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ABSTRACT: The aim of this paper is to study the 1-parameter formal deformations of associative (resp. Lie)
H-pseudoalgebras and describe them with the cohomology groups. As an application, we derive Poisson
H-pseudoalgebra from the first-order term of a deformation of the commutative associative H-pseudoalgebra.
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INTRODUCTION

The theory of pseudotensor category was introduced
by Beilinson and Drinfeld [1] as a way of expressing no-
tions such as Lie algebras and representations in purely
categorical terms. A pseudotensor category is a cat-
egory equipped with an extra pseudotensor structure
formed by a collection of functors Pn{Li}1¶i¶n → M
and a way to compose them. Let H be a cocommutative
Hopf algebra, thenM ∗(H) is a pseudotensor category
with the same objects as HM (the category of left
H-modules), and the pseudotensor structure is defined
by

Lin({Li}i∈I , M) = HomH⊗I (�i∈I Li , H⊗I ⊗H M),

where I is a finite non-empty set and �i∈I is the tensor
product functor HM I →H⊗I M . An algebra in this
pseudotensor category is called an H-pseudoalgebra or
simply a pseudoalgebra. When H is the polynomial
algebra C[∂ ], it is actually the conformal algebra
[2–4], which is closely related to the vertex algebra.
Moreover, conformal algebra provide an axiomatic
description of the operator product expansion (OPE)
of chiral fields in conformal field theory.

In [5], Bakalov, D’Andrea and Kac studied
Lie (resp. associative) algebras in pseudotensor
category M ∗(H), called Lie (resp. associative)
H-pseudoalgebras, which are closely related to the
differential Lie algebras of Ritt and Hamiltonian for-
malism in the theory of nonliner evolution equation
[6–8]. They established representation theory, coho-
mology theory, and simultaneously solved classifica-
tion problems in a series of papers [5, 9–11]. Other
algebraic structures in pseudotensor category M ∗(H)
have been introduced afterwards, such as Jordan pseu-
doalgebra [12], Leibniz H-pseudoalgebra [13], left
symmetric pseudoalgebra [14] and so on. Moreover,
Boyallian and Liberati [15] introduced the notions
of Lie H-coalgebra and Lie H-pseudobialgebra from

the point of pseudo-dual. Later, Liu and Wang et
al. studied the infinitesimal H-pseudobialgebra and
associative pseudo-Yang-Baxter equation [16]. Further
research on pseudoalgebras can be found in [17–20].

The deformation is a tool to study a mathematical
object by deforming it into a family of the same kind of
objects depending on a certain parameter. The defor-
mation theory of algebras was introduced by Gersten-
haber for rings and algebras in [21], and by Nijenhuis
and Richardson for Lie algebras in [22]. They studied
1-parameter formal deformations and connected them
with Hochschild cohomology and Chevally-Eilenberg
cohomology, respectively. The deformation problem of
other algebraic structures, such as Lie triple systems,
Yamaguti algebras, Novikov algebras, Hom-type alge-
bras, etc., has been intensively studied in the literature
recently, see [23–26].

Inspired by the above results, we consider the
deformation theory of associative H-pseudoalgebras
and Lie H-pseudoalgebras.

Throughout this paper, we denote by K a fixed
algebraically closed field of characteristic zero, and
H is a cocommutative Hopf algebra over K . For a
comultiplication∆ : C → C⊗C on a linear space C , we
use Sweedler’s notation [27]∆(c) = c1⊗c2, ∀c ∈ C . For
the composition of two maps f and g, we write either
g ◦ f or simply g f . For any vector space V , we will
defineσ( f ⊗g) = g⊗ f , (123)( f ⊗g⊗h) = h⊗ f ⊗g and
(23)( f ⊗ g⊗h) = f ⊗h⊗ g, for all f , g, h ∈ V . Similarly,
we have symbols (132), (12), (13) and so on.

PRELIMINARIES

In this section, we recall some basic definitions about
associative and Lie H-pseudoalgebras, see, for example
[5, 16, 20].

Definition 1 An H-pseudoalgebra (A,µ = ∗) is a left
H-module A together with an operation

µ : A⊗A→ (H ⊗H)⊗H A, a⊗ b 7→ µ(a⊗ b) = a ∗ b,
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called the pseudoproduct, and satisfying H-bilinearity:
for all a, b ∈ A and f , g ∈ H,

f a ∗ g b = ( f ⊗ g ⊗H 1)(a ∗ b).

If a∗b=
∑

i fi⊗gi⊗H ei , then f a∗g b=
∑

i f fi⊗g gi⊗H ei .

In order to define the associativity of an
H-pseudoalgebra, we extend the pseudoproduct from
A⊗A→ H⊗2⊗H A to maps (H⊗2⊗H A)⊗A→ H⊗3⊗H A
and A⊗ (H⊗2⊗H A)→ H⊗3⊗H A by letting

( f ⊗H a) ∗ b =
∑

i

( f ⊗1)(∆⊗ id)( fi ⊗ gi)⊗H ei ,

and

a ∗ ( f ⊗H b) =
∑

i

(1⊗ f )(id⊗∆)( fi ⊗ gi)⊗H ei ,

where f ∈ H⊗2 and a ∗ b =
∑

i fi ⊗ gi ⊗H ei .
The H-pseudoalgebra (A,∗) is associative if it sat-

isfies (a ∗ b)∗ c = a ∗ (b ∗ c) for all a, b, c ∈ A, and (A,∗)
is commutative if a ∗ b = (σ⊗H id)(b ∗ a) holds.

Definition 2 Let (A,∗) and (B,∗) be two associative
H-pseudoalgebras.
(1) A left A-module is a pair (M ,ρM ), where M is a

left H-module, ρM ∈ HomH⊗H(A⊗M , (H ⊗H)⊗H
M) (we denote ρM (a ⊗ m) = a ∗ m), satisfying
(a ∗ b) ∗m= a ∗ (b ∗m), for all a, b ∈ A and m∈M .

(2) A right A-module is a pair (N ,ρN ), where N is a left
H-module, ρN ∈HomH⊗H(N⊗A, (H⊗H)⊗H N) (we
denote ρN (n⊗ a) = n ∗ a), satisfying n ∗ (a ∗ b) =
(n ∗ a) ∗ b, for all a, b ∈ A and n ∈ N .

(3) (M ,ρM ) is called an A-B-bimodule, if M is a left
A-module and right B-module such that (a ∗m) ∗
b = a ∗ (m ∗ b) for all a ∈ A, b ∈ B and m ∈ M . An
A-A-bimodule is simply called an A-bimodule.

Remark 1 An associative H-pseudoalgebra (A,∗) is an
A-bimodule with the pseudoproduct.

Definition 3 Let (A,∗) be an H-pseudoalgebra. A is
called a Lie H-pseudoalgebra (in this case, a ∗ b is
denoted by [a∗b] and called the pseudobracket) if [·∗·]
satisfies the following conditions:
(1) Skew-commutativity, [a ∗ b] = −(σ⊗H id)[b ∗ a].
(2) Jacobi identity, [[a∗b]∗c] = [a∗[b∗c]]−((12)⊗H

id)[b ∗ [a ∗ c]] in H⊗3⊗H A, for all a, b, c ∈ A.

Definition 4 Let (L, [· ∗ ·]) be a Lie H-pseudoalgebra.
A left L-module is a pair (N ,ρN ), where N is a left
H-module, ρN ∈ HomH⊗H(L ⊗ N , (H ⊗ H)⊗H N). For
all a, b ∈ L and n ∈ N , we denote ρN (a ⊗ n) = a ∗ n,
satisfying [a∗b]∗n= a∗(b∗n)−((12)⊗H id)(b∗(a∗n)).

Remark 2 A Lie H-pseudoalgebra (L, [· ∗ ·]) is a left
L-module with the pseudobracket.

The cohomology of associative H-pseudoalgebras

Let (A,∗) be an associative H-pseudoalgebra and M an
A-bimodule. The space of n-cochains Cn(A, M) consists
of all maps

ϕ ∈ HomH⊗n(A⊗n, H⊗n⊗H M).

Explicitly, for all hi ∈ H and ai ∈ A (i = 1, 2, . . . , n), ϕ
has the following defining property: H-polylinearity,

ϕ(h1a1⊗· · ·⊗hnan)=((h1⊗· · ·⊗hn)⊗H1)ϕ(a1⊗· · ·⊗an).

For n= 0, we put C0(A, M) = K ⊗H M ' M/H+M ,
where H+ = {h∈ H|ε(h) = 0} is the augmentation ideal
of H. The differential d0 : C0(A, M) → C1(A, M) =
HomH(A, M) is given by

(d0(1⊗H m))(a) =
∑

i

(id⊗ε)(hi)mi−
∑

j

(ε⊗ id)( f j)n j ,

for all a ∈ A, m∈M , where a∗m=
∑

i hi⊗Hmi ∈H⊗2⊗H
M and m ∗ a =

∑

j f j ⊗H n j ∈ H⊗2⊗H M .
For n ¾ 1, the differential dn : Cn(A, M) →

Cn+1(A, M) is defined by

dnϕ(a1 ⊗ · · · ⊗ an+1)

= a1 ∗ϕ(a2 ⊗ · · · ⊗ an+1)+(−1)n+1ϕ(a1 ⊗ · · · ⊗ an) ∗ an+1

+
n
∑

i=1

(−1)iϕ(a1⊗· · ·⊗ ai−1⊗ ai∗ ai+1⊗ ai+2⊗· · ·⊗ an+1). (1)

We use the following convention in the above
equation. If a ∗m =

∑

i fi ⊗H mi ∈ H⊗2 ⊗H M , m ∗ a =
∑

j g j ⊗H n j ∈ H⊗2⊗H M for all a ∈ A and m ∈ M , then
for all f ∈ H⊗n, we set

a∗( f⊗m) =
∑

i

(1⊗ f )(id⊗∆(n−1))( fi)⊗Hmi ∈H⊗(n+1)⊗H M ,

and

( f⊗m)∗a=
∑

j

( f⊗1)(∆(n−1)⊗id)(g j)⊗Hn j ∈H⊗(n+1)⊗H M ,

where∆(n−1) = (id⊗· · ·⊗id⊗∆) · · · (id⊗∆)∆ : H→ H⊗n

is the iterated comultiplication for n > 1, and ∆(0) :=
id. Note that (1) holds also for n = 0 if we define
∆(−1) = ε.

For g ∈ H⊗2 and ϕ ∈ Cn(A, M), we set

ϕ(a1⊗ · · · ⊗ ai−1⊗ (g ⊗H ai)⊗ ai+1⊗ · · · ⊗ an)

= ((id⊗(i−1)⊗ g∆⊗ id⊗(n−i))⊗H id)ϕ(a1⊗ · · · ⊗ an)

∈ H⊗(n+1)⊗H M .

In particular, by setting n = 1 and n = 2 in (1),
respectively, we have

d1ϕ(a⊗ b) = a ∗ϕ(b)−ϕ(a ∗ b)+ϕ(a) ∗ b,
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and

d2ϕ(a⊗b⊗c) = a∗ϕ(b,c)−ϕ(a∗b,c)+ϕ(a,b∗c)−ϕ(a,b)∗c.

It can be shown that dn+1dn = 0 by a direct com-
putation. A ϕ ∈ Cn(A, M) is called an n-cocycle if
dnϕ= 0, andϕ is called an n-coboundary if there exists
an (n − 1)-cochain ψ such that dn−1ψ = ϕ. Denote
by Zn(A, M) and Bn(A, M) the subspaces of n-cocycles
and n-coboundaries, respectively. The quotient space
Hn(A, M) = Zn(A, M)/Bn(A, M) is called the n-th coho-
mology group of A with coefficients in M .

The cohomology of Lie H-pseudoalgebras

Let (L, [· ∗ ·]) be a Lie H-pseudoalgebra and M a left
L-module. For n ¾ 1, Cn(L, M) consists of all γ ∈
HomH⊗n(L⊗n, H⊗n⊗H M). Explicitly, γ has the following
defining properties:

(1) H-polylinearity,

γ(h1a1⊗· · ·⊗hnan) = ((h1⊗· · ·⊗hn)⊗H 1)γ(a1⊗· · ·⊗an).

(2) Skew-symmetry,

γ(a1⊗ · · · ⊗ ai+1⊗ ai ⊗ · · · ⊗ an)
= −(σi,i+1⊗H id)γ(a1⊗ · · · ⊗ ai ⊗ ai+1⊗ · · · ⊗ an),

where σi,i+1 : H⊗n → H⊗n is the transposition of the
i-th and (i+1)-st factors.

For n ¾ 1, the differential dn : Cn(L, M) →
Cn+1(L, M) is defined as follows:

(dnγ)(a1⊗ a2⊗ · · · ⊗ an⊗ an+1)

=
∑

1¶i¶n+1

(−1)i+1(σ1→i⊗H id)ai∗γ(a1⊗· · ·⊗âi⊗· · ·⊗an+1)

+
∑

1¶i< j¶n+1

(−1)i+ j(σ1→i,2→ j ⊗H id)

×γ([ai ∗ a j]⊗ a1⊗ · · · ⊗ âi ⊗ · · · ⊗ â j ⊗ · · · ⊗ an+1),

whereσ1→i is the permutation hi⊗h1⊗· · ·⊗hi−1⊗hi+1⊗
· · ·⊗hn+1 7→ h1⊗· · ·⊗hn+1, σ1→i,2→ j is the permutation
hi⊗h j⊗h1⊗· · ·⊗hi−1⊗hi+1⊗· · ·⊗h j−1⊗h j+1⊗· · ·⊗hn+1 7→
h1⊗· · ·⊗hn+1, and âi means omitted. In particular, for
n= 1, we have

(d1γ)(a1⊗ a2)
= a1 ∗γ(a2)− ((12)⊗H id)a2 ∗γ(a1)−γ([a1 ∗ a2]),

and for n= 2, we get

(d2γ)(a1⊗a2⊗a3) = a1∗γ(a2⊗a3)−((12)⊗H id)a2∗γ(a1⊗a3)

+((132)⊗H id)a3 ∗γ(a1⊗a2)−γ([a1 ∗a2]⊗a3)

+((23)⊗H id)γ([a1∗a3]∗a2)−((123)⊗H id)γ([a2∗a3]⊗a1).

One can routinely verify that dn+1dn = 0. A
γ ∈ Cn(L, M) is called an n-cocycle if dnγ = 0,
and γ is called an n-coboundary if there exists an

(n−1)-cochain ψ such that dn−1ψ = γ. Denote by
Zn(L, M) and Bn(L, M) the subspaces of n-cocycles
and n-coboundaries, respectively. The quotient space
Hn(L, M) = Zn(L, M)/Bn(L, M) is called the n-th coho-
mology group of L with coefficients in M .

DEFORMATIONS OF ASSOCIATIVE AND LIE
H-PSEUDOALGEBRAS

In this section, we define the deformations of associa-
tive and Lie H-pseudoalgebras and characterize them
in terms of cohomology groups.

The deformations of associative H-pseudoalgebras

Definition 5 Let (A,∗) be an associative H-
pseudoalgebra and

Gt(x , y) =
∑

i¾0

gi(x , y)t i

= g0(x , y)+ g1(x , y)t + g2(x , y)t2+ · · · ,

where t is a formal variable, each gi : A⊗A→ H⊗2⊗H A
is an H-bilinear map and g0(x , y) = x ∗ y . We call Gt
the 1-parameter formal deformation (we simply call it
deformation) of (A,∗) if (A, Gt) is a family of associative
H-pseudoalgebras. More precisely, we have

Gt(x , Gt(y, z)) = Gt(Gt(x , y), z), ∀x , y, z ∈ A, (2)

which is called the deformation equation of associative
H-pseudoalgebra.

Example 1 A = H{e1, e2} is an associative H-
pseudoalgebra with the pseudoproduct given by
e1∗e1 = e1∗e2 = 0, e2∗e1 = 1⊗1⊗H e1, e2∗e2 = 1⊗1⊗H e2.
Define

G1(e1, e1) = G1(e1, e2) = 0,

G1(e2, e1) = 1⊗1⊗H (1+ t)e1,

G1(e2, e2) = 1⊗1⊗H (1+ t)e2,

where t ∈ K . It is easy to check that (2) holds. Hence
G1 is a deformation of A.

Now we focus on the deformation equation of as-
sociative H-pseudoalgebra. Note that (2) is equivalent
to

∑

i, j¾0

(gi(x , g j(y, z))− gi(g j(x , y), z))t i+ j = 0.

Here we denote gi ◦̂g j(x , y, z) = gi(x , g j(y, z)) −
gi(g j(x , y), z), then the above equation may be written
as

∑

i, j¾0

(gi ◦̂g j)t
i+ j = 0,

which is equivalent to

∑

k¾0

tk
k
∑

i=0

gi ◦̂gk−i = 0 or

k
∑

i=0

gi ◦̂gk−i = 0, k = 0, 1,2, . . . .
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For k = 0, g0◦̂g0 = 0, this corresponds to the
associativity of A.

For k = 1, g0◦̂g1+ g1◦̂g0 = 0, i.e.,

a ∗ g1(b, c)− g1(a, b) ∗ c

+ g1(a, b ∗ c)− g1(a ∗ b, c) = 0, (3)

For k = 2, g0◦̂g2 + g1◦̂g1 + g2◦̂g0 = 0, i.e., d2 g2 =
g0◦̂g2+ g2◦̂g0 = −g1◦̂g1.

...
For k = n (n = 3, 4, . . .), d2 gn = g0◦̂gn + gn◦̂g0 =

−(g0◦̂gn−1+ g2◦̂gn−2+ · · ·+ gn−1◦̂g0).
Condition (3) implies that d2 g1 = 0. By the defi-

nition of n-cocycle, we have the following result.

Proposition 1 Let (A,∗) be an associative H-
pseudoalgebra and Gt(x , y) =

∑

i¾0 gi(x , y)t i the
deformation of A. Then g1 is a 2-cocycle of the
cohomology of A.

Definition 6 Let (A,∗) be an associative H-
pseudoalgebra. Two deformations Gt(x , y) =
∑

i¾0 gi(x , y)t i and G′t(x , y) =
∑

i¾0 g ′i (x , y)t i

of (A,∗) are equivalent if there exists a family
Φt : A → A[[t]] of H-linear maps of the form
Φt =

∑

i¾0φi t
i = φ0 + φ1 t1 + φ2 t2 + · · · , where

φi : A → A is an H-linear map for i = 1, 2, . . . and
φ0 = id such that

Φt(Gt(x , y)) = G′t(Φt(x),Φt(y)).

More precisely,
∑

i¾0

φi

�∑

j¾0

g j(x , y)t j
�

t i =
∑

i¾0

g ′i
�∑

j¾0

φ j(x)t
j ,
∑

k¾0

φk(y)t
k
�

t i .

The deformation Gt is called trivial if Gt is equiv-
alent to g0. An associative H-pseudoalgebra (A,∗) is
called rigid, if every 1-parameter formal deformation
Gt is trivial.

Theorem 1 ([28]) Let (A,∗) be an associative H-
pseudoalgebra. There is a one-to-one correspondence
between the elements of H2(A, A) and the infinitesi-
mal deformation of A defined by Gt(x , y) = g0(x , y) +
g1(x , y)t.

Theorem 2 Let (A,∗) be an associative H-
pseudoalgebra and H2(A, A) = 0. Then (A,∗) is
rigid.

Proof : Let Gt be the deformation of (A,∗). Suppose
that Gt = g0+

∑

i¾n gi t
i , then

d2 gn = −(g1◦̂gn−1+ g2◦̂gn−2+ · · ·+ gn−1◦̂g1) = 0.

Hence gn ∈ Z2(A, A) = B2(A, A). It follows that there
exists φ ∈ C1(A, A) such that gn = d1φ.

Let Φt = id−φ tn : (A, G′t)→ (A, Gt). Note that Φt
is an isomorphism of H-modules with

Φt ◦
∑

i¾0

φ i t in =
∑

i¾0

φ i t in ◦Φt = idA.

Define G′t(x , y) = Φ−1
t Gt(Φt(x),Φt(y)). It is immedi-

ate that G′t is a formal deformation of (A,∗) and Gt is
equivalent to G′t . Suppose that G′t(x , y) = g ′0(x , y) +
∑

i>0 g ′i (x , y)t i . Then

(id−φ tn)
�

g ′0(x , y)+
∑

i>0

g ′i (x , y)t i
�

=
�

g0(x , y)+
∑

i¾n

gi(x , y)t i
�

(x−φ(x)tn, y−φ(y)tn),

that is,

x ∗ y +
∑

i>0

g ′i (x , y)t i −φ
�

x ∗ y +
∑

i>0

g ′i (x , y)t i
�

tn

= x ∗ y − (x ∗φ(y)+φ(x) ∗ y)tn +(φ(x) ∗φ(y))t2n

+
∑

i¾n

gi(x , y)t i −
∑

i¾n

(gi(φ(x), y)+ gi(x ,φ(y)))t i+n

+
∑

i¾n

gi(φ(x),φ(y))t
i+2n.

Then we have g ′1 = g ′2 = · · · = g ′n−1 = 0 and the
coefficients of tn are identical, i.e.,

g ′n−φ(x ∗ y) = −(φ(x) ∗ y + x ∗φ(y))+ gn(x , y).

It follows that g ′n = gn − d1φ = 0 and G′t(x , y) =
g ′0(x , y) +

∑

i¾n g ′i (x , y)t i . By induction, this proce-
dure ends with G′t = g ′0. So Gt is equivalent to g0, as
desired. 2

The deformations of Lie H-pseudoalgebras

Definition 7 Let (L, [· ∗ ·]) be a Lie H-pseudoalgebra.
A 1-parameter formal deformation (we simply call it
deformation) of L is given by

[x∗ y]t =
∑

i¾0

[x , y]i t
i = [x , y]0+[x , y]1 t+[x , y]2 t2+· · · ,

where t is a formal variable, [·, ·]i : L⊗ L→ H⊗2 ⊗H L
is an H-bilinear map and [x , y]0 = [x ∗ y] such that
(L, [· ∗ ·]t) is a family of Lie H-pseudoalgebras, that is,
for all x , y, z ∈ L, the following conditions hold:
(skew-commutativity):

[x ∗ y]t = −[y ∗ x]t , (4)

(Jacobi identity):

[x∗[y∗z]t]t−((12)H id)[y∗[x∗z]t]t = [[x∗ y]t ∗z]t . (5)

Conditions (4) and (5) are called the deformation
equations of a Lie H-pseudoalgebra. Note that the
skew-commutativity of [·∗·]t is equivalent to the skew-
symmetry of all [·, ·]i for i = 0,1, 2, . . ..
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Example 2 We consider the 3-dimensional Lie algebra
L with the bracket

[x , y]t = 2y − kt y, [x , z]t = −2z+(l y + kz)t,

[y, z]t = x − k
2 x t, ∀k, l ∈ K .

Suppose that H = sp{1, g} is the group Hopf algebra
with g2 = 1,∆(g) = g⊗g, S(g) = g = g−1. Then [·∗·]1
defines a deformation of Lie H-pseudoalgebra H ⊗ L
with the action

[( f ⊗ x) ∗ (h⊗ y)]1 = f ⊗ g ⊗H (1⊗ [x , y]t),
[( f ⊗ x) ∗ (h⊗ z)]1 = f ⊗ g ⊗H (1⊗ [x , z]t),
[( f ⊗ y) ∗ (h⊗ z)]1 = f ⊗ g ⊗H (1⊗ [y, z]t),

where f , h ∈ {1, g}.

Note that the deformation equation (5) can be
rewritten as

k
∑

i=0

�

[x , [y, z]i]k−i − ((12)⊗H id)[y, [x , z]i]k−i

− [[x , y]i , z]k−i

�

= 0, k = 0,1, 2, . . . .

For k = 0, it is nothing else but the Jacobi identity
of (L, [· ∗ ·]).

For k = 1, we have

[x , [y ∗ z]]1− ((12)⊗H id)[y, [x ∗ z]]1− [[x ∗ y], z]1
+[x∗[y, z]1]−((12)⊗H id)[y∗[x , z]1]−[[x , y]1∗z] = 0,

which implies that d2[·, ·]1 = 0. Hence we have the
following result.

Proposition 2 The first-order term [·, ·]1 of the defor-
mation [· ∗ ·]t =

∑

i¾0[·, ·]i t
i of Lie H-pseudoalgebra

(L, [· ∗ ·]) is a 2-cocycle of the cohomology of L.

Definition 8 Let (L, [· ∗ ·]) be a Lie H-pseudoalgebra.
Two deformations [x ∗ y]t =

∑

i¾0[x , y]i t i and [x ∗
y]′t =

∑

i¾0[x , y]′i t
i of L are equivalent if there exists

a family Φt : L→ L[[t]] of H-linear maps of the form
Φt =

∑

i¾0φi t
i = φ0 +φ1 t1 +φ2 t2 + · · · , where φi :

L→ L is an H-linear map for i ∈ N+ and φ0 = id such
that

Φt([x ∗ y]t) = [Φt(x),Φt(y)]
′
t .

More precisely,
∑

i¾0

φi

�∑

j¾0

[x , y] j t
j
�

t i=
∑

i¾0

�∑

j¾0

φ j(x)t
j ,
∑

k¾0

φk(y)t
k
�′

i
t i .

A formal deformation [·∗·]t is called trivial if [·∗·]t
is equivalent to [·∗·]. A Lie H-pseudoalgebra (L, [·∗·])
is called rigid, if every 1-parameter formal deformation
[· ∗ ·]t is trivial.

Similar to the results obtained in Theorems 1
and 2, we have the following results for Lie H-
pseudoalgebras.

Theorem 3 ([5]) Let (L, [· ∗ ·]) be a Lie H-pseudo-
algebra. There is a one-to-one correspondence between
the elements of H2(L, L) and the infinitesimal deforma-
tion of L defined by [x ∗ y]t = [x ∗ y]+ [x , y]1 t.

Theorem 4 Let (L, [·∗·]) be a Lie H-pseudoalgebra and
H2(L, L) = 0. Then (L, [· ∗ ·]) is rigid.

POISSON H-PSEUDOALGEBRAS

In this section we mainly construct Poisson H-
pseudoalgebra from the first-order term of deformation
for a commutative associative H-pseudoalgebra. First
we give the definition of Poisson H-pseudoalgebras.

Definition 9 A Poisson H-pseudoalgebra is a triple
(P, [·∗·],∗), such that (P, [·∗·]) is a Lie H-pseudoalgebra,
(P,∗) is a commutative associative H-pseudoalgebra
and they satisfy the compatible condition

[x ∗ (y ∗ z)] = [x ∗ y] ∗ z+((12)⊗H id)y ∗ [x ∗ z], (6)

for all x , y, z ∈ P.

Remark 3

(1) When H = k, a Poisson H-pseudoalgebra is actu-
ally a Poisson algebra.

(2) The compatible condition (6) is equivalent to

[(x ∗ y) ∗ z] = x ∗ [y ∗ z]+ ((23)⊗H id)[x ∗ z] ∗ y.

In fact,

[(x ∗ y) ∗ z] = −((132)⊗H id)[z ∗ (x ∗ y)]
(6)
= −((132)⊗H id)([z ∗ x] ∗ y +((12)⊗H id)x ∗ [z ∗ y])

= ((132)(12)⊗H id)[x ∗ z] ∗ y

− ((132)(12)⊗H id)x ∗ [z ∗ y]

= ((23)⊗H id)[x ∗ z] ∗ y − ((23)⊗H id)x ∗ [z ∗ y]

= x ∗ [y ∗ z]+ ((23)⊗H id)[x ∗ z] ∗ y.

Example 3 Let V be an ordinary Poisson algebra.
Then P = H ⊗ V equipped with operations

( f ⊗ a) ∗ (g ⊗ b) = f ⊗ g ⊗H (1⊗ ab) and

[( f ⊗ a) ∗ (g ⊗ b)] = f ⊗ g ⊗H (1⊗ [a, b]),

for all f , g ∈ H and a, b ∈ V is a Poisson H-pseudo-
algebra.

Proposition 3 Let (A,∗) be a commutative associative
H-pseudoalgebra. Define [x ∗ y]A = 0 or [x ∗ y]A = x ∗
y − (σ⊗H id)(y ∗ x) for all x , y ∈ A, then (A,∗, [∗]A) is
a Poisson H-pseudoalgebra.

Proof : A commutative associative H-pseudoalgebra
(A,∗) is naturally a Poisson H-pseudoalgebra with the
trivial pseudobracket [x ∗ y]A = 0. Suppose [x ∗ y]A =
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x ∗ y − (σ ⊗H id)(y ∗ x), then (A, [∗]A) is a Lie H-
pseudoalgebra [5]. We only need to check the com-
patible condition (6). For all x , y, z ∈ A, we have

[x ∗ y]A ∗ z+((12)⊗H id)y ∗ [x ∗ z]A
= (x ∗ y − (σ⊗H id)(y ∗ x)) ∗ z

+((12)⊗H id)(y ∗ (x ∗ z− (σ⊗H id)(z ∗ x)))
= (x ∗ y) ∗ z− ((12)⊗H id)((y ∗ x) ∗ z)
+ ((12)⊗H id)(y ∗ (x ∗ z)−((23)⊗H id)y ∗ (z ∗ x))
= (x ∗ y) ∗ z− ((12)⊗H id)((y ∗ x) ∗ z)
+ ((12)⊗H id)(y ∗ (x ∗ z))−((123)⊗H id)y ∗ (z ∗ x))
= x ∗ (y ∗ z)− ((123)⊗H id)(y ∗ z) ∗ x

= [x ∗ (y ∗ z)]A.

This completes the proof. 2
As in the case of Poisson algebras, the follow-

ing proposition shows that the tensor product of
two Poisson H-pseudoalgebras is still a Poisson H-
pseudoalgebra. Since the proof is a straightforward
computation, we omit the details.

Proposition 4 Let Hi be the cocommutative Hopf alge-
bras for i = 1,2. Suppose (Ai ,∗i , [· ∗i ·]) is a Poisson Hi-
pseudoalgebra, then the tensor product (A1⊗A2,∗, [·∗·])
is a Poisson H1 ⊗ H2-pseudoalgebra with the following
structures:

(a⊗ b) ∗ (a′⊗ b′) = a ∗1 a′⊗ b ∗2 b′

=
∑

i, j

( fi ⊗ f ′j )⊗ (gi ⊗ g ′j)⊗H (ei ⊗ e′j),

and

[(a⊗ b)∗ (a′⊗ b′)] = a ∗1 a′⊗ [b ∗2 b′]+ [a ∗1 a′]⊗ b ∗2 b′

=
∑

i, j

( fi ⊗ p′j)⊗ (gi ⊗ q′j)⊗H (ei ⊗ t ′j)

+
∑

i, j

(pi ⊗ f ′j )⊗ (qi ⊗ g ′j)⊗H (t i ⊗ e′j),

where a∗1 a′ =
∑

i fi⊗gi⊗H1
ei , [a∗1 a′] =

∑

i pi⊗qi⊗H1

t i , b ∗2 b′ =
∑

j f ′j ⊗ g ′j ⊗H2
e′j and [b ∗2 b′] =

∑

j p′j ⊗
q′j ⊗H2

t ′j for all a, a′ ∈ A1 and b, b′ ∈ A2.

Next we show that the first-order element of a
deformation induces a Poisson H-pseudoalgebra. We
start with some useful lemmas.

Lemma 1 Let (A,∗) be a commutative associative H-
pseudoalgebra and φ a skew-commutative 2-cochain
such that d2φ = 0. Then

φ(x , y ∗ z) = φ(x , y) ∗ z+((12)⊗H id)(y ∗φ(x , z)),

for all x , y, z ∈ A.

Proof : Since φ is skew-commutative (i.e., φ(x , y) =
−(σ⊗H id)φ(y, x)) and A is commutative, we have

φ(y, x ∗ z) = −((123)⊗H id)φ(x ∗ z, y), (7)

x ∗φ(y, z) = −((23)⊗H id)x ∗φ(z, y), (8)

φ(x , z) ∗ y = ((132)⊗H id)(y ∗φ(x , z)), (9)

φ(x , y) ∗ z = −((12)⊗H id)φ(y, x) ∗ z, (10)

for all x , y, z ∈ A. The condition d2φ = 0 implies that

φ(x , y∗z) =φ(x∗ y, z)−x∗φ(y, z)+φ(x , y)∗z. (11)

Then we obtain

((23)⊗H id)φ(x , z ∗ y) =

((23)⊗H id)(φ(x ∗ z, y)−x ∗φ(z, y)+φ(x , z) ∗ y), (12)

and

((12)⊗H id)(φ(y ∗ x , z)−φ(y, x ∗ z))
= ((12)⊗H id)(y ∗φ(x , z)−φ(y, x) ∗ z). (13)

By adding (11)–(13) and considering the fact that φ is
skew-commutative and A is commutative, we have

LHS= φ(x , y ∗ z)+ ((23)⊗H id)φ(x , z ∗ y)

+ ((12)⊗H id)(φ(y ∗ x , z)−φ(y, x ∗ z))

= φ(x , y ∗ z)+φ(x , y ∗ z)+φ(x ∗ y, z)

− ((12)⊗H id)φ(y, x ∗ z)
(7)
= 2φ(x , y ∗ z)+φ(x ∗ y, z)+((12)(123)⊗H id)φ(x ∗ z, y)

= 2φ(x , y ∗ z)+φ(x ∗ y, z)+ ((23)⊗H id)φ(x ∗ z, y),

and

RHS= φ(x ∗ y, z)− x ∗φ(y, z)+φ(x , y) ∗ z

+((23)⊗H id)(φ(x ∗ z, y)− x ∗φ(z, y)+φ(x , z) ∗ y)

+ ((12)⊗H id)(y ∗φ(x , z)−φ(y, x) ∗ z)
(8)−(10)
= φ(x ∗ y, z)+ ((23)⊗H id)(x ∗φ(z, y))

+φ(x , y) ∗ z+((23)⊗H id)φ(x ∗ z, y)

− ((23)⊗H id)(x∗φ(z, y))+((23)(132)⊗H id)(y∗φ(x , z))

+ ((12)⊗H id)(y ∗φ(x , z))+φ(x , y) ∗ z

= φ(x ∗ y, z)+ ((23)⊗H id)φ(x ∗ z, y)+2φ(x , y) ∗ z

+2((12)⊗H id)(y ∗φ(x , z)).

It follows that

2φ(x , y ∗ z)+φ(x ∗ y, z)+ ((23)⊗H id)φ(x ∗ z, y)
= φ(x ∗ y, z)+ ((23)⊗H id)φ(x ∗ z, y)
+2φ(x , y) ∗ z+2((12)⊗H id)(y ∗φ(x , z)),

that is,

φ(x , y ∗ z) = φ(x , y) ∗ z+((12)⊗H id)(y ∗φ(x , z)).

This completes the proof. 2
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Lemma 2 Let (A,∗) be a commutative associative H-
pseudoalgebra and Gt the deformation of A. Then

x ∗ g2(y, z) = ((123)⊗H id)(g2(y, z) ∗ x), (14)

g2(y, z) ∗ x = ((132)⊗H id)(x ∗ g2(y, z)), (15)

g2(y, z ∗ x) = ((23)⊗H id)g2(y, x ∗ z), (16)

g2(z ∗ x , y) = ((12)⊗H id)g2(x ∗ z, y), (17)

for all x , y, z ∈ A.

Proof : It can be verified by a direct computation and
we omit the details. 2

Lemma 3 Let (A,∗) be a commutative associative H-
pseudoalgebra and Gt the deformation of A. Then

− g1◦̂g1(x , y, z)− ((123)⊗H id)g1◦̂g1(y, z, x)
− ((132)⊗H id)g1◦̂g1(z, x , y)

= g2◦̂g0(x , y, z)+ ((123)⊗H id)g2◦̂g0(y, z, x)
+ ((132)⊗H id)g2◦̂g0(z, x , y).

for all x , y, z ∈ A.

Proof : Since g0◦̂g2+ g1◦̂g1+ g2◦̂g0 = 0, we have

− g1◦̂g1(x , y, z) = g0◦̂g2(x , y, z)+ g2◦̂g0(x , y, z)

= x∗g2(y, z)−g2(x , y)∗z+g2(x , y∗z)−g2(x∗ y, z). (18)

Now we compute

− g1◦̂g1(x , y, z)− ((123)⊗H id)g1◦̂g1(y, z, x)

− ((132)⊗H id)g1◦̂g1(z, x , y)
(18)
= x ∗ g2(y, z)− g2(x , y) ∗ z+ g2(x , y ∗ z)− g2(x ∗ y, z)

+((123)⊗H id)
�

y ∗ g2(z, x)−g2(y, z) ∗ x+g2(y, z ∗ x)

−g2(y ∗ z, x)
�

+((132)⊗H id)
�

z∗g2(x , y)−g2(z, x) ∗ y

+g2(z, x ∗ y)− g2(z ∗ x , y)
�

(14),(15)
= x ∗ g2(y, z)− g2(x , y) ∗ z+ g2(x , y ∗ z)

− g2(x ∗ y, z)+ ((123)(123)⊗H id)g2(z, x) ∗ y

−((123)(132)⊗H id)(x∗g2(y, z))+((123)⊗H id)g2(y, z ∗ x)

−((123)⊗H id)g2(y∗z, x))+((132)(123)⊗H id)g2(x , y)∗ z

− ((132)⊗H id)g2(z, x) ∗ y+((132)⊗H id)g2(z, x ∗ y)

− ((132)⊗H id)g2(z ∗ x , y))

= g2(x , y ∗ z)− g2(x ∗ y, z)

+ ((123)⊗H id)(g2(y, z ∗ x)− g2(y ∗ z, x))

+ ((132)⊗H id)(g2(z, x ∗ y)− g2(z ∗ x , y))

= g2◦̂g0(x , y, z)+ ((123)⊗H id)g2◦̂g0(y, z, x)

+ ((132)⊗H id)g2◦̂g0(z, x , y).

This completes the proof. 2

Lemma 4 Let (A,∗) be a commutative associative H-
pseudoalgebra and Gt the deformation of A. Then

((12)⊗H id)g1◦̂g1(y, x , z)+ ((13)⊗H id)g1◦̂g1(z, y, x)

+ ((23)⊗H id)g1◦̂g1(x , z, y)

= −((12)⊗H id)g2◦̂g0(y, x , z)−((13)⊗H id)g2◦̂g0(z, y, x)

− ((23)⊗H id)g2◦̂g0(x , z, y).

for all x , y, z ∈ A.

Proof : For all x , y, z ∈ A, we have

((12)⊗H id)g1◦̂g1(y, x , z)+ ((13)⊗H id)g1◦̂g1(z, y, x)
+ ((23)⊗H id)g1◦̂g1(x , z, y)

= −((12)⊗H id)(g0◦̂g2(y, x , z)+ g2◦̂g0(y, x , z))
− ((13)⊗H id)(g0◦̂g2(z, y, x)+ g2◦̂g0(z, y, x))
− ((23)⊗H id)(g0◦̂g2(x , z, y)+ g2◦̂g0(x , z, y))
= ((12)⊗H id)(g2(y, x)∗z− y ∗ g2(x , z)+g2(y∗x , z)−g2(y, x∗z))
+ ((13)⊗H id)(g2(z, y)∗x−z ∗ g2(y, x)+g2(z∗ y, x)−g2(z, y∗x))
+ ((23)⊗H id)(g2(x , z)∗ y−x ∗ g2(z, y)+g2(x∗z, y)−g2(x , z∗ y))
(14),(15)
= ((12)(132)⊗H id)z∗g2(y, x)−((12)(123)⊗H id)g2(x , z)∗y

+((12)⊗H id)g2(y ∗ x , z)− ((12)⊗H id)g2(y, x ∗ z)
+ ((13)⊗H id)g2(z, y) ∗ x − ((13)⊗H id)z ∗ g2(y, x)
+ ((13)⊗H id)g2(z ∗ y, x)− ((13)⊗H id)g2(z, y ∗ x)
+ ((23)⊗H id)g2(x , z) ∗ y − ((23)(123)⊗H id)g2(z, y) ∗ x

+((23)⊗H id)g2(x ∗ z, y)− ((23)⊗H id)g2(x , z ∗ y)
= ((12)⊗H id)g2(y ∗ x , z)− ((12)⊗H id)g2(y, x ∗ z)
+ ((13)⊗H id)g2(z ∗ y, x)− ((13)⊗H id)g2(z, y ∗ x)
+ ((23)⊗H id)g2(x ∗ z, y)− ((23)⊗H id)g2(x , z ∗ y)
= −((12)⊗H id)g2◦̂g0(y, x , z)− ((13)⊗H id)g2◦̂g0(z, y, x)
− ((23)⊗H id)g2◦̂g0(x , z, y).

So we complete the proof. 2
Now we give the main result of this section.

Theorem 5 Let Gt =
∑

i¾0 gi t
i be the deformation of a

commutative associative H-pseudoalgebra (A,∗). Define
{x ∗ y}= g1(x , y)− (σ⊗H id)g1(y, x), for all x , y ∈ A.
Then (A,∗, {∗}) is a Poisson H-pseudoalgebra.

Proof : By Lemma 1, the compatible condition (6)
holds. It is easy to prove that the pseudobracket {· ∗ ·}
is skew-commutative. It suffices to prove that {· ∗ ·}
satisfies the Jacobi identity. Using Lemmas 2–4, for all
x , y, z ∈ A, we have

{{x ∗ y} ∗ z}− {x ∗ {y ∗ z}}+((12)⊗H id){y ∗ {x ∗ z}}

= g1(g1(x , y), z)− ((132)⊗H id)g1(z, g1(x , y))

− ((12)⊗H id)g1(g1(y, x), z)+ ((13)⊗H id)g1(z, g1(y, x))

− g1(x , g1(y, z))+ ((123)⊗H id)g1(g1(y, z), x)

+ ((23)⊗H id)g1(x , g1(z, y))− ((13)⊗H id)g1(g1(z, y), x)

+ ((12)⊗H id)g1(y, g1(x , z))− ((23)⊗H id)g1(g1(x , z), y)

−((123)⊗H id)g1(y, g1(z, x))+((132)⊗H id)g1(g1(z, x), y)
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= g1(g1(x , y), z)− g1(x , g1(y, z))

− ((123)⊗H id)(g1(y, g1(z, x))− g1(g1(y, z), x))

− ((132)⊗H id)(g1(z, g1(x , y))− g1(g1(z, x), y))

+ ((12)⊗H id)(g1(y, g1(x , z))− g1(g1(y, x), z))

+ ((13)⊗H id)(g1(g1(z, g1(y, x))− g1(z, y), x))

+ ((23)⊗H id)(g1(x , g1(z, y))− g1(g1(x , z), y))

= g2◦̂g0(x , y, z)+ ((123)⊗H id)g2◦̂g0(y, z, x)

+ ((132)⊗H id)g2◦̂g0(z, x , y)−((12)⊗H id)g2◦̂g0(y, x , z)

− ((13)⊗H id)g2◦̂g0(z, y, x)−((23)⊗H id)g2◦̂g0(x , z, y)

= g2(x , y ∗ z)− g2(x ∗ y, z)+ ((123)⊗H id)g2(y, z ∗ x)

− ((123)⊗H id)g2(y ∗ z, x)+ ((132)⊗H id)g2(z, x ∗ y)

− ((132)⊗H id)g2(z ∗ x , y)− ((12)⊗H id)g2(y, x ∗ z)

+ ((12)⊗H id)g2(y ∗ x , z)− ((13)⊗H id)g2(z, y ∗ x)

+ ((13)⊗H id)g2(z ∗ y, x)− ((23)⊗H id)g2(x , z ∗ y)

+ ((23)⊗H id)g2(x ∗ z, y)
(16),(17)
= g2(x , y∗z)−g2(x∗ y, z)+((123)(23)⊗H id)g2(y, x∗z)

− ((123)⊗H id)g2(y ∗ z, x)+ ((132)⊗H id)g2(z, x ∗ y)

− ((132)(12)⊗H id)g2(x ∗ z, y)−((12)⊗H id)g2(y, x ∗ z)

+ ((12)⊗H id)g2(y ∗ x , z)− ((13)(23)⊗H id)g2(z, x ∗ y)

+ ((13)(12)⊗H id)g2(y ∗ z, x)− ((23)⊗H id)g2(x , z ∗ y)

+ ((23)⊗H id)g2(x ∗ z, y) = 0.

This completes the proof. 2
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