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ABSTRACT: In this paper, we consider the asymptotic behaviors of moment for normalized extreme of the generalized

gamma distribution.

Under optimal norming constants, we establish higher-order expansion of moment for the

maximum. The expansion is used to deduce the rate of convergence of the moment for normalized partial maximum
to the moment of the associating extreme value limit. Numerical simulations are given to sustain the results of our

findings.
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INTRODUCTION

Recent work of Cordeiro [1], Suksaengrakcharoen and
Bodhisuwan [2] and Agarwal and Kalla [3] has re-
vealed that lifetime data can be moderately fitted by
the three-parameter generalized gamma distribution
due to Stacy [4]. We say that a random variable X has a
generalized gamma distribution with scale parameter
A € R* and shape parameters f3,c € R* (written as
X ~ GGD(f3,c, L)) if its probability density function
(pdf) is

cAch

r(p

flx)= xPlexp{—(Ax)}, xeR", (1)

where T(-) stands for the gamma function [5].
It is known that GGD(f3,1,A) is the gamma dis-
tribution, GGD(1,c,A) is Weibull distribution, and
GGD(1/2,2,1) is the half-normal distribution. Let
F(x) stand for the cumulative distribution function
(cdf) associating with (1).

The generalized gamma distribution has lots of
applications, ranging from actuarial science, survival
analysis to machine learning. Some recent examples
of its application include: many problems of diffraction
theory and corrosion problems [6], lifetime data anal-
ysis and reliability [7], modeling and analysis of life-
times [8], modeling right censored survival data [9],
representing the full rain drop size distribution spec-
tra [10], medical image retrieval system [11], model-
ing lifetime distribution [ 12], modeling ultra wideband
indoor channel [13], estimating and comparing the
reliability of two Operating Systems (Windows and
Linux) of DDL MYSQL server [ 14], generating indepen-
dent component analysis (ICA) algorithm [15].

It is of great significance to study the proper-
ties of given distributions. In this paper, the goal

is to establish asymptotic properties for moment of
normalized extreme for generalized gamma samples.
Let M,, = max; <<, Xi stand for the partial maximum
of an independent and identically (iid) random sam-
ples from generalized gamma population GGD(f, ¢, A).
Castro [16] has derived the uniform convergence rate
of distribution of extreme from GGD(f, 1, A) to its ex-
treme value limit. Recently, Du and Chen [17] showed
that with suitable normalizing constants a, € R* and
b,, € R, the normalized maximum (M, — b,,)/a, tends
to the Gumbel extreme value distribution A(x) =
exp(—e™), i.e.,

nlg(r)lo P(M, < a,x+b,) = A(x). 2

They also gave the higher-order expansions for the dis-
tribution and density of maximum from GGD(f,c, A).
However, distribution and density convergence do not
necessarily lead to moment convergence, see, e.g.,
Resnick [18]. Therefore, the natural problems are how
about the convergence and higher-order expansions
of moments of the normalized extremes, separately.
Pickands [19] studied moments convergence of gen-
eral maxima under some appropriate conditions. Nair
[20] obtained asymptotic expansions for the moments
of extreme of standard normal distribution. For more
related work, see, e.g. Refs. [21-24].

MAIN RESULTS

In order to give the main results, we cite the following
results due to Du and Chen [17]:

lim by {bE(F™(@px + by) = A(x)) =y ()A(x) }

_ [kz(x)+ %kf(x)], 3
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where the norming constants a,, and b,, are given by

1-F(b)=n"", a,=c'A7b}™, &)

ki () = 27{(1 —c*l)%2 —(B-Dx}e™, (5
and
ky(x) zl_zc{ -1 —c_l)z)%4 +(1—=c™)
3

x (=271 +3p —2)%

2
+(/5—1)(c*1—/5+1)%+(/3—1)x}ef’f. 6)

In this section, the asymptotic expansion of mo-
ment of extreme for GGD(f,c,A) is established. For
convenience, with norming constants a,, and b, deter-
mined by (4), let, for r € N,

m,(n) = E(M"a—_””)f = J X" (F"(@x +b,)) dx

and oo
m, =E&" = J x"(A(x)) dx 7)

separately represent the r-th moments of normalized
extreme and Gumel extreme value distribution, where
& follows Gumel extreme value distribution A(x). We
present the main results as follows.

Theorem 1 For the norming constant b, defined by (4),
and m,(n) and m, given by (7), we have
lim b;{bz [m,(n)—m,]
n—,oo
1
e[ Sa=c Dm0 -pom, |
1
= rk‘zc{[ - 6(1 —c (=21 +p)

# Q=P+ g

21— +20 - +2) I,

+a=p1+30-p0+|m ) ®

Observing that b; ~ A™“logn from (4), by Theorem 1
the convergence rate of moment of normalized ex-
treme can be obtained, which is described as follows.

Corollary 1 For the norming constant b, defined by
(4), we have, for large n,

r[(1—cHm; +201—pIm, |
m,(n)—m, ~ .
2logn
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The main results in this paper are of practical
value. One evident field is the statistical modeling of
extreme values based on the Gumbel distribution. One
of the common methods used in statistical estimation
is the method of moments [25]. This method includes
moments, so it is central to know the specific expres-
sions for the moments of the maximum distribution.
Moreover, the obtained results can be used to esti-
mate the accuracy of replacing the exact moments of
maximum distribution by the moments of the extreme
limit distribution. When independent observations
are made, this result can be used to determine the
sample size when applying asymptotic theory; for more
details, refer to the literature [26].

AUXILIARY LEMMAS

In order to prove the main results, the following lem-
mas will be used. The following Mills-type inequalities
of the GGD(f3, ¢, A) is due to Du and Chen [17].

Lemma 1 Let F(x) and f(x) separately represent the
cdf and pdf of GGD(f3,c, A). For c € Rt and A € RT, we
have

(i) for p €(0,1]and x € (A‘l[(/j —1)(B—2)1">, oo),

xl—c
1+
CAC (

B—1 ) < 1-F()
(Ax)e Fx)

xl—c
Ear
(ii) for B € (1,2) and x € (0, 00),
x'e B—1 B-1B-2)\"
cAc (1 * Oxy ) (1 T o= )
1-F(x) _x'"¢ B—1Y.
ST S e (1 T O ) (10

(iii) for B €[2,00) and x e A [(B—1)(f—2)]"/*, 00),

xl—c
1+
CAS (

_(B=1(B-2)\",
) ) > )

pf—1 ) < 1—F(x)
(Ax)e fx)

1—c
x
<-(a
cAc
Lemma 2 Suppose that the normalizing constant b,, is

defined by (4). Forc; €(0,1)and i, j € (0, 00), we have,
asn— oo,

B—1(BE—2)\"
_W) - b

oo
f brilxjA’(x)dx —0 and
clbﬁ/3

oo
Jcl be/?

bix/(1—A(x))dx — 0. (12)
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Proof: By using the inequalities 1 —x < e < 1,
x € (0,00), we get as n — 09,

o0 o0
J bix/A'(x)dx < J bix/e ™ dx
Clb;/g Clb;B

[ee)
< j i exp{—(1—p)c; b/*}b! x7 € P* dx — 0
¢, by

with p € (0,1). By analogous arguments, as n — 00,

o0 o0
f bflxj(l —A(x))dx < J b;xj e “dx — 0.
Clblcx/s € b;/s
The proof is complete. a
Lemma 3 For d €(0,1) and i,j € [0, 00), we have, as

n— oo,

—dlogb,
f bix[A'(x)dx — 0,

—0Q

—dlogb,
f b;lxle(x)dx — 0, 13)
and
—dlogb,
f b;|x|jF”(anx +b,)dx — 0. 14

Proof: It follows from 1—F(b,) = n"! that b, — 00 as
n— oo. Ford,p €(0,1), we get as n — 00,

—dlogb,
f bl |xlA'(x)dx
IR
< f bf1 exp{—(1 —p)bg}lxlj exp{—pe*}e*dx
o
= f bfl exp{—(1 —p)bg }x) exp{—pe*}e¥dx — 0,
1
and
—dlogb,
J b;|x|jA(x)dx

< f bf1 exp{—(1 —p)bg }xd exp{—pe*}dx — 0
1

because floo x’ exp{—pe*}dx < oco.
By (4), we obtain b, —da,logn — oo as n — oo.
By utilizing the following inequalities:

2

_X_ﬁ <log(1—x) <—x for x € (0, 1),

clc—-1) ,

1
(1I—x) < 1—cx+Tx for x € (0, E)’ ce(1,00),

379

(1—x)<1—cxforxe(0,1), ce(0,1),
and Lemma 1, we get as n — 090,
b*F™(b,—da,logb,)

< b*exp{—n(1—F(b,—da,logb,))}
(1—dc'A<be) D

(- ga)

pf—1
x| 1+
A¢(b, —dc~1A=cbl=logb,)*

x exp{—A°b[(1—da,b, " logh,)* — 1]}}

<b’n‘exp{—

(1—dc™ A<y ) D

(1 _ (B-1(-2) )*1
(b, )%

ﬁ —1 d}
1 pil o, (s
X( TR b,—dc A <b<logby) )Pnf 70 (1)

<b’;exp{—

Therefore, as n — oo,

—dlog by,
J b, |x|'F"(a,x + b,)dx

) —dlogb,
< b, F" (b, ~day,logb,) | ly—b,'F(y)dy

0
ly—b,/F(y)dy

—00

< bla,'F"(b,—da,logb,)
1—da, b, logb,

+b 1 a 7TV FY (b, —da,logh,) | ly—11dy
0

J 0
< (g) bia 7T FY (b, —da, log bn)Jyj_SF(—y)dy
=0 —00

S

1
+b* a1 F(b,~da, log bn)f (1-y) dy =0,
0

since fooo y'F(—y)dy < oo for any r € R". We
complete the proof. m|

Lemma 4 For ¢, €(0,1)and i,j € [0, 00), we have, as
n— oo,

f bix/(1—F"(a,x +b,))dx — 0, (16)
clbfll/3
and, as x — oo,

x'(1—F"(a,x +b,)) — 0. 17

Proof: The proof is similar to that of Lemma 3.5 in
Jia et al [22]. We omit it here, for more details
see [22]. ]
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Lemma 5 Let I(b,;x) = nlogF(a,x + b,) + e~ with
norming constants a, and b, determined by (4). Then,
for large n, we have

[I(b;;x) < C (18)

uniformly for all x € (—d logb,,, ¢, bﬁll/g‘) with ¢; €(0,1)

and d € (0,min{1, c}), where C is a positive constant.
Proof: By employing Lemma 4.1 of [27], we get

cf—c

r'(p)

Ac/j—c

- T(B)

X [1 —(1- fa’)lfcxfc] +s(x),

1-F(x)= x¢h—e exp {—(Ax)}—r(x)

xP~¢ exp {—(Ax)°}

19

for large x € R* and for 8 € (0,1), where

(1—pIAch2 ch—2c
r(p)

0o<r(x)< exp {—(Ax)} and

s(x)>0. (20)

Let ®,(x) =1—F(a,x + b,) and nlogF(a,x + b,) =
—n®,(x)—R,(x), where

0 <R.(x) n®>(x)
< <—"
S 21—,
due to —x — z(f—ix) < log(1—x) < —x for x € (0, 1).
Thus,
|I(bnax)| = |—n<I>n(x)—Rn(x)+e_x|

< |—nd, () +e | +R,(x). @2n

For x € (—dlogb,, ¢ bfll/S) and large n, we get

@,(x) < &,(dlogb,)

- 1—F(bn(l—ib;5 logbn)) <Cyi<1
CAC

and by (19) and 1+ cx < (1+x)° as —1 < x <1 for
c>1,
1 (1—F(a,x + b,))?
2(1—-GC5) 1—F(b,)
1 AP bP¢(1 4 @, b, x)*P2
S20-C)T(B)  1—(c—pIA<b
x exp{—2A°b’ (1 + anbglx)c +A°hs}
1 AcB—c b;ﬂﬂ(l + anbglx)zcﬁ’zc
S21-CT(E) 1—(e—pIA<bye
x exp{—A°b; —2x}
1 AP bP~¢(1 4+ a, b, 1 x)* P2
S21-C)T(E) 1—(e—pIA<bys
x exp{—A°b; +2dlogb,}
<,

0<R,(x)<

(22)
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For the case of x € [0, 00), it follows that

| —n®,(x)+e | <nd,(x)+e™

<
<n(1—F(b))+1=2.

(23)

Combining with (22) and (23), |I(b,; x)| < C44+2:=Cs
for x € (0,c;b%/3).

In the following, we take into account the case of
x € (—dlogb,,0). By (19) and (20), we get

—nd, (x)+e™™
=—1+aq, b;lx)cﬁ_C exp{—A[(a,x+b,)—b’ 1}
8 1—APr(B)(a,x + b)) Pr(a,x+b,)
1—Ac=<PT(B)by " r(b,) exp{Acb5}
x exp{A°(a,x +b,)}+e*
=e *(1+ anbglx)cﬁ_ch(x),

where

1— pax +b,)

+00
X eXp {—AC by Z (i) (a, b;lx)k}
k=2

D,(x)=(1+a, b;lx)c_cﬁ -

and
p(x) = APT(B)xPr(x) exp{Ax}

with 0 < u(x) < (1 —B)A°x~% for large x. Let

G,(x)= i (£) (@b *x)*  and
k=2
H,(x) = i (") (a,b; )"

o~
Il

1

for x € (—d log b, 0). Observing that 1+cx <(1+x)°<1
asc>1and -1 < x <0, it leads to G,(x) > 0 and
H,(x) < 0. By exploiting 1 —x <e™ < 1 for x > 0, it
results in

l_u'(anx"'bn)
<1—=(1—=2D;G,(x))(1 —ula,x +b,))
<(1—PIA(apx +b,) >+ A°bEG,(x),

D,(x) < (1+anb;1x)c'cﬂ— (1=A%b;,G,(x))

and

1—p(a,x +b,)

D, (x) > (1+a,b-lx)F —

1
> 2H,(x)—2(1—p)A b, *.

>1+H,(x)—


http://www.scienceasia.org/
www.scienceasia.org

ScienceAsia 49 (2023)

Consequently, for large n, we get

D (2] < A%D7, Gr(x) + 2| Hp ()]
+3(1— A (ax +b,) ™

for x € (—d log b,,, 0). Since for large n

AT G () < %A’“dzbf(log b2,
|H,(x)] < (1—B)dA™D,“ log b,
holds uniformly for x € (—dlogb,,,0), and
(a,x +b,)* < b;zc(l - dc_ll_cbf log b))%,
there exists a positive constant Cg such that
D (x)| < Cob;,*(log by, ).

Thereby, for large n,

| =@, (x) +e ™| =e (1 +a,b, " x)P~|D,(x)|
= Ce(1—dc™'Ab, “log b,)F~*bi~(log b,,)*
<Gy 24)
uniformly for x € (—dlogb,,0). A combination of
(22) and (24) implies that (18) holds uniformly for
x € (—dlogb,,0). The proof is finished. |

Lemma 6 Forlarge n,r €R* and x €(—dlogb,, ¢ b§1/3)
with ¢ €(0,1) and de€(0,min{l,c}), x"b¢
{bs (F™(apx + b,)—A(x)) —kq(x)A(x)} is controlled by
integrable functions independent of n, where norming
constants a, and b, are determined by (4), and k;(x)
is provided by (5).

Proof: By applying Lemma 5, for large n it brings about

|bE { b5 (F™(@nx + by) = A(x)) — ky (x)A(x)} |
< | BELBEI(by; X) — Ky () JA(X))|

i biczz(bn;x)[z—l +exp(|1(bn;x)|)]A(x)

< |BE[BEI(Dy,; )~k (x)JA(x))|
+b2 12 (b x) [ 27 +eC JA(x),

with I(b,; x) =nlogF(a,x +b,)+e ™.

Observe that for s € Rt and i € Z%,
fj:: xte ¥ exp{—e*}dx = (-1)TO() < oo.
Next, both b[bSI(b,;x) —k;(x)] and b>I%(b,;x)
are controlled by q(x)e™ will be proved with g(x)
being a polynomial about x. Because of the proof of
b2 1*(b,; x) is similar to that of bS[bSI(b,; x)—k;(x)],
we just prove that by [br I(b,; x) —k;(x)] is controlled

X

by q(x)e™™.

381
Adapt
by [byI(by;x)—ki(x)]
= b*(nlogF(a,x+b,)+e ™ —b “ki(x))
= b2 (—n®,(x) + e — b, ky(x)) = b, ‘Ry(x).  (25)

By making use of (22), for large n, we get

bR, (x)
1 acP= bP(1—dc' A=blog b,)*P2
= 2(1-G,) T(B) 1—(c—p)A—<bye
x e exp{—A°b; +dlogh,}
1 b bP(1—dc A b log b, )P
= 20-G,) T(B) 1—(c—p)A—bye
x e exp{—A°b;}
<e™

(26)

for x € (—dlogb,,c; bfll/3). It is easy to see that a,x +
b,>0asx e(—dlogb,,c; b;l/g’) for large n. Note that
1+cx <(1+x) forc>1and —1 < x <0. By (19)
and (20), it implies that

exp{—A“b°[(1+a,b; x)" —1]}
(1+a,b; 1) P~<[1—(1—p)A~<b;<]
e*x
@ +a,b tx) P [1—(1—p)A<b <]

1—F(a,x+b,)

<Cge™ (27)

holds for all x € (—dlogb,,c; bfll/3). It follows from
Lemma 4.2 of [17] that

1— b *
% e = A (x)exp {fo Bn(t)dt} ,

where
Ay(x)
A (x)

Ay(x) =

and

C(ﬁ — 1)an _

B (t)=cAS t+b,) 1 —
n( ) C an(an n) ant+bn

1

with A,(x) - 1 as n — oo uniformly for x €
(—dlogb,,c,b<1/®), where

Ay(x) = 1H(B-DA b, H(B-1)(B-2)A"*b, *+0(b;*)

and

én(x) =1+ (/j - 1)},_6((1”)(' + bn)_c
+(B=1)(B—2)A"*(apx+b,) *+0((ax+b,) ™).

www.scienceasia.org
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Thereupon,

1—F(a,x+b,)

e ™ [1 —kl(x)exbn_c]}

b* [—nd,(x)+ e —b Kk (x)] = b

1—F(a,x+b,)
_1-F(a,x+b,)

1_F(bn) [Pn(x)+Qn(X)_Tn(X)+Sn(X)];

(28)
where
Py(x) = bX(A,(x)—1)

Qu(x) = b,ZfAn(x){ f

0

X

B,(t)dt
e 1y x° —
—A [(1—c 1)?—(/5—1)x]bn }
T,(x) = bﬁAn(X)an(t)dtl* [(1—61)%2—(/5—1)36]
0

co x d k
S, (x) = bicAn(x)Z M

~ k!
2
x {1—7(C (1 —c_l)? —(B—1)x b;c}.
For x € (—0,¢; bfll/3), by employing 1—x < (1+x) <1
forc>1and —1 < x <0, we get

P, ()] < B2 [1—(1—B)(Ab,) “(14+c A~ b, x) ]
x |(B—=1)(Ab,) [1—(1+c'A™b; x) ]
+(B—1)(B—2)(Ab,)*
X [1—(1+c A b x) 2]+ 0(b;*))
<[1-Q-PA b T (B — 1A *x
+2(B—1)(B—2)A7*b,“x + 0(b,*)]
<2272 (x + 4217 x). (29)

For x € (—dlogb,,,0) and large n, it leads to

[P, ()]
< b 1—(1-B)(Ab,) “(1—dc*A~b* logb,) ]~

x |(B—1)(Ab,) (1 —dc ' A*b logb,)

x[(1+c'A™Db,“x)° —1]

+(B—1)(B—2)(Ab,) *(1—dc'A b, “log b,)

x[(1+cTA™ D x)* =11+ 0(b;*)
<4(1—PIA2[1+22—BIA]|x| (30)

which follows from 1+cx < (1+x)° <1 forc>1and
—-1<x<0.

www.scienceasia.org
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For Q,(x), T,(x) and S,(x), we get, for large n,

QI <2{ g1 - -2 Dl

+ %(1 —BIA A’ —d|—1x2} (31)

2
T, (0l <22 {(1—c-1)"7 +(1—/s)|x|}

[t
[cAc—d|

1
|x] + 5(1 —cHaex?

+ék’zcl(l—c’l)(1—2c’1)||x|3} 32)

2
el < {1+ =eHE +a-pix)

=B
[cAc—d|

x| + %(1 —cHax?
2 —
+ %)L_ch(l—c_l)(l—Zc_lN|x|3} exp{—z(; _/Z)d } (33)

for x € (—dlogb,,c;b%/%).
Combining with (27)-(33) and (26), the wanted
result is obtained. O

PROOF OF MAIN RESULT

From [18, Proposition 2.1(iii) ] and ffoo [x]"f(x)dx <
oo for all r € Z*, it results in, as n — oo,

m,(n) = E(M';—_b")r —m, = fo dA(x) = (=1)'T(r)(1)

with T'(r)(1) indicating the r-th derivative of the
gamma function at x = 1. Accordingly, for large n,
m,(n) < oo and

m,(n)—m, = f x" [F'(a,x +b,)—A(x)] dx

—0Q

_ J X" d[F"(a,x + b,) —A(x)].

—0Q

Since ffoo [x]"f(x)dx < oo, we have |x|"F(x) — 0 as
Xx — —o0. By using the C,-inequality, it implies that

0< xlgnoo |x|"F(a,x+b,)
< lim 27 a Iy 1" +1b,")F(y) = 0.
Thus, as x —» —o0,

|x|"F"(a,x + b,) — 0. (34)
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Hence, from (17) and (34), we get
lim x"(F"(a,x + b,)—A(x)) = lim x"(1—A(x))
X—0Q X—0Q0
—xlirgo x"(1—F"(a,x+b,))=0 (35)
and
li£noo x"(F"(a,x+b,)—A(x)) = lir_nOo x"(1—A(x))

— ligloox’(l —F"(a,x+b,))=0. (36)

Consequently, by taking advantage of integration by
parts, and (35), (36), we get, for large n,

m,(n)—m, = f x"d[F"(apx + by) = A(x)]

+00
=—r f x1
—0Q

Observing that

+00
J xke ™ A(x)dx = f

—00
and by (3), (37), Lemmas 2-6, and the dominated
convergence theorem, we get

[F'(a,x+b,)—A(x)]dx (37)

+00

xke ™A/ (x)dx

— —kmk_l + my.,

timbe{ Bl (-, A T30, 4 1= ]

= lim—

n— oo

—r J bﬁ{bi[F"(anx+an(x)]—xr-1k1(x)A(x)} dx

- hm{_rjbzc/r (1= AG)) ~ (1= F"(a,x +b,))]dx
clb 3

+rfb‘ /r e, (30)A(x) dx

c bc1

c1/3

c1by
ch r— 1bc
dlog by,

—dlog by,
bZC r[F"(a,x + b,)— A(x)]dx

—dlogb"
f bix"k (x)A(x)dx}

HA(X)[kz(X)Jr%

[F'(a,x+ bn)—A(x)]—xr_lkl(x)A(x)} dx

=—r

kf(x)] dx

=rA [ LA D(=20 B+ A2 (r+3) myss
+11-B)3c ! +2(1—c ) (r+2)Im,y,
+(1—/5)[1+%(1—/3’)(r+1):|mr}.

The proof is complete.
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NUMERICAL ANALYSIS

In this section, numerical studies are given to illustrate
the precision of the higher-order expansions of the
moment of the normalized maximum (M, — b,)/a,.
Let E,, E,, and E; stand for the first-order, second-
order and third-order asymptotics of the moment of
(M, —b,)/a,, separately. Notice that the second and
third order asymptotics are connected with the sample
size n. By Theorem 1, we get

E,=m
E,=m, —b rA [3(1—cm,y +(1—B)m, ],
Ey=m,—b rA [3(1—cmy +(1—p)m,]

+b 2 A7 — L (1—cD)(=2c 7 +B)+ 5 (1—cH*(r+3) |m,p

- ; ]
+2(1-P)[3c
+(1—ﬁ)[1+%(1—ﬁ)(r+1)]m,}.

21— +2)Im,

To show the accuracy of all asymptotics as the sample
size n varies, for fixed parameters 3, A, ¢, and r = 2
images of the true values and their asymptotics are
drawn. Figs. 1 and 2 demonstrate the following facts:
(i) except for some special cases, all approximations
get closer to the true values as the sample size n
increases; (ii) for sufficiently large n, the third-order
approximation is closer to the true value.
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