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ABSTRACT: In the present paper, we discuss the Hyers-Ulam stability of the equation G f ( f (x)) =F f (x) in a Banach
space. By constructing a uniformly convergent sequence of functions, we prove that if one can find an approximate
solution of such an equation, then there must be a unique solution close to the approximate solution.
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INTRODUCTION

The study of stability of functional equations origi-
nated from a question of Ulam [1] concerning the
stability of group homomorphisms. The question is
stated as follows.

Given a group G1 and a metric group G2
with metric ρ(·, ·). Given ε > 0, does there
exist a δ > 0 such that if f : G1 → G2 satis-
fies ρ( f (x y), f (x) f (y)) < δ for all x , y ∈ G1,
then a homomorphism h : G1 → G2 exists with
ρ( f (x), h(x))< ε for all x ∈ G1?

The problem for Cauchy equation in Banach
space was solved by Hyers [2] in 1941.

In this paper, we consider the problem for iter-
ative equation in Banach space. Let C(X , X ) be the
set of all continuous self-mappings on a topological
space X . For any f ∈ C(X , X ), let f m denote the
m-th iterate of f , i.e., f m = f ◦ f m−1, f 0 = id,
m = 1,2, . . .. Equations having iteration as their
main operation, that is, including iterates of the
unknown mapping, are called iterative equations. It
is one of the most interesting classes of functional
equations [3, 4], because it includes the problem of
iterative roots [3], i.e. finding some f ∈ C(X , X )
such that f n is identical to a given F ∈ C(X , X ).

As a natural generalization of the problem of
iterative roots, iterative equations of the following
form

λ1 f (x)+λ2 f 2(x)+ · · ·+λn f n(x) = F(x) (1)

for x ∈ I = [a, b], are known as polynomial-like
iterative equations. Here n¾ 2 is an integer, λi ∈ R,
i = 1,2, . . . , n, F : I → R is a given mapping and f :

I→ I is unknown. As mentioned in [5], polynomial-
like iterative equations are important not only in the
study of functional equations but also in the study of
dynamical systems. For instance, such equations are
encountered in the discussion on transversal homo-
clinic intersection for diffeomorphisms [6], normal
form of dynamical systems [7], and dynamics of a
quadratic mapping [8]. Some problems of invari-
ant curves for dynamical systems also lead to such
iterative equations [9].

Note that the polynomial-like iterative equation
∑

i

αi f i = F,

where
∑

i αi = 1, is a particular case of (1).
A successful approach to deal with this equation

with the use of a fixed point method was introduced
by Zhang [10] in 1987. The idea of the proof
of the main theorem in [10] is the construction
of a structural operator. Following this idea, we
construct an operator to prove the main theorem in
this work.

In [11], a higher dimension case, where the
domain of F is a compact convex subset of Rn, was
treated. Tabor [12] generalized the domain in [11]
to an arbitrary closed subset of a Banach space. In
this paper, we will allow operator coefficients, and
use the Zhang’s method [10] to discuss the following
equation.

G f ( f (x)) =F f (x) for x ∈ V. (2)

In this work, we will consider the Hyers-Ulam
stability of (2). As an example, we will discuss
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the stability of a polynomial-like iterative equation.
For more details in Hyers-Ulam stability of iterative
equations, please refer to [13].

THE MAIN RESULT

As our results are based on the Banach contraction
principle, we first need to describe the space on
which our results will take place.

Let X be a Banach space. For a function f : S→
X , where S is a subset of X , we put

‖ f ‖sup := sup
s∈S
‖ f (s)‖,

k( f ) := Lip( f − id),

where Lip denotes the Lipschitz constant. One can
easily notice that ‖·‖sup defines a metric (which can
possibly attain +∞) by the formula dsup( f , g) :=
‖ f − g‖sup.

Let V be a closed subset of X . We define

K (V ) =
�

f : V → X
�

� f |∂ V= id |∂ V ,‖ f − id‖sup <∞
	

,

Km(V ) = { f ∈K (V ) | k( f )¶ m} for m¾ 0.

The space (K (V ), dsup) is a complete metric space,
and Km(V ) is a closed subset of K (V ).

Now we are ready to present our main tool to
be used further on. We first recall some lemmas.

Lemma 1 ([12]) Let f , g, f1, g2 ∈K (V ), f1(V )⊂ V
and g1(V ) ⊂ V .
(i) If Lip( f )<∞, then

‖ f ◦ f1− g ◦ g1‖sup

¶ Lip( f )‖ f1− g1‖sup+ ‖ f − g‖sup .

(ii) We assume that f and g are invertible and
Lip( f −1)<∞. Then



 f −1− g−1




sup ¶ Lip( f −1)‖ f − g‖sup .

Lemma 2 ([12])
(i) Let f , g ∈ K (V ), and g(V ) ⊂ V . Then f ◦ g ∈
K (V ) and

k( f ◦ g)¶ (1+ k( f ))(1+ k(g))−1.

(ii) Let f ∈ K (V ) be such that k( f ) < 1. Then
f (V ) ⊂ V .

(iii) Let f ∈K (V ) be such that k( f )< 1. Then f −1 ∈
K (V ) and

k( f −1)¶
1

1− k( f )
−1.

Lemma 3 ([12]) Let f ∈K (V ) be such that k( f )<1.
Then f −1 ∈K (V ) and

Lip( f −1)¶
1

1− k( f )
.

Now we present the main result of this work.

Theorem 1 Let m ∈ (0,1) be given. Let F ,G :
Km(V )→K (V ) be fixed. Let

kF := sup{k(F f ) : f ∈Km(V )} and

kG := sup{k(G f ) : f ∈Km(V )}.

Suppose that
(P1) (1+ kF )/ (1− kG )¶ 1+m,
(P2) Lip(F )+ Lip(G )< 1− kG .
For any δ > 0, if there is a g ∈ Km(V ) such that

‖G (g) ◦ g −F (g)‖sup ¶ δ,

then (2) has a unique solution f in Km(V ), with

‖ f − g‖sup ¶
1

1− kG − Lip(F )− Lip(G )
δ. (3)

Proof : By condition (P2), k(G ( f )) < 1 for f ∈
Km(V ). We construct a sequence { fs} ⊂ K (V ) of
functions as follows. Take f0 = g first, then define

fs(x) = ((G ( fs−1))
−1 ◦F ( fs−1))(x), ∀x ∈ V, s ∈ N.

We claim that fs ∈Km(V ) for any positive integer s,
and will prove by induction.

First f0 = g ∈ Km(V ), we assume this is true
for an integer s, then by the first and the third
inequalities in Lemma 2, we have

k( fs+1) = k((G ( fs))
−1 ◦F ( fs))

¶ (1+ kG−1)(1+ kF )−1

¶
1+ kF
1− kG

−1¶ m,

which means that fs+1 ∈Km(V ).
Subsequently, we show that the inequality

‖ fs − fs−1‖sup ¶
1

1− kG
M s−1δ (4)

holds for s = 0,1, 2, . . ., where M = Lip(F )+Lip(G )
1−kG

. We
prove this inequality by induction as well. First,

‖ f1− f0‖sup =


(G (g))−1 ◦F (g)− g




sup

¶ Lip((G (g))−1)‖F (g)−G (g) ◦ g‖sup

¶ Lip((G (g))−1) ·δ

¶
1

1− kG
δ.
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Suppose that (4) holds for an integer s. Then, for the
integer s+1, by Lemma 1 and Lemma 3, we have

‖ fs+1− fs‖sup

=


(G ( fs))
−1◦F ( fs)−(G ( fs−1))

−1◦F ( fs−1)




sup

¶
1

1− kG
‖F ( fs)−F ( fs−1)‖sup

+


(G ( fs))
−1− (G ( fs−1))

−1




sup

¶
Lip(F )+ Lip(G )

1− kG
‖ fs − fs−1‖sup ¶

1
1− kG

M sδ.

We claim that { fs}∞s=0 is a Cauchy sequence, since for
any two positive integers s and t with s> t, we have

‖ fs − ft‖sup ¶ ‖ fs − fs−1‖sup+ · · ·+ ‖ ft+1− ft‖sup

¶
1

1− kG
(M s−1δ+M s−2δ+ · · ·+M tδ)

=
δ

1− kG
·

M t −M s

1−M
.

By conditions (P1) and (P2), 0 < M < 1, it follows
that

‖ fs − ft‖sup→ 0, as s > t →∞.

As Km(V ) is a closed subset of K (V ), { fs}∞s=0 con-
verges uniformly in Km(V ). Let

lim
k→∞

fk = f .

Clearly, f ∈Km(V ). From

‖F ( f )−G ( f ) ◦ f ‖sup = lim
s→∞

‖F ( fs)−G ( fs) ◦ fs‖sup

= lim
s→∞



G ( fs)◦(G ( fs))
−1◦F ( fs)−G ( fs)◦ fs





sup

¶ lim
s→∞

Lip(G ) ·


(G ( fs)
−1 ◦F ( fs)− fs





sup

¶ lim
s→∞

Lip(G ) ·M sδ = 0,

we know that f is a solution of (2). Furthermore,
as M = Lip(F )+Lip(G )

1−kG
, we have

‖ f − g‖sup = lim
s→∞

‖ fs − f0‖sup

¶ lim
s→∞
{‖ fs− fs−1‖sup+ · · ·+ ‖ f1− f0‖sup}

¶ lim
s→∞

1
1− kG

{M s−1+M s−2+ · · ·+1}δ

=
1

(1− kG )(1−M)
δ

=
1

1− kG − Lip(F )− Lip(G )
δ.

This proves (3) in Theorem 1.
Concerning uniqueness, we assume that there

is another solution φ ∈ Km(V ) for (2), such that
‖φ− g‖ ¶ ε, where ε > 0 only depends on δ. By
Lemma 1, it follows that

‖ f −φ‖sup =


(G ( f ))−1◦F ( f )−(G (φ))−1◦F (φ)




sup

¶
1

1− kG
‖F f −Fφ‖sup+



(G f )−1−(Gφ)−1




sup

¶
Lip(F )+ Lip(G )

1− kG
‖ f −φ‖sup = M ‖ f −φ‖sup ,

that implies

(1−M)‖ f −φ‖sup ¶ 0.

However, M < 1, this implies that ‖ f −φ‖sup = 0,
i.e. f = φ. 2

Corollary 1 Let m ∈ (0, 1) be given. Let F ∈ Km(V )
and G :Km(V )→K (V ) be fixed, and

kG := sup{k(G f ) : f ∈Km(V )}.

We assume that

1+ k(F)
1+m

¶ 1− kG and Lip(G )< 1− kG .

For any δ > 0, if there is a g ∈ Km(V ) such that

‖G (g) ◦ g − F‖sup ¶ δ,

then the equation

(G ( f ) ◦ f )(x) = F(x) for x ∈ V

has a unique solution f in Km(V ) with

‖ f − g‖sup ¶
1

1− kG − Lip(G )
δ.

STABILITY OF SERIES-LIKE ITERATIVE
EQUATION

By L (V ) we denote the Banach space of bounded
linear operators on X with the operator norm. We
assume that a sequence {Li}∞i=0 ⊂ L (X ) is given
such that

∞
∑

i=1

Li = id and
∞
∑

i=1

Li ◦ f i = F, (5)

for f , F ∈Km(V ), Li ∈ L (X ), i ∈ N.
Define, for m ∈ (0, 1),

W (m) :=
∞
∑

i=1

‖Li‖ ·
�

(1+m)i−1−1
�

.

The proof of the following theorem is similar to that
of Theorem 2 in [12].
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Theorem 2 Let m ∈ (0, 1). Let V be a nonempty
closed subset of a Banach spaces X , and let F ∈K (V ).
If

(1+m)(1−W (m))> 1+ k(F)

then for any g ∈Km(V ) with








F −
∞
∑

i=1

Li g
i









sup

¶ δ,

where δ is a constant, there exists a unique solution
f ∈Km(V ) of (5) such that

‖ f − g‖sup ¶
m

m−W (m)−mW (m)
δ.

Proof : Put

P ϕ :=
∞
∑

i=1

Liϕ
i−1.

First, we show that for each ϕ ∈Km(V ) the function
P ϕ is well defined, that is to say we need to show
that limsupk,n→∞

∑

k<i<n



Liϕ
i−1(x)



= 0.
For any two functions ϕ,ψ ∈ Km(V ), by

Lemma 1, we have

∞
∑

i=1



Li(ϕ
i−1−ψi−1)





sup

¶
∞
∑

i=1

‖Li‖
(1+m)i−1−1

1+m−1
‖ϕ−ψ‖sup

=
W (m)

m
‖ϕ−ψ‖sup . (6)

From the first inequality given in the assumption
of this theorem, it follows that

∑∞
i=1 ‖Li‖<∞. For

a fixed function ϕ ∈Km(V ), we have

limsup
k,n→∞

∑

k<i<n



Liϕ
i−1(x)





¶ lim sup
k,n→∞

∑

k<i<n



Li(ϕ
i−1(x)− x)





+ limsup
k,n→∞

∑

k<i<n

‖Li‖ · ‖x‖

¶ lim sup
k,n→∞

m+1
∑

i=k+1

(1+m)i−1−1
m

‖Li‖‖ϕ−id‖sup .

By the definition of W (m), we obtain that the se-
quence { (1+m)i−1−1

m ‖Li‖}∞i=1 is convergent, so

lim sup
k,n→∞

m+1
∑

i=k+1

(1+m)i−1−1
m

‖Li‖‖ϕ− id‖sup = 0,

which means that P (ϕ) is a well-defined function.

For ϕ,ψ ∈Km(V ), by (6) we get

‖P ϕ−Pψ‖sup ¶
W (m)

m
‖ϕ−ψ‖sup .

If ψ = id, then Pψ =
∑∞

i=1 Li id
i = id. Thus,

we have ‖P ϕ− id‖sup = ‖P ϕ−P (id)‖sup ¶
W (m)

m ‖ϕ− id‖sup = W (m)
m k(ϕ) ¶ W (m), and

consequently that P ϕ ∈K (V ).
By applying Lemma 2, we have k(ϕi−1) ¶ (1+

k(ϕ))i−1−1. As ϕ ∈Km(V ), we obtain that k(ϕ)¶
m, then we have k(ϕi−1)¶ (1+ k(ϕ))i−1−1¶ (1+
m)i−1 − 1. For any two points x , y ∈ V , we obtain
that

‖(P ϕ(x)−x)− (P ϕ(y)− y)‖

¶
∞
∑

i=1

‖Li‖


(ϕi−1(x)−x)−(ϕi−1(y)− y)




¶
∞
∑

i=1

‖Li‖ k(ϕi−1)‖x − y‖

¶
∞
∑

i=1

‖Li‖
�

(1+m)i−1−1
�

‖x − y‖

¶W (m)‖x − y‖ ,

and therefore
kP ¶W (m).

Also we have

Lip(P )¶
W (m)

m
<

m− k(F)
m(1+m)

¶
m+mk(F)
m(1+m)

=
1+ k(F)

1+m
¶ 1−W (m)¶ 1− kP .

So we have

1
1− kP − Lip(P )

¶
m

m−W (m)−mW (m)
.

By Corollary 1, we get the conclusion. 2

Example 1 Consider the following iterated equa-
tion

L1( f
2(x))+ L2( f (x)) = F(x) for x ∈ V, (7)

where L1, L2 ∈L (X ), and L1+L2 = id. Assume that
1
2 < M = ‖L1‖ < 1, and take m = 1

2 (
1
M − 1) < 1. If

k(F)< 1
4 (1−M)2, then W (m) = m‖L1‖ and

(1+m)(1−W (m)) = (1+m)(1−m‖L1‖)
= 1+m−m(1+m)‖L1‖
= 1+m(1− (1+m)M)

= 1+ 1
4 (1−M)2 > 1+ k(F).

So (7) has Hyers-Ulam stability.
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