,g). (51)

In the following, we consider two cases.
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Case 1. f and g have poles. Since f and g share
oo IM, then we have

Iv(r,f) =IV(r,g) = logr. (52)
Set
(k) (k)
p=f_ g-&_ (53)
z z

From f® and g® share 2 CM, we know that F and G
share 1 CM almost.
By (52), (53) and Lemma 4 we obtain

T(r,F)<T (r,f(k)) +logr
T(r,f)+kN(r,f)+1logr+S(r,f)

(k+2)T(r, f)+S(r,f).

<
< (54)
<

It follows S(r, F) = S(r, f). Similarly, S(r, G) = S(r, g).
Set
F’ G’

= rF-1) GlG-1 (55)

Now, we consider two subcases.
Case 1.1. ¢ =0. By (55) we obtain

(56)

where C is a nonzero constant.

In the following, we consider two subcase.

Case 1.1.1. C = 1. By (56) we get F = G. That is
f = ¢ Using the same argument as used in proof
of Theorem 1, we obtain f = g.

Case 1.1.2. C # 1. By (56) we have

(57)

Since f and g share oo IM, we know that F and G
share oo IM, then by (57) we obtain a contradiction.
Case 1.2. ¢ # 0. Let g, be a pole of f with
multiplicity [,. By f and g share oo IM, we know
that %, is a pole of g with multiplicity [,. Set [ =
min{l;,l,}. By (55) we deduce that z, is a zero of
¢ with multiplicity = [ + k —1. From Lemma 2 and
Nevanlinna’s first fundamental theorem, we get

N(nf)=N(ng) < =N (r3)
< N1, @)+ = m(r, ¢)+0(1)
< N(n#)+N(rng)]
+S(r, f)+S(r, g).

(58)
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By Lemma 4 we have

<N (r, 1) +kN(r,f) 59)
[N () =N ()] +5C £
<(k+DN (1, })+kN (G, ) +5(r f)
< ZHT(r £)+S( f).
Similarly,
N(r,5) < %2T(,8)+S(,8). (60)
By (58)-(60) we obtain
N(r,f)=N(r,g) < 725 [T )+ T(r,8)] 61
+5(r, f)+S(r, g).
It follows from (51), (52) and (61) that
(n—=2k—=4)[T(r, f)+T(r,g)]
< ERERTE NI TR
+S(r, f)+S(r, 8).

Since n > 3k + 8, then by (62) we obtain T(r, f)+
T(r,g) <S(r,f)+S(r,g), a contradiction.

Therefore, we deduce that f;, f,, f3 are linearly
dependent. Hence, there exist three constants c;, ¢y, 3
with (cq, ¢y, ¢3) # (0,0, 0) such that

cifitceafotcesfs3 =0 (63)
If ¢, = 0, then by (63), we have ¢, f, +¢5f3 = 0 and
c3 # 0. That is
g®(2)= 2,
C3
Thus g is a polynomial, a contradiction. Hence, ¢; # 0.
If ¢, #0, from (63) and f; + f, + f3 = 1, we obtain

(1-2)p+(1-2)r=1 (64)
and ¢; # ¢y, ¢ # C3.
By (39), (41), and (64) we get
a)e® | gWs _ o o
(1-2)+4=2=1-2. (65)

Since f and g share oo IM, and f and g have
poles, then by (65), we get a contradiction.
Therefore, ¢, =0, c5 # 0. By (63) and f;+f,+f3 =

1 we have
(1-2)a+fH=1.

Similar to above discussion, we get a contradiction.
Hence we deduce that either f, or f; is a constant.

Next, we consider two subcases.
Case 1.2.1 f, = C, where C is a constant. It
follows from (41) and f; + f, + f3 = 1 that

M_cd=1_c.

2z 2z

(66)

If C # 1, then by (66), we obtain (f —Cg)® =
(1—C)z. Hence, f —Cg = P, where P is a polynomial
with degP = k + 1. Using the same argument as used
in proof of Theorem 1, we get a contradiction.

Therefore f () = g, Using the same argument as
used in proof of Theorem 1, we have f = g.

Case 1.2.2. f; = C, where C is a constant. By
(39), (41) and f; + f, + f3 = 1, we obtain

FO R
7 T

=1-C.

(67)

Similar to above discussion, we get a contradiction.

Case 2. f and g are two entire functions. By
Lemma 8 we deduce that either f and g are two
transcendental entire functions or f and g are two
polynomials.

In the following, we consider two subcases.

Case 2.1. f and g are two transcendental entire
functions. By the arguments similar to the proof of
Case 1, we get either 0 = gl or fFR g =52,

If f® = g® then using the same argument as
used in the proof of Theorem 1, we have f = g.

If f0g() =22 then from n > k + 3, we obtain
f #0, g #0. By Lemma 13, we get
M) k=1, fz)=¢ e g(z) = Cy e’ where €1, Cy

and ¢ are nonzero constants satisfying 4c;c,c? =

—l,orf=g;

2) k=2, f=g.

Case 2.2. f and g are two polynomials. Since &

and g® share z CM, then

fO—z= c(g(k)—z),

where ¢ is a nonzero constant.

If ¢ # 1, then by (68) we have (f —cg)® =(1—
c)z. Hence, f —cg = P, where P is a polynomial with
degP = k + 1. Using the same argument as used in
proof of Theorem 1, we obtain a contradiction. Thus,
f = ¢ Using the same argument as used in proof
of Theorem 1, we have f = g.

This completes the proof of Theorem 3.

(68)

PROOF OF THEOREM 4
From f® and g® share z CM, f and g share co CM,

we obtain
FO g
T gz’

where h is a nonconstant entire function.
Using the same argument as used in the proof of
Theorem 3, we can prove Theorem 4.

www.scienceasia.org
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