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ABSTRACT: This study focuses on the delay-differential equation ḡ g + B(z)g ′/g = R(z, g) = P(z,g)
Q(z,g) , where P(z, g) and

Q(z, g) are polynomials in g with rational coefficients in z and no common roots, B(z) is rational and g ≡ g(z), ḡ ≡
g(z + 1), g ≡ g(z − 1). Reduced forms of this equation arise when it admits a transcendental entire solution of hyper-
order less than one. Furthermore, we examine the properties of entire solutions for these reduced forms.
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INTRODUCTION AND KEY FINDINGS

Basic results from the Nevanlinna theory (refer to
[1–3]) are used in the subsequent analysis. Consider
a meromorphic function g. Additionally, standard
notations such as σ(g) for the order, λ(g) for the
convergence exponent regarding zeros of g, and sim-
ilar conventions are utilized. In what follows, for
convenience indeed, we set g ≡ g(z), ḡ ≡ g(z+1), g ≡
g(z−1). Here, we reintroduce the definition of hyper-
order for g as follows

σ2(g) = lim sup
r→∞

log log T (r, g)
log r

.

Furthermore, a meromorphic function α is called
a small function with respect to g if T (r,α) = S(r, g),
where S(r, g) denotes any quantity satisfying S(r, g) =
o(T (r, g)) as r →∞, possibly outside a set of finite
logarithmic measure.

Halburd and Korhonen [4], along with Chiang
and Feng [5], and Laine and Yang [6], pioneered the
progression of the difference analogue of Nevanlinna
theory. This theoretical framework has been employed
to investigate the characteristics of solutions to differ-
ence equations. Numerous significant findings have
been achieved through this approach, for example, see
[5, 7, 8] and so on.

The Nevanlinna theory is extensively applied in
the examination of delay-differential equations (see
[9–19]). In particular, Quispel, Capel and Sahadevan
[16] analyzed the equation

g( ḡ − g)+ ag ′ = bg,

where a and b are constants. This equation results
from applying symmetry reduction to the Kac-Van Mo-
erbeke equation and admits a formal continuum limit
connecting it to the first Painlevé equation g ′′ = 6g2+t.

In 2017, Halburd and Korhonen [12] considered
an extended version of the equation g( ḡ − g) + ag ′ =
bg, which is expressed in the form ḡ− g+B(z)g ′/g =
P(z, g)/Q(z, g). From their analysis, the following
result follows.

Theorem 1 ([12]) Let g be a transcendental meromor-
phic solution of

ḡ − g + B(z)g ′/g = R(z, g) =
P(z, g)
Q(z, g)

, (1)

where P(z, g) and Q(z, g) are polynomials in g with
rational coefficients in z, the roots of Q(z, g) are nonzero
rational functions of z and are distinct from those of
P(z, g), and B(z) is rational. If σ2(g)< 1, then

degg(P) = degg(Q)+1⩽ 3 or degg(R)⩽ 1.

Subsequently, Liu and Song [14] investigated a
particular delay-differential equation. This equation
combines a difference equation ḡ g = R(z, g)with a cer-
tain differential equation g ′ = R(z, g). They obtained
the following Theorem 2 analogous to Theorem 1.

Theorem 2 ([14]) Let g be a transcendental meromor-
phic solution of

ḡ g + B(z)g ′/g = R(z, g) =
P(z, g)
Q(z, g)

, (2)

where P(z, g) and Q(z, g) are polynomials in g with
rational coefficients in z, the roots of Q(z, g) are nonzero
rational functions of z and are distinct from those of
P(z, g), and B(z) is rational. If σ2(g)< 1, then

degg(Q)+1= degg(P)⩽ 3,

or the degree of R(z, g) as a rational function in g
equals 1.
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Zhang and Huang [19] studied Eq. (1) and
reached the following conclusion.

Theorem 3 ([19]) Let R(z, g) ̸≡ 0 be an irreducible
rational function in g with rational coefficients in z,
and let B(z) be rational. If the Eq. (1) admits a
transcendental entire solution g satisfying σ2(g) < 1,
then (1) transforms into

ḡ − g + B(z)g ′/g = B1(z)g + B0(z), (3)

or ḡ − g + B(z)g ′/g =
B2(z)g2+ B1(z)g + B0(z)

g
,

where B j(z)( j = 0, 1,2) are rational functions.

Combining Theorem 2 and Theorem 3, the subse-
quent theorem arises.

Theorem 4 Assume that P(z, g) and Q(z, g) are rela-
tively prime polynomials in g, with rational coefficients
in z, and let B(z)(̸≡ 0) be rational. Suppose Eq. (2)
admits a transcendental entire solution g satisfying
σ2(g)< 1.
(i) If g possesses finitely many zeros, then (2) trans-

forms into

ḡ g + B(z)g ′/g = B2(z)g
2+ B0(z), (4)

where B2(z), B0(z) are rational functions.
(ii) If g possesses infinitely many zeros, then (2) trans-

forms into

ḡ g+B(z)
g ′

g
=

B3(z)g3+B2(z)g2+B1(z)g+B0(z)
g

, (5)

where Bi(z) (for i = 0, 1,2, 3) are rational func-
tions.

Remark 1 (i) Considering R(z, g)(̸≡ 0) as an irre-
ducible rational function in g, we obtain B0(z) ̸≡ 0
and B2(z) ̸≡ 0 in (4), while in (5) neither B3(z) nor
B0(z) vanishes.

(ii) In Theorem 2, degg(Q) + 1 = degg(P) ⩽ 3. In
Theorem 4, degg(P) = degg(Q)+2 in (4) and (5).

Thus, Theorem 4 stands independently from Theo-
rem 2.

By combining Theorem 2 and Theorem 4, Corol-
lary 1 can be readily derived.

Corollary 1 Assume B(z) is rational, and let P(z, g)
and Q(z, g) be polynomials in g with rational coefficients
in z, such that the roots of Q(z, g) are nonzero rational
functions of z and are distinct from those of P(z, g).
Then Eq. (2) admits no transcendental entire solution
g satisfying σ2(g)< 1.

In their work [19], Zhang and Huang investigated
entire solutions to Eq. (3) with σ2(g) < 1, and their
analysis yielded Theorem 5, stated as follows.

Theorem 5 ([19]) Consider rational functions B(z),
B0(z) and B1(z), with at least one of B1(z) or B0(z)
nonzero. Suppose g is a transcendental entire solution
of (3) satisfying σ2(g)< 1.
(i) When B(z)≡ 0, one has σ(g)⩾ 1.
(ii) When B(z) ̸≡ 0, one obtains g(z) = L(z)elz , where

L(z)(̸≡ 0) is a polynomial and l ∈ C/{0}. In par-
ticular, if B1(z) is a polynomial with B1(z) ̸≡ ±2i,
then g(z) = C0 elz , where C0 ∈ C/{0}; if B1 ≡ ±2i,
then g(z) = (A1z +A0)e(2n± 1

2 )πiz , where n ∈ Z and
A1, A0 ∈ C satisfying |A1|+ |A0| ≠ 0.

Inspired by the results established in Theorem 5,
we now investigate the entire solutions to the reduced
form (4), and aim to determine the specific forms that
such solutions must take.

Theorem 6 Let B2(z), B0(z) and B(z)(̸≡ 0) be rational
functions, with B2(z) and B0(z) both nonzero. Suppose
g is a transcendental entire solution of (4) satisfying
σ2(g) < 1. Then g(z) = L(z)eλz2+µz , where L(z)(̸≡ 0)
is a polynomial and λ,µ ∈ C satisfy |λ|+ |µ| ≠ 0. In
particular, if B2(z) is a polynomial, then g(z) = L eλz2+µz

for some L ∈ C\{0}, and B2(z) = e2λ.

Theorem 6 establishes the explicit form of entire
solutions to Eq. (4), however, characterizing its mero-
morphic solutions remains an open problem.

The Examples 1–3 provided below illustrate the
existence of the form (4) as stated in Theorem 4.

Example 1 The equation

ḡ g + B(z)
g ′

g
=

z2−1
z2

g2+
z+1

z
B(z)

possesses an entire solution g(z) = zez , where B(z) is a
nonzero rational function. It’s clear that σ(g) = 1 and
σ2(g) = 0.

Example 2 The equation

ḡ g +
z−1

2z2− z
g ′

g
=

z(z−2)e2

(z−1)2
g2+1

possesses an entire solution g(z) = (z − 1) · ez2+z . It’s
clear that σ(g) = 2, σ2(g) = 0.

Example 3 The equation

ḡ g + B(z)
g ′

g
= e−2 g2+ B(z)(2−2z)

is characterized by the transcendental entire solution
g(z) = γe−z2+2z , where γ stands as a nonzero constant.
It’s clear that σ(g) = 2, σ2(g) = 0, B2(z) = e−2.

Furthermore, an analysis of the characteristics of
entire solutions for Eq. (5) leads to Theorem 7, de-
scribed as:
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Theorem 7 Let Bi(z) for i = 0, 1,2, 3 and B(z) be
rational functions, with B0(z) ̸≡ 0 and B(z) ̸≡ 0. If
g is a transcendental entire solution of (5) satisfying
σ2(g)< 1, then σ(g)⩾ 1 and λ(g) = σ(g).

Example 4 provided below illustrates that the sit-
uation described in Theorem 4 and Theorem 7 can
indeed occur.

Example 4 The equation

ḡ g + z
g ′

g
=

g3+2πizg −2πiz
g

admits an entire solution given by g(z) = e2πiz +1. It’s
evident that g has an infinite number of zeros, and
λ(g) = σ(g) = 1.

When the degree of Q(z, g) with respect to g is
zero, Liu and Song derived Theorem 8, which states
the following.

Theorem 8 ([14]) Let g be a nonrational meromorphic
solution of

ḡ g + B(z)g ′/g = P(z, g),

where B(z) is rational and P(z, g) is a polynomial in g.
If σ2(g)< 1, then degg(P)⩽ 2.

By combining Theorem 2 with Theorem 8, we
establish the ensuing Theorem 9.

Theorem 9 Let a0, . . . , ap, b0, . . . , bd , and B be rational
functions with ap(z)bd(z) ̸≡ 0. Suppose g is a nonra-
tional meromorphic solution of

ḡ g + B(z)
g ′

g
=

P(z, g)
Q(z, g)

=
a0(z)+ · · ·+ ap(z)g p

b0(z)+ · · ·+ bd(z)gd
, (6)

where P(z, g) and Q(z, g) are coprime polynomials in g.
Ifσ2(g)<1, it follows that degg(P)−degg(Q)=p−d ⩽ 2.

Example 5 below demonstrates that (6) can indeed
have a solution with hyper-order less than one when
degg(P)−degg(Q) = p− d ⩽ 2.

Example 5 The equation

ḡ g +
g ′

g
=

g3+πg2+π
g

has a meromorphic solution g(z) = tan(πz).

SOME LEMMAS

To substantiate our findings, we rely on the following
lemmas.

Lemma 1 ([20]) Let g be a non-constant meromorphic
function and c ∈ C. For σ2(g)< 1 and ϵ > 0, we have

m
�

r,
g(z+ c)

g(z)

�

= o
�

T (r, g)
r1−σ2(g)−ϵ

�

for all r outside a set of finite logarithmic measure.

In [19], Zhang and Huang derived the subsequent
lemma.

Lemma 2 ([19]) Let g be a transcendental meromor-
phic function with σ2(g)< 1 that solves

U(z, g)P1(z, g) =Q1(z, g),

where U is a polynomial involving a difference opera-
tor on g, and while P1 and Q1 are delay-differential
polynomials, all having small meromorphic coefficients.
Also, degg(U) = n, degg(Q1) ⩽ n, and U is assumed to
contain a singular term of maximal total degree in g and
its shift. Consequently,

m (r, P1(z, g)) = S(r, g).

Lemma 3 ([3]) Suppose that si(z) (for i = 1, . . . , n) are
meromorphic functions and li(z) (for i = 1, . . . , n) are
entire functions satisfying the following conditions.
(i)
∑n

i=1 si(z)eli(z) ≡ 0;
(ii) li(z)− lk(z) are not constants for 1⩽ i < k ⩽ n;
(iii) For 1⩽ i ⩽ n, 1⩽ h< k ⩽ n,

T (r, si) = o{T (r, elh−lk )} (r →∞, r ̸∈ E),

where E ⊂ (1,∞) has finite linear measure or finite
logarithmic measure.

Then si(z)≡ 0 (i = 1,2, . . . , n).

Lemma 4 ([2]) Let g be a meromorphic function and
R(z, g) be rational in g with small function coefficients
with respect to g. Then

T (r, R(z, g)) = degg(R)T (r, g)+ S(r, g).

Through a thorough examination of the proof
provided for [6, Theorem 2.3], Zhang and Huang [19]
arrived at Lemma 5.

Lemma 5 ([19]) Let g be a meromorphic solution of
finite order σ of the equation

gnP1(z, g) =Q1(z, g),

where P1 and Q1 are polynomials in g with rational co-
efficients, involving differential and difference operators,
and satisfying degg(Q1) ⩽ n. Then, for every ϵ > 0, we
obtain

m(r, P1(z, g)) = O(rσ−1+ϵ)+O(log r).
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Lemma 6 Let R(z, g) ̸≡ 0 be an irreducible rational
function in g with rational coefficients in z, and let
B(z) ̸≡ 0 be rational. Suppose g is a transcendental
entire solution of (2) satisfying σ2(g)< 1. If g has only
finitely many zeros, then (2) can be rewritten as (4),
where B2(z) and B0(z) are nonzero rational functions.

Proof : By the hypotheses and Hadamard factorization
theorem, the form of g can be expressed as

g(z) = L(z)el(z), (7)

where L(z) is a nonzero polynomial, and l(z) de-
notes a non-constant entire function satisfyingσ2(g) =
σ2(el) = σ(l)< 1. Plugging (7) into (2), we infer

L̄ L el̄+l + B(z)
�

L′

L
+ l ′
�

=
P(z, g)
Q(z, g)

, (8)

where L = L(z), L̄ = L(z + 1), L = L(z − 1) and l =
l(z), l̄ = l(z+1), l = (z−1). Setting G(z) = L̄ L el̄+l−2l .
Obviously, G(z) ̸≡ 0. We deduce from Lemma 1 and
σ2(el)< 1 that

T (r, G) = m(r, G)

⩽ m
�

r, el̄−l
�

+m
�

r, el−l
�

+O(log r) = S(r, el).

Utilizing (8), we derive

G(z)e2l + B(z)
�

L′

L
+ l ′
�

=
P(z, g)
Q(z, g)

. (9)

Eq. (9) implies

T
�

r, P(z,g
Q(z,g

�

⩽ T (r, e2l)+ S(r, el)

= 2T (r, g)+ S(r, g).

Based on the preceding inequality and Lemma 4, we
obtain degg(P) ⩽ 2 and degg(Q) ⩽ 2. Hence, (9)
implies

G(z)e2l+B(z)
�

L′

L
+l ′
�

=
â2(z)L2 e2l + â1(z)L el + â0(z)

b̂2(z)L2 e2l + b̂1(z)L el + b̂0(z)
, (10)

where âi(z), b̂i(z) (i = 0,1, 2) are rational functions.
(10) shows

b̂2(z)L
2G e4l+ b̂1(z)LG e3l+S2 e2l+S1 el+S0 = 0, (11)

where

S2 = b̂2(z)L
2B(z)
�

L′

L
+ l ′
�

+ b̂0(z)G− â2(z)L
2,

S1 = b̂1(z)LB(z)
�

L′

L
+ l ′
�

− â1(z)L,

S0 = b̂0(z)B(z)
�

L′

L
+ l ′
�

− â0(z).

By (11) and Lemma 3, we obtain b̂2(z)≡ 0 and b̂1(z)≡
0. Since S1 ≡ 0 and b̂1(z) ≡ 0, we have â1(z) ≡ 0.

Similarly, since S2 ≡ 0 and b̂2(z)≡ 0, we obtain â2(z)
b̂0(z)

=
G
L2 . From (10), we deduce that Eq. (2) is of the form

ḡ g + B(z)g ′/g = B2(z)g
2+ B0(z),

where B2(z) and B0(z) are rational functions such
that B2(z) =

â2(z)
b̂0(z)

= G
L2 ̸≡ 0 and B0(z) =

â0(z)
b̂0(z)

=

B(z)
�

L′

L + l ′
�

̸≡ 0. 2

PROOF OF Theorem 4

Suppose g is a transcendental entire solution to (2)
such that σ2(g)< 1.

Based on Lemma 1 and (2), we can infer that

T
�

r, P(z,g)
Q(z,g)

�

= m
�

r, ḡ g+B(z)g ′/g
�

+N
�

r, ḡ g+B(z)g ′/g
�

⩽ 2m(r, g)+N
�

r, 1
g

�

+ S(r, g)

⩽ 3T (r, g)+ S(r, g).

According to Lemma 4, it follows that degg(P)⩽ 3 and
degg(Q)⩽ 3. Therefore,

P(z, g)
Q(z, g)

=
â3(z)g3+ â2(z)g2+ â1(z)g + â0(z)

b̂3(z)g3+ b̂2(z)g2+ b̂1(z)g + b̂0(z)
, (12)

where âi(z) and b̂i(z) (i = 0,1, 2,3) are rational func-
tions.
(i) When g has finitely many zeros, Lemma 6 shows

that Eq. (2) reduces to the form (4) with B2(z) ̸≡ 0
and B0(z) ̸≡ 0.

(ii) Now, let’s assume that g has an infinite number of
zeros. Consider z0 as one of the zeros of g, and
suppose that neither B(z) nor any coefficient in
P(z,g)
Q(z,g) exhibits a pole or zero at z0. If b̂0(z) ̸≡ 0,
then z0 becomes a simple pole of ḡ g + B(z)g ′/g,

as well as a finite value of P(z,g)
Q(z,g) , a contradiction.

So, b̂0(z)≡ 0.
Assuming b̂3(z) ̸≡ 0, through Eq. (2) and (12), we

derive

ḡ g+B(z)
g ′

g
=

â3(z)g3 + â2(z)g2 + â1(z)g + â0(z)

b̂3(z)g3 + b̂2(z)g2 + b̂1(z)g
. (13)

(13) shows
b̂3(z)g

3 ḡ g = Q̂(z, g), (14)

where Q̂(z, g) represents a polynomial involving both
differential and difference operators with respect to g,
and degg(Q̂)⩽ 4.

Through (14) and Lemma 2, we can establish
T (r, g) = m(r, g) = S(r, g). This leads to a contradic-
tion. So, b̂3(z)≡ 0. Thus, (13) is of the form

ḡ g + B(z)
g ′

g
=

â3 g3+ â2 g2+ â1 g + â0

b̂2 g2+ b̂1 g
. (15)
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When b̂2(z) ̸≡ 0, (15) yields

b̂2(z)g
2 ḡ g = Q̂1(z, g),

where Q̂1(z, g) is a delay-differential polynomial, and
degg(Q̂1)⩽ 3.

By the same reasoning, we obtain b̂2(z)≡ 0. Con-
sequently, Eq. (2) can be rewritten in the form (5),
where Bi(z) (for i = 0,1, 2,3) are rational and B0(z) ̸≡
0.

If B3(z)≡ 0, then by (5) we get

ḡ g g = B2(z)g
2+ B1(z)g + B0(z)− B(z)g ′. (16)

According to (16) and Lemma 2, we arrive at the
contradiction T (r, g) =m(r, g) = S(r, g). So B3(z) ̸≡ 0.

PROOF OF Theorem 6

Assume that g is a transcendental entire solution of
equation (4) and satisfies σ2(g) < 1. Similar to the
discussion in Theorem 4, we can infer that g pos-
sesses only a finite number of zeros. Consequently,
it implies g(z) = L(z)el(z), where L(z) ̸≡ 0 is a poly-
nomial, and l(z) is a non-constant entire function
satisfying σ2(g) = σ2(el(z)) = σ(l) < 1. Plugging
g(z) = L(z)el(z) into (4), we get

G(z)e2l + B(z)
�

L′

L
+ l ′
�

= B2(z)L
2 e2l + B0(z), (17)

where G(z) = L̄ L el̄+l−2l ̸≡ 0. Lemma 1 implies that
T (r, G) = m(r, G) = S(r, G). Applying (17) leads to

[G− B2(z)L
2]e2l = B0(z)− B(z)

�

L′

L + l ′
�

. (18)

Utilizing Lemma 3 and (18), we derive G−B2(z)L2 ≡ 0
and B0(z)− B(z)

�

L′

L + l ′
�

≡ 0. Thus, G and l must be
polynomials. Furthermore, since G is a polynomial, we
conclude that l̄ + l − 2l is a constant. Thus, we obtain
deg l ⩽ 2. Consequently, g can be written as

g(z) = L(z)eλz2+µz . (19)

By (19), G(z) = L̄ L el̄+l−2l and G−B2(z)L2 ≡ 0, we get

L̄ L e2λ = B2(z)L
2. (20)

Suppose B2(z) is a polynomial. (20) shows that B2(z)
is a constant. Let’s assume

L(z) = dnzn+ dn−1zn−1+ dn−2zn−2+ · · ·+ d0, (21)

where dn ̸= 0.
If n⩾ 2, then by (20) and (21), we have

dndn e2λ = dndnB2 (22)

and [2dn(dnC2
n + dn−2)+ d2

n−1− (dnC1
n )

2]e2λ

= (2dndn−2+ d2
n−1)B2. (23)

By (22) and dn ̸= 0, we get e2λ = B2. And we get
n(n− 1) = n2 from (23) and e2λ = B2. This leads to
a contradiction. So, n⩽ 1.

If n= 1, then we have by (20) and (21) that

d2
1 z2+2d1d0z+ d2

0 − d2
1 = d2

1 z2+2d1d0z+ d2
0 .

From the above equality, we have d1 = 0. This leads to
a contradiction. So, we have L(z) = d0 ̸= 0 and B2 =
e2λ. Hence, g(z) = L eλz2+µz , where L ∈ C\{0}.

PROOF OF Theorem 7

On the contrary, we assume σ(g)< 1. (5) yields,

gP1(z, g) = B0(z)− B(z)g ′, (24)

where P1(z, g) = ḡ g−B3(z)g2−B2(z)g−B1(z). Given
that g is transcendental and B(z) ̸≡ 0 is rational, we
deduce that B0(z) − B(z)g ′ ̸≡ 0. Thus, P1(z, g) ̸≡ 0.
Utilizing Lemma 5 for Eq. (24), we find

T (r, P1(z, g)) = m(r, P1(z, g)) = O(log r). (25)

Rewrite (24) as

−
P1(z, g)

B(z)
=

g ′

g
−

B0(z)
B(z)g

. (26)

Considering (25), (26), and the rationality of B(z), we
arrive at − P1(z,g)

B(z) ̸≡ 0 is rational. Thus, we find

−
P1(z, g)

B(z)
= Hzn(1+ o(1)),

where z →∞, H is a nonzero constant and n ∈ Z.
Based on the Wiman-Valiron theory (see [2, p.51], [21,
pp.28–32], or [22, pp.103–105]) and following the
same procedure as in [19], we obtain

ν(r) = |H|rn+1(1+o(1)), (|z|=r ∉[0, 1]∪ E, r→∞), (27)

where E ⊂ (1,∞) is a set with finite logarithmic
measure, and ν(r) represents the central index of g(z).

By (27), we get σ(g) = limsupr→∞
logν(r)

log r = n+
1⩽ 0, a contradiction. Therefore, we derive σ(g)⩾ 1.

From (26) we obtain m(r, 1
g )⩽m(r, g ′

g )+m(r, P1)+
O(log r) = S(r, g). Consequently, N(r, 1

g ) = T (r, g) +
S(r, g), which yields λ(g) = σ(g).

PROOF OF Theorem 9

Suppose g is a nonrational meromorphic solution of
(6) satisfying σ2(g)< 1.

Conversely, let’s assume that s = degg(P) −
degg(Q) = p− d ⩾ 3. Then by (6), we obtain

ap(z)g
p g = H(z, g), (28)
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where H(z, g) = bd(z)gd+1 ḡ g + · · · + b0(z)B(z)g ′ −
a0(z)g. Obviously, degg(H) ⩽max{d +3, p} ⩽ p since
p − d ⩾ 3. By (28) and Lemma 2, we get m(r, g) =
S(r, g). So, N(r, g) = T (r, g) + S(r, g), we see that g
possesses an infinite number of poles and λ( 1

g ) =σ(g).
Following the argument in [15], let z1 be a pole of

g of order k0 ⩾ 1, and suppose that z1 avoids all zeros
and poles of the coefficients in (6). Then (6) implies
that g has a pole at either z1+1 or z1−1 (or both). If the
pole at z = z1+1 has order k1 satisfying k1 ⩾

sk0
2 > k0,

then shifting (6) gives

g(z+2)g(z)+B(z+1)
g ′(z+1)
g(z+1)

=
P(z+1, g(z+1))
Q(z+1, g(z+1))

. (29)

From s = p−q ⩾ 3 and (29), we deduce that z1+2 is a
pole of g of order k2 = sk1− k0 > sk1− k1 = (s−1)k1.

Advancing (29) by one yields

g(z+3)g(z+1)+B(z+2)
g ′(z+2)
g(z+2)

=
P(z+2, g(z+2))
Q(z+2, g(z+2))

. (30)

(30) shows that z1+3 is a pole of g of order k3 = sk2−
k1 > sk2− k2 ⩾ (s−1)2k1.

By the same argument, we obtain

n(|z1|+m, g)⩾ (s−1)m−1k1+O(1) (31)

for all integer m⩾ 1. (31) implies

λ2

�

1
g

�

= limsup
r→∞

log log n(r, g)
log r

⩾ limsup
m→∞

log log[(s−1)(m−1)k1]
log(|z1|+m)

= 1.

This contradicts with our assumption. Thus
degg(P)−degg(Q)⩽ 2.

Alternatively, the case with a pole at z1 − 1 is
handled similarly to that at z1+1.
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