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ABSTRACT: In recent years, wavelets and wavelet frames have been extensively investigated by many researchers
due to their great design freedom and the potential applications in many fields. In this work, we address
nonhomogeneous wavelet frames in Sobolev spaces setting, a characterization of nonhomogeneous dual wavelet frames
in (H s(Rd), H−s(Rd)) is obtained, which generalizes the results of Proposition 2.3 in [Appl Comput Harmon Anal 36
(2014):51–62].
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INTRODUCTION

In view of the great design freedom and the po-
tential applications in image restoration, signal pro-
cessing and many other fields, wavelets and wavelet
frames have been extensively investigated by many
researchers (see [1–3] for details). In particular, the
homogeneous dual wavelet frames (also called affine
dual frames) in L2(Rd) were originally characterized
by Han [4], and were later characterized by Bownik
[5], some of their variations can be found in [6–
8]. Mixed extension principles (MEP) provide us with
an important method to construct homogeneous dual
wavelet frames from refinable functions, which were
first proposed by Ron and Shen [9, 10]. Recently,
Han and Shen [11, 12] generalized the MEP from
L2(Rd) to Sobolev spaces pairs (H s(Rd), H−s(Rd)) for
homogeneous dual wavelet frames construction, the
smoothness and vanishing moment requirements of
two systems were separated completely from each
other. Consequently, the construction of dual wavelet
frames in Sobolev spaces gets much easier. Nonhomo-
geneous wavelet frames have natural connections with
homogeneous ones; for this type of wavelet frames,
Han [13–15] and Romero et al [16] extensively studied
them in both theory and application. Atreas et al [17]
obtained a characterization of nonhomogeneous dual
wavelet frames in L2(Rd). Motivated by the above
works, we obtain a characterization of nonhomo-
geneous dual wavelet frames in (H s(Rd), H−s(Rd)),
which generalizes the results of Proposition 2.3 in [17].

We begin with some notations. We use Z and
N to represent the set of integers and the set of
positive integers, respectively, and denote N0 = N ∪
{0}. Let d ∈ N, we use Td = [0,1)d to represent
a d-dimensional unit torus. Given a set E on Rd ,
let |E| represent the Lebesgue measure of E, and let
χE represent the characteristic function on E. For a

function f ∈ L1(Rd)∩ L2(Rd), its Fourier transform f̂
is defined by

f̂ (·) =
∫

Rd

f (x)e−2πi〈x ,·〉 dx (1)

and is naturally extended to L2(Rd), where 〈·, ·〉 is the
usual inner product on Rd . Throughout this paper, we
write δ as the Dirac sequence such that δ0,0 = 1, δ0,k =
0 for 0 6= k ∈ Zd .

Given s ∈ R, the Sobolev space H s(Rd) consists of
all distributions f such that

‖ f ‖2
Hs(Rd ) =

∫

Rd

| f̂ (ξ)|2(1+ ‖ξ‖2)s dξ <∞, (2)

where ‖ · ‖ is the usual norm on Rd . Notice that
H s(Rd) is a separable Hilbert space under the following
definition of inner product:

〈 f , g〉Hs(Rd ) =

∫

Rd

f̂ (ξ) ĝ(ξ)(1+ ‖ξ‖2)s dξ,

f , g ∈ H s(Rd). (3)

Furthermore, for every g ∈ H−s(Rd),

〈 f , g〉=
∫

Rd

f̂ (ξ) ĝ(ξ)dξ, f ∈ H s(Rd) (4)

gives a linear continuous functional in H s(Rd). The
Sobolev space H−s(Rd) is the dual space of H s(Rd), and
vice versa.

We use M∗ to represent the conjugate transpose for
a matrix M . A d×d matrix M is said to be expansive if
the moduli of all its eigenvalues are greater than 1. In
many literatures of wavelet frame theory, M is required
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to be an expansive integer matrix including M = 2Id ,
where Id is the identity matrix of order d. Let M be
a d × d expansive matrix. A function τ : Zd → N0 is
defined by

τ(n) = sup
�

j ¾ 0 : M∗
− j

n ∈ Zd
	

, (5)

and set τ(0) =∞. Moreover, for convenient narra-
tion, we always write

m= |det M |1/d , (6)

and write

f j,k(·) = m jd/2 f ((M j ·)− k) (7)

and

f s
j,k(·) =m− js f j,k(·)

=m j( d
2−s) f ((M j ·)− k), j ∈ Z, k ∈ Zd (8)

for a tempered distribution f .
Given L ∈ N, let φ,ϕ1,ϕ2, . . . ,ϕL ∈ H s(Rd)

and φ̃, ϕ̃1, ϕ̃2, . . . , ϕ̃L ∈ H−s(Rd), we denote by
X s(φ;ϕ1,ϕ2, . . . ,ϕL) and X−s(φ̃; ϕ̃1, ϕ̃2, . . . , ϕ̃L) the
following two nonhomogeneous wavelet systems in
H s(Rd) and H−s(Rd), respectively.

X s(φ;ϕ1,ϕ2, . . . ,ϕL) =
�

φ0,k : k ∈ Zd
	

∪
�

ϕs
l, j,k : j ∈ N0, k ∈ Zd , l = 1,2, . . . , L

	

(9)

and

X−s(φ̃; ϕ̃1, ϕ̃2, . . . , ϕ̃L) =
�

φ̃0,k : k ∈ Zd
	

∪
�

ϕ̃−s
l, j,k : j ∈ N0, k ∈ Zd , l = 1,2, . . . , L

	

. (10)

We say that X s(φ;ϕ1,ϕ2, . . . ,ϕL) is a nonhomoge-
neous wavelet frame in H s(Rd) if there exist two
positive constants A and B such that

A‖ f ‖2
Hs(Rd ) ¶

∑

k∈Zd

�

�〈 f ,φ0,k〉Hs(Rd )

�

�

2

+
L
∑

l=1

∞
∑

j=0

∑

k∈Zd

�

�

�〈 f ,ϕs
l, j,k〉Hs(Rd )

�

�

�

2

¶B‖ f ‖2
Hs(Rd ), ∀ f ∈ H s(Rd), (11)

where A and B are called frame bounds. In particular,
if A= B (A= B = 1) in (11), then X s(φ;ϕ1,ϕ2, . . . ,ϕL)
is said to be a tight wavelet frame (Parseval wavelet
frame); it is called a Bessel sequence in H s(Rd) if only
the inequality on the right-hand side of (11) holds,
where B is called a Bessel bound. Furthermore, we
say that (X s(φ;ϕ1,ϕ2, . . . ,ϕL), X−s(φ̃; ϕ̃1, ϕ̃2, . . . , ϕ̃L))
is a pair of nonhomogeneous dual wavelet frames in
(H s(Rd), H−s(Rd)) if the systems X s(φ;ϕ1,ϕ2, . . . ,ϕL)

and X−s(φ̃; ϕ̃1, ϕ̃2, . . . , ϕ̃L) are both Bessel sequences
in H s(Rd) and H−s(Rd), respectively, and

〈 f , g〉=
∑

k∈Zd

〈 f , φ̃0,k〉〈φ0,k, g〉

+
L
∑

l=1

∞
∑

j=0

∑

k∈Zd

〈 f , ϕ̃−s
l, j,k〉〈ψ

s
l, j,k, g〉 (12)

holds for all f ∈ H s(Rd) and g ∈ H−s(Rd). If
(X s(φ;ϕ1,ϕ2, . . . ,ϕL), X−s(φ̃; ϕ̃1, ϕ̃2, . . . , ϕ̃L)) is a pair
of dual frames in (H s(Rd), H−s(Rd)), then the recon-
struction formulas follow from (12) that

f =
∑

k∈Zd

〈 f , φ̃0,k〉φ0,k

+
L
∑

l=1

∞
∑

j=0

∑

k∈Zd

〈 f , ϕ̃−s
l, j,k〉ϕ

s
l, j,k, f ∈ H s(Rd)

and

g =
∑

k∈Zd

〈g,φ0,k〉φ̃0,k

+
L
∑

l=1

∞
∑

j=0

∑

k∈Zd

〈g,ϕs
l, j,k〉ϕ̃

−s
l, j,k, g ∈ H−s(Rd)

with the series converging unconditionally in H s(Rd)
and H−s(Rd), respectively.

LEMMAS

In this section, we provide some necessary lemmas
which will be used in the proof of the main theorem.

Lemma 1 Let s ∈ R, φ ∈ H−s(Rd) and j ∈ Z. Then,
for f ∈ H s(Rd) and k ∈ Zd , the k-th Fourier coefficient

of
∑

l∈Zd |det M | j/2 f̂ (M∗ j(·+ l))φ̂(·+ l) is 〈 f , φ j,k〉. In
particular,

∑

l∈Zd

|det M | j/2 f̂ (M∗ j(·+ l))φ̂(·+ l)

=
∑

k∈Zd

〈 f ,φ j,k〉e2πi〈k,·〉 (13)

if {φ j,k : k ∈ Zd} is a Bessel sequence in H−s(Rd).

Proof : Since f ∈ H s(Rd) and φ ∈ H−s(Rd), we have

f̂ (M∗
j
·)φ̂(·) ∈ L1(Rd), and thus, we can switch the

order of summation and integration

∫

Td

∑

l∈Zd

|det M | j/2 f̂ (M∗
j
(ξ+ l))φ̂(ξ+ l)e−2πi〈k,ξ〉 dξ

= |det M | j/2
∫

Rd

f̂ (M∗
j
ξ)φ̂(ξ)e−2πi〈k,ξ〉 dξ, (14)
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replacing M∗
j
ξ by ξ in (14), we get

∫

Td

∑

l∈Zd

|det M | j/2 f̂ (M∗
j
(ξ+ l))φ̂(ξ+ l)e−2πi〈k,ξ〉 dξ

= |det M |− j/2

∫

Rd

f̂ (ξ)φ̂(M∗− jξ)e−2πi〈k,M∗
− j
ξ〉 dξ

=

∫

Rd

f̂ (ξ)
�

φ j,k(·)
�∧

(ξ)dξ= 〈 f ,ψ j,k〉 (15)

by the Plancherel theorem. So the k-th Fourier

coefficient of
∑

l∈Zd |det M | j/2 f̂ (M∗ j(· + l))φ̂(·+ l) is
〈 f ,φ j,k〉.

If {φ j,k : k ∈ Zd} is a Bessel sequence in H−s(Rd),
then {〈 f ,φ j,k〉}k∈Zd ∈ `2(Zd), and thus (13) follows
directly from (15). 2

By a careful observation of the proof of Proposition
2.1 in [11], we have the following lemma.

Lemma 2 Let s ∈ R, φ,ϕ1,ϕ2, . . . ,ϕL ∈ H s(Rd). Then
X s(φ;ϕ1,ϕ2, . . . ,ϕL) is a Bessel sequence in H s(Rd)
with bound B if and only if

∑

k∈Zd

�

�〈g,φ0,k〉
�

�

2
+

L
∑

l=1

∞
∑

j=0

∑

k∈Zd

�

�

�〈g,ϕs
l, j,k〉

�

�

�

2

¶ B‖g‖2
H−s(Rd ) for g ∈ H−s(Rd). (16)

Lemma 3 Let s ∈ R and φ,ϕ1,ϕ2, . . . ,ϕL ∈ H s(Rd).
If X s(φ;ϕ1,ϕ2, . . . ,ϕL) is a Bessel sequence in H s(Rd)
with Bessel bound B, then

|φ̂(·)|2 +
L
∑

l=1

∞
∑

j=0

m−2 js
�

�

�ϕ̂l(M
∗− j
·)
�

�

�

2
¶ B(1 + ‖ · ‖2)−s

(17)

holds a.e. on Rd .

Proof : Since X s(φ;ϕ1,ϕ2, . . . ,ϕL) is a Bessel sequence
in H s(Rd) with bound B, by Lemma 2, we have

∑

k∈Zd

�

�〈g,φ0,k〉
�

�

2
+

L
∑

l=1

∞
∑

j=0

∑

k∈Zd

�

�

�〈g,ϕs
l, j,k〉

�

�

�

2

¶ B‖g‖2
H−s(Rd ) for g ∈ H−s(Rd). (18)

By applying Lemma 1, we compute that

∑

k∈Zd

�

�〈g,φ0,k〉
�

�

2
+

L
∑

l=1

∞
∑

j=0

∑

k∈Zd

�

�〈g,ϕs
l, j,k〉

�

�

2

=

∫

Td

�

�

�

�

∑

k∈Zd

ĝ(ξ+k)φ̂(ξ+k)

�

�

�

�

2

dξ+
L
∑

l=1

∞
∑

j=0

m j(d−2s)

×
∫

Td

�

�

�

�

∑

k∈Zd

ĝ(M∗
j
(ξ+ k))ϕ̂l(ξ+ k)

�

�

�

�

2

dξ

=

∫

Td

�

∑

k∈Zd

φ̂(ξ+ k) ĝ(ξ+ k)
�

×
�

∑

k∈Zd

ĝ(ξ+k)φ̂(ξ+k)
�

dξ+
L
∑

l=1

∞
∑

j=0

m j(d−2s)

×
∫

Td

�

∑

k∈Zd

ϕ̂l(ξ+ k) ĝ(M∗ j (ξ+ k))
�

×
�

∑

k∈Zd

ĝ(M∗
j
(ξ+ k))ϕ̂l(ξ+ k)

�

dξ

=

∫

Rd

φ̂(ξ) ĝ(ξ)
∑

k∈Zd

ĝ(ξ+ k)φ̂(ξ+ k)dξ

+
L
∑

l=1

∞
∑

j=0

m−2 js

∫

Rd

ϕ̂l(M
∗− j
ξ) ĝ(ξ)

×
∑

k∈Zd

ĝ(ξ+M∗
j
k)ϕ̂l(M∗

− jξ+ k)dξ (19)

by the Fubini-Tonelli Theorem. Separate the above
series into two parts: k = 0 and k 6= 0, we have

∑

k∈Zd

�

�〈g,φ0,k〉
�

�

2
+

L
∑

l=1

∞
∑

j=0

∑

k∈Zd

�

�

�〈g,ϕs
l, j,k〉

�

�

�

2

=

∫

Rd

| ĝ(ξ)|2
�

|φ̂(ξ)|2+
L
∑

l=1

∞
∑

j=0

m−2 js|ϕ̂l(M
∗− j
ξ)|2

�

dξ

+

∫

Rd

ĝ(ξ)
∑

06=k∈Zd

ĝ(ξ+ k)
�

φ̂(ξ)φ̂(ξ+ k)

+
L
∑

l=1

τ(k)
∑

j=0

m−2 jsϕ̂l(M
∗− j
ξ)ϕ̂l(M∗

− j (ξ+k))
�

dξ (20)

by the definition of τ. Next, we prove the lemma by
contradiction.

Suppose (17) does not hold, then there exists E ⊂
Rd with |E|> 0 such that

�

�φ̂(·)
�

�

2
+

L
∑

l=1

∞
∑

j=0

m−2 js
�

�ϕ̂l(M
∗− j
·)
�

�

2
> B(1+ ‖ · ‖2)−s
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on E, then it follows that

�

�φ̂(·)
�

�

2
+

L
∑

l=1

∞
∑

j=0

m−2 js
�

�ϕ̂l(M
∗− j
·)
�

�

2
> B(1+ ‖ · ‖2)−s

(21)

on some E′ = E ∩
�

[0,1)d + k0

�

with |E′| > 0 and k0 ∈
Zd . Take g such that ĝ(·) = (1+‖ ·‖2)s/2χE′(·) in (20),
then we obtain

‖g‖2
H−s(Rd ) = |E

′| (22)

and

∑

k∈Zd

�

�〈g,φ0,k〉
�

�

2
+

L
∑

l=1

∞
∑

j=0

∑

k∈Zd

�

�

�〈g,ϕs
l, j,k〉

�

�

�

2

> B|E′|= B‖g‖2
H−s(Rd ), (23)

contradicting (18). The proof is complete. 2

NONHOMOGENEOUS DUAL WAVELET FRAMES IN
SOBOLEV SPACES

This section devotes to characterization of the nonho-
mogeneous dual wavelet frames in (H s(Rd), H−s(Rd)).
T he following theorem provides us with such charac-
terization.

Theorem 1 Given s ∈R, letφ,ϕ1,ϕ2, . . . ,ϕL ∈ H s(Rd)
and φ̃, ϕ̃1, ϕ̃2, . . . , ϕ̃L ∈ H−s(Rd). Define
wavelet systems X s(φ;ϕ1,ϕ2, . . . ,ϕL) and
X−s(φ̃; ϕ̃1, ϕ̃2, . . . , ϕ̃L) as in (9) and (10),
respectively. Suppose that X s(φ;ϕ1,ϕ2, . . . ,ϕL) and
X−s(φ̃; ϕ̃1, ϕ̃2, . . . , ϕ̃L) are both Bessel sequences
in H s(Rd) and H−s(Rd), respectively. Then
(X s(φ;ϕ1,ϕ2, . . . ,ϕL), X−s(φ̃; ϕ̃1, ϕ̃2, . . . , ϕ̃L)) is a
pair of dual frames in (H s(Rd), H−s(Rd)) if and only if,
for each k ∈ Zd ,

φ̂(·) ˆ̃φ(·+k)+
L
∑

l=1

τ(k)
∑

j=0

ϕ̂l(M
∗− j
·) ˆ̃ϕl(M∗

− j (·+k)) = δ0,k

a.e. on Rd . (24)

Proof : Since X s(φ;ϕ1,ϕ2, . . . ,ϕL) and X−s(φ̃; ϕ̃1,
ϕ̃2, . . . , ϕ̃L) are both Bessel sequences in H s(Rd)
and H−s(Rd), to prove (X s(φ;ϕ1,ϕ2, . . . ,ϕL),
X−s(φ̃; ϕ̃1, ϕ̃2, . . . , ϕ̃L)) is a pair of dual frames for
(H s(Rd), H−s(Rd)), it is sufficient to prove that, for
f ∈ H s(Rd) and g ∈ H−s(Rd),

∑

k∈Zd

〈 f , φ̃0,k〉〈φ0,k, g〉+
L
∑

l=1

∞
∑

j=0

∑

k∈Zd

〈 f , ϕ̃−s
l, j,k〉〈ϕ

s
l, j,k, g〉

= 〈 f , g〉. (25)

By using the Plancherel theorem and Lemma 1, we
compute that

∑

k∈Zd

〈 f , φ̃0,k〉〈φ0,k, g〉+
L
∑

l=1

∞
∑

j=0

∑

k∈Zd

〈 f , ϕ̃−s
l, j,k〉〈ϕ

s
l, j,k, g〉

=

∫

Td

�

∑

k∈Zd

f̂ (ξ+ k) ˆ̃φ(ξ+ k)
�

×

�

∑

k∈Zd

φ̂(ξ+ k) ĝ(ξ+ k)
�

dξ

+
L
∑

l=1

∞
∑

j=0

m j

∫

Td

�

∑

k∈Zd

f̂ (M∗
j
(ξ+ k)) ˆ̃ϕl(ξ+ k)

�

×
�

∑

k∈Zd

ϕ̂l(ξ+ k) ĝ(M∗
j
(ξ+ k))

�

dξ

=

∫

Rd

∑

k∈Zd

f̂ (ξ+ k) ˆ̃φ(ξ+ k)φ̂(ξ) ĝ(ξ)dξ

+
L
∑

l=1

∞
∑

j=0

m j

∫

Rd

∑

k∈Zd

f̂ (M∗
j
(ξ+ k))×

ˆ̃ϕl(ξ+ k)ϕ̂l(ξ) ĝ(M∗
j
ξ)dξ (26)

Separate the above series into two parts: k = 0 and
k 6= 0, we get

∑

k∈Zd

〈 f , φ̃0,k〉〈φ0,k, g〉+
L
∑

l=1

∞
∑

j=0

∑

k∈Zd

〈 f , ϕ̃−s
l, j,k〉〈ϕ

s
l, j,k, g〉

=

∫

Rd

f̂ (ξ) ĝ(ξ)
�

φ̂(ξ) ˆ̃φ(ξ)

+
L
∑

l=1

∞
∑

j=0

ϕ̂l(M
∗− j
ξ) ˆ̃ϕl(M∗

− jξ)
�

dξ

+

∫

Rd

ĝ(ξ)
�

∑

06=k∈Zd

f̂ (ξ+ k)φ̂(ξ) ˆ̃φ(ξ+ k)

+
L
∑

l=1

∞
∑

j=0

∑

06=k∈Zd

f̂ (ξ+M∗
j
k)ϕ̂l(M

∗− j
ξ) ˆ̃ϕl(M∗

− jξ+k)
�

dξ

=

∫

Rd

f̂ (ξ) ĝ(ξ)
�

φ̂(ξ) ˆ̃φ(ξ)

+
L
∑

l=1

∞
∑

j=0

ϕ̂l(M
∗− j
ξ) ˆ̃ϕl(M∗

− jξ)
�

dξ

+

∫

Rd

ĝ(ξ)
∑

06=k∈Zd

f̂ (ξ+ k)
�

φ̂(ξ) ˆ̃φ(ξ+ k)

+
L
∑

l=1

τ(k)
∑

j=0

ϕ̂l(M
∗− j
ξ) ˆ̃ϕl(M∗

− j (ξ+k))
�

dξ. (27)
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Therefore, (25) can be written as

∫

Rd

f̂ (ξ) ĝ(ξ)
�

φ̂(ξ) ˆ̃φ(ξ)

+
L
∑

l=1

∞
∑

j=0

ϕ̂l(M
∗− j
ξ) ˆ̃ϕl(M∗

− jξ)
�

dξ

+

∫

Rd

ĝ(ξ)
∑

0 6=k∈Zd

f̂ (ξ+ k)
�

φ̂(ξ) ˆ̃φ(ξ+ k)

+
L
∑

l=1

τ(k)
∑

j=0

ϕ̂l(M
∗− j
ξ) ˆ̃ϕl(M∗

− j (ξ+ k))
�

dξ

=

∫

Rd

f̂ (ξ) ĝ(ξ)dξ. (28)

Obviously, (24) implies (28). Now, we need to show
that (28) also implies (24) to complete the proof.

Suppose (28) holds. By applying Lemma 3 and the
Cauchy-Schwarz inequality, we know the series

φ̂(·) ˆ̃φ(·+ k)+
L
∑

l=1

τ(k)
∑

j=0

ϕ̂l(M
∗− j
·) ˆ̃ϕl(M∗

− j (·+ k))

with k ∈ Zd converges absolutely a.e. on Rd , and thus
belongs to L∞(Rd). Therefore, almost every point in
Rd is a Lebesgue point. Let ξ0 ∈ Rd be such a point.
For 0< ε < 1/3, take f and g such that

f̂ (·) =

�

1+ ‖ · ‖2
�−s/2

χB(ξ0,ε)(·)
p

|B(ξ0,ε)|

and

ĝ(·) =

�

1+ ‖ · ‖2
�s/2
χB(ξ0,ε)(·)

p

|B(ξ0,ε)|

in (28), where B(ξ0,ε) = {ξ ∈Rd : |ξ−ξ0|< ε}. Then
we have

1
|B(ξ0,ε)|

∫

B(ξ0,ε)

�

φ̂(ξ) ˆ̃φ(ξ)

+
L
∑

l=1

∞
∑

j=0

ϕ̂l(M
∗− j
ξ) ˆ̃ϕl(M∗

− jξ)
�

dξ= 1, (29)

and letting ε→ 0, we obtain for ξ0 ∈ Rd ,

φ̂(ξ0)
ˆ̃φ(ξ0) +

L
∑

l=1

∞
∑

j=0

ϕ̂l(M
∗− j
ξ0) ˆ̃ϕl(M∗

− jξ0) = 1.

(30)

For 0 6= k0 ∈ Zd , take f and g such that

f̂ (·+ k0) =

�

1+ ‖ · ‖2
�−s/2

χB(ξ0,ε)(·)
p

|B(ξ0,ε)|

and

ĝ(·) =

�

1+ ‖ · ‖2
�s/2
χB(ξ0,ε)(·)

p

|B(ξ0,ε)|

in (28), where 0< ε < 1/3. Then we have

1
|B(ξ0,ε)|

∫

B(ξ0,ε)

�

φ̂(ξ) ˆ̃φ(ξ+ k0) +

L
∑

l=1

τ(k0)
∑

j=0

ϕ̂l(M
∗− j
ξ) ˆ̃ϕl(M∗

− j (ξ+k0))
�

dξ= 0, (31)

and letting ε→ 0, we obtain for ξ0 ∈ Rd that

φ̂(ξ0)
ˆ̃φ(ξ0+ k0)+

L
∑

l=1

τ(k0)
∑

j=0

ϕ̂l(M
∗− j
ξ0)×

ˆ̃ϕl(M∗
− j (ξ0+ k0)) = 0. (32)

By the arbitrariness of ξ0 and 0 6= k0 ∈ Zd , then we
obtain (24). The proof has been completed. 2
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