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INTRODUCTION

Fractional-order differential equation has more ad-
vantages compared with integer-order differential
equation. This equation is flexible and accurate in
describing the changing law of things. Accordingly,
fractional-order differential equation is widely used
in real life [1–6]. However, some physical meanings
of the fractional differential equation are yet to
be universally recognized due to the complexity of
its initial values; hence, the development of the
theory of fractional differential equation is still in
its infancy. The fractional differential equation is
difficult to study because of the limitation of deriva-
tives in its boundary value problem. However, this
equation has become a major topic among many
scholars because of its wide practical application
value, important theoretical significance, and broad
prospects.

Fractional calculus was proposed 300 years
ago. The study of fractional differential equations
requires the comprehensive application of diverse
mathematical knowledge, such as real variable func-
tion, complex variable function, integral transfor-
mation, functional analysis, and linear algebra.
Accordingly, the research of fractional differential
equations is difficult and comprehensive.

In addition, fractional differential equations are
gradually closely related to other disciplines. The
contents of fractional differential equations become
rich when they are used in different fields. Many
scholars have conducted substantial research on
fractional differential equations and their applica-

tions, and have obtained good results. Ref. [7]
considered a class of four-point fractional boundary
value problem of the form

�

Dα0+u(x)+λ f (x , u(x)) = 0, x ∈ (0, 1),
u′(0)−µ1u(ξ) = 0, u′(1)−µ2u(η) = 0,

(1)

where 1 < α ¶ 2, 0 ¶ ξ ¶ η ¶ 1, 0 ¶ µ1,µ2 ¶ 1,
λ > 0 are parameters, and f (x , u) : [0,1]×R+ →
R+ is continuous and increasing in x for each x ∈
[0, 1]. The authors established the existence and
uniqueness of positive solutions for this problem by
using the fixed point theorems of concave operators
in partial ordering Banach spaces. Ref. [8] studied
the boundary value problem of nonlinear fractional
differential equations


















CDαu(x)+ f (x , u(x)) = 0, x ∈ (0, 1),
u(0) = u′(0) = · · ·= u(k−1)(0),

= u(k+1)(0) = · · ·= u(n)(0) = 0,

u(1) = λ
∫ 1

0 u(t)dt,

(2)

where n< α < n+1, n¾ 2, 0< k ¶ n−1, n, k ∈ N,
0 < λ < k+ 1, CDα is an α order Caputo fractional
derivative. The author obtained the existence con-
dition of the positive solution for this equation by
using the cone compression and expansion fixed
point theorem of a strict set contraction operator.

In Ref. [9], the numerical solutions of the
Volterra integro-differential equations are discussed
with respect to the initial conditions of necessity
by developing the reproducing kernel algorithm
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within the Atangana-Baleanu fractional operator.
The solution methodology involves the use of couple
Hilbert spaces for the range and domain space.
In Ref. [10], Lie symmetry analysis and invariant
subspace methods of differential equations play an
important role in the study of fractional partial
differential equations. The former method helps
derive point symmetries, symmetry algebra, and
admissible exact solution. Meanwhile, the later
one determines an admissible invariant subspace
to derive the exact solution of fractional partial
differential equations. The results of the existence
of fractional differential equations in application are
available in the literature. Readers should refer to
[11–14].

At present, the main types of fractional deriva-
tives are Caputo type, Riesz type, Riemann-Liouville
type, and other fractional derivatives. The Caputo
and Riemann-Liouville types of fractional order are
widely used among these types because of their
broad application background and relatively simple
calculation. The research on fractional differential
equations keeps increasing every year. However,
few studies have been carried out on the existence
of positive solutions of Caputo fractional differential
equations with complex boundary conditions. This
phenomenon is due to two factors. First, a cone and
an operator are relatively difficult to construct in the
boundary value problem of Caputo fractional differ-
ential equation. Second, the proof of inequalities
suitable for operator stretching and compression,
and the result of the operator’s influence on the
existence of positive solutions during stretching or
compression are difficult to obtain. On the basis of
these studies, we will examine the following Caputo
fractional differential equation:











CDαv(x)+ϕ(x , v(x)) = 0, 0¶ x ¶ 1,

v(0) = · · ·= v(n−1)(0) = v(n+1)(0) = 0,

pv(1)+ qv′(1) = µ
∫ ξ

0 v(t)dt,

(3)

where n+1<α< n+2, 0<µ< n+1, n ∈N, p ¾ 0,
q¾ 0, p+q 6= 0, 0¶ ξ¶ 1, 0¶ µξα < pα+α(α−1)q,
ϕ(x , v) : [0, 1] × [0,∞) → [0,∞) is continuous,
and CDα is an α order Caputo fractional derivative.

This study aims to obtain the existence and
nonexistence of positive solutions for (3). Our main
purpose is to prove the existence and nonexistence
of solutions for (3) by using a fixed point theorem.
Moreover, we illustrate two examples to verify our
results.

GREEN FUNCTION

Construction of the Green function

Lemma 1 ([15]) Let α > 0. Then, fractional deriva-
tive CDαv(x) = 0 has a unique solution:

v(x) =
[α]
∑

i=0

v j(0)
i!

x i

Lemma 2 ([15]) Let α > 0. Then,

Iα CDαv(x) = v(x)−
[α]
∑

i=0

v j(0)
i!

x i .

Lemma 3 Let ϕ(x) ∈ C[0,1], n+1<α< n+2, n ∈
N, p, q ¾ 0, p+ q 6=, 0 < µ < n+ 1, and 0 ¶ ξ ¶ 1.
Then, the Caputo-type fractional differential equation











CDαv(x)+h(x) = 0, 0¶ x ¶ 1,

v(0) = · · ·= v(n−1)(0) = v(n+1)(0) = 0,

pv(1)+ qv′(1) = µ
∫ ξ

0 v(t)dt

(4)

has a unique solution v(x) =
∫ 1

0 G(x , t)h(t)dt,
where

G(x , t) =


























































ψ(0)(x−t)α−1+(n+1)pxn(1−t)α−1

ψ(0)Γ (α)

+α(α−1)(n+1)qxn(1−t)α−2−(n+1)µxn(ξ−t)α

ψ(0)αΓ (α) , 0¶ t ¶ x ¶ ξ¶ 1,

ψ(0)(x−t)α−1+(n+1)pxn(1−t)α−1

ψ(0)Γ (α)

+ (α−1)(n+1)qxn(1−t)α−2

ψ(0)Γ (α) , 0¶ ξ¶ t ¶ x ¶ 1,

(n+1)pxn(1−t)α−1+(α−1)(n+1)qxn(1−t)α−2

ψ(0)Γ (α)
α(n+1)pxn(1−t)α−1+α(α−1)(n+1)qxn(1−t)α−2

ψ(0)αΓ (α) , 0¶ x ¶ t ¶ ξ¶ 1,

(n+1)pxn(1−t)α−1+(α−1)(n+1)qxn(1−t)α−2

ψ(0)Γ (α) , 0¶ ξ¶ x ¶ t ¶ 1,
(5)

and ψ(t) = (n+1)p+ n(n+1)q−µξn+1(1− t).

Proof : According to Lemma 2, the first equation of
(4) is equivalent to

v(x) =−
1
Γ (α)

∫ x

0

(x− t)α−1h(t)dt+
n+1
∑

j=0

v j(0)
j! x j . (6)

Together with the second condition of (4), we have

v(x) = −
1
Γ (α)

∫ x

0

(x − t)α−1h(t)dt +
vn(0)

n!
xn. (7)
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Setting vn(0)/n!= K , yields

v(1) = −
1
Γ (α)

∫ 1

0

(1− t)α−1h(t)dt + K , (8)

v′(1) = −
1
Γ (α)

∫ 1

0

(α−1)(1− t)α−2h(t)dt+nK , (9)

and
∫ ξ

0

v(x)d x =−
1
Γ (α)

∫ ξ

0

(ξ−t)α

α h(t)dt+ ξ
n+1

n+1 K . (10)

From (8)–(10) and the third condition of (4), it
yields

K =
(n+1)p
ψ(0)Γ (α)

∫ 1

0

(1− t)α−1h(t)dt

+
(n+1)(α−1)q
ψ(0)Γ (α)

∫ 1

0

(1− t)α−2h(t)dt

−
(n+1)µ
ψ(0)αΓ (α)

∫ ξ

0

(ξ− t)αh(t)dt. (11)

Substituting (11) into (7) yields,

v(x) =
1
Γ (α)

∫ x

0

(x − t)α−1h(t)dt

+
(n+1)pxn

ψ(0)Γ (α)

∫ 1

0

(1− t)α−1h(t)dt

+
(n+1)(α−1)qxn

ψ(0)Γ (α)

∫ 1

0

(1− t)α−2h(t)dt

−
(n+1)µxn

ψ(0)αΓ (α)

∫ ξ

0

(ξ− t)αh(t)dt.

When 0¶ x < ξ¶ 1, we have

v(x) =
1
Γ (α)

∫ x

0

(x − t)α−1h(t)dt +
(n+1)pxn

ψ(0)Γ (α)
×

�
∫ x

0

(1− t)α−1h(t)dt+

∫ ξ

x

(1− t)α−1h(t)dt+

∫ 1

ξ

(1− t)α−1h(t)dt

�

+
(n+1)(α−1)qxn

ψ(0)Γ (α)

�

∫ x

0

(1− t)α−2h(t)dt

+

∫ ξ

x

(1− t)α−2h(t)dt +

∫ 1

ξ

(1− t)α−2h(t)dt
�

−
(n+1)µxn

ψ(0)αΓ (α)

�

∫ x

0

(ξ− t)αh(t)dt+

∫ ξ

x

(ξ− t)αh(t)dt
�

=

∫ x

0

ψ(0)(x−t)α−1+(n+1)pxn(1−t)α−1

ψ(0)Γ (α) h(t)dt

+

∫ x

0

α(α−1)(n+1)qxn(1−t)α−2−(n+1)µxn(ξ−t)α

ψ(0)αΓ (α) h(t)dt

+

∫ ξ

x

(n+1)pxn(1−t)α−1+(α−1)(n+1)qxn(1−t)α−2

ψ(0)Γ (α) h(t)dt

−
∫ ξ

x

(n+1)µxn(ξ−t)α

ψ(0)αΓ (α) h(t)dt

+

∫ 1

ξ

(n+1)pxn(1−t)α−1+(α−1)(n+1)qxn(1−t)α−2

ψ(0)Γ (α) h(t)dt.

When 0¶ ξ < x ¶ 1, we have

v(x) =
1
Γ (α)

�
∫ ξ

0

(x − t)α−1h(t)dt+

∫ x

ξ

(x − t)α−1h(t)dt
�

+
(n+1)pxn

ψ(0)Γ (α)

�
∫ ξ

0

(1− t)α−1h(t)dt+

∫ x

ξ

(1− t)α−1h(t)dt

+

∫ 1

x

(1− t)α−1h(t)dt
�

+
(n+1)(α−1)qxn

ψ(0)Γ (α)
×

�

∫ ξ

0

(1− t)α−2h(t)dt +

∫ x

ξ

(1− t)α−2h(t)dt +

∫ 1

x

(1− t)α−2h(t)dt

�

(n+1)µxn

ψ(0)αΓ (α)

�

∫ ξ

0

(ξ− t)αh(t)dt+

∫ x

ξ

(ξ− t)αh(t)dt
�

=

∫ ξ

0

ψ(0)(x−t)α−1+(n+1)pxn(1−t)α−1

ψ(0)Γ (α) h(t)dt

+

∫ ξ

0

α(α−1)(n+1)qxn(1−t)α−2−(n+1)µxn(ξ−t)α

ψ(0)αΓ (α) h(t)dt

+

∫ x

ξ

ψ(0)(x−t)α−1+(n+1)pxn(1−t)α−1

ψ(0)Γ (α) h(t)dt

+

∫ x

ξ

(α−1)(n+1)qxn(1−t)α−2

ψ(0)Γ (α) h(t)dt

+

∫ x

1

α(n+1)pxn(1−t)α−1+α(α−1)(n+1)qxn(1−t)α−2

ψ(0)αΓ (α) h(t)dt.

Thus, Lemma 3 is proved. 2

Properties of the Green function

Lemma 4 The Green function G(x , t) defined by for-
mula (5) has the following properties:

(i) G(x , t)¾ (α
2−α)q

ψ(0)Γ (α)
xn(1− t)α−2 t

+
(n+1)p+ n(n+1)q−µξn+1(1− t)

ψ(0)Γ (α)
xn(1− t)α−2;
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(ii) G(x , t)¶ t(1− t)α−1
�

n
Γ (α)

+
4µξα−1

ψ(0)Γ (α)

�

+
(α2−α)q
ψ(0)Γ (α)

(1− t)α−2 t;

(iii) ψ(t) > 0 and ψ(t) is an incremental function
on [0, 1];

(iv) G(x , t)> 0, ∀ x ∈ (0, 1).

Proof : When 0 ¶ t ¶ x ¶ ξ ¶ 1, we obtain the
following expression:

G(x , t) =
1

ψ(0)αΓ (α)

�

αψ(0)(x − t)α−1

+α(n+1)pxn(1− t)α−1+(α2−α)(n+1)qxn(1− t)α−1

+(α2−α)(n+1)qxn(1− t)α−2− (α2−α)(n+1)qxn(1− t)α−1

−(n+1)µxnξα
�

1−
t
ξ

�α�

¾ 1
ψ(0)αΓ (α)

�

αψ(0)(x − t)α−1

+α(n+1)pxn(1− t)α−1+(α2−α)(n+1)qxn(1− t)α−1

+(α2−α)(n+1)qxn(1− t)α−2 t − (n+1)µxnCα(1− t)α
�

¾ (α2−α)q
ψ(0)αΓ (α) x

n(1− t)α−2 t − ψ(t)−ψ(0)
ψ(0)αΓ (α) xn(1− t)α−1

− 1
Γ (α)

�

xn(1− t)α−1− (x − t)α−1
�

¾ (α2−α)q
ψ(0)αΓ (α) x

n(1− t)α−2 t + µtξn+1

ψ(0)αΓ (α) x
n(1− t)α−1

− 1
Γ (α) x

n(1− t)α−1

=
(α2−α)q
ψ(0)αΓ (α)

xn(1− t)α−2 t

+
(n+1)p+ n(n+1)q−µξn+1(1− t)

ψ(0)Γ (α)
xn(1− t)α−2,

and

G(x , t) =
1

ψ(0)αΓ (α)

�

αψ(0)(x − t)α−1

+α(n+1)pxn(1− t)α−1+(α2−α)(n+1)qxn(1− t)α−1

−(n+1)µxn(ξ− t)α+(α2−α)(n+1)qxn(1− t)α−2 t
�

¶ 1
ψ(0)αΓ (α)

§

ψ(0)nxn+1(1− t)α−2 t(1− x)

+(α2−α)(n+1)qxn(1− t)α−2 t

+µξαxn(1− t)α−1
�

1−
�

1− t
ξ

�4�ª

¶ t(1− t)α−1
�

n
Γ (α)

+
4µξα−1

ψ(0)Γ (α)

�

+
(α2−α)q
ψ(0)Γ (α)

(1− t)α−2 t.

When 0¶ ξ¶ t ¶ x ¶ 1, we obtain the following:

G(x , t) = 1
ψ(0)Γ (α)

�

ψ(0)(x − t)α−1+(n+1)pxn(1− t)α−1

+(α−1)(n+1)qxn(1− t)α−1+(α−1)(n+1)qxn(1− t)α−2 t
�

¾ (x − t)α−1

Γ (α)
+
(α−1)(n+1)qxn

ψ(0)Γ (α)
(1− t)α−2 t−

ψ(t)
ψ(0)Γ (α)

xn(1− t)α−1

¾ (α
2−α)q

ψ(0)Γ (α)
xn(1− t)α−2 t +

µξn+1 t
ψ(0)Γ (α)

xn(1− t)α−1−
1
Γ (α)

xn(1− t)α−1

=
(α2−α)q
ψ(0)Γ (α)

xn(1− t)α−2 t

+
(n+1)p+ n(n+1)q−µξn+1(1− t)

ψ(0)Γ (α)
xn(1− t)α−1,

and

G(x , t) = 1
ψ(0)Γ (α)

�

ψ(0)(x − t)α−1+(n+1)pxn(1− t)α−1

+(α−1)(n+1)qxn(1− t)α−1+(α−1)(n+1)qxn(1− t)α−2 t
�

¶ 1
ψ(0)Γ (α)

§

ψ(0)[(x − t)α−1− xn(1− t)α−1]

+ (α2−α)qxn(1− t)α−2 t +µξαxn(1− t)α−1
ª

¶ nt(1−t)α−1

Γ (α) + (α2−α)q
ψ(0)Γ (α) (1− t)α−2 t + 4µξα−1

ψ(0)Γ (α) t(1− t)α−1

= t(1− t)α−1
�

n
Γ (α)

+
4µξα−1

ψ(0)Γ (α)

�

+
(α2−α)q
ψ(0)Γ (α)

(1− t)α−2 t.

When 0 ¶ x ¶ t ¶ ξ ¶ 1, the following expression
is achieved:

G(x , t) =
1

ψ(0)αΓ (α)

§

α(n+1)pxn(1− t)α−1

+(α2−α)(n+1)qxn(1− t)α−1− (n+1)µxnξα
�

1−
t
ξ

�α

+(α2−α)(n+1)qxn(1− t)α−2 t
ª

¾ 1
ψ(0)αΓ (α)

§

α(n+1)pxn(1− t)α−1

+(α2−α)(n+1)qxn(1− t)α−1− (n+1)µxnξα(1− t)α

+(α2−α)(n+1)qxn(1− t)α−2 t
ª

¾ 1
ψ(0)Γ (α)

§

(α2−α)(n+1)qxn(1− t)α−2 t − xn(1− t)α−1ψ(t)
ª

¾ (α
2−α)q

ψ(0)Γ (α)
xn(1− t)α−2 t

+
(n+1)p+ n(n+1)q−µξn+1(1− t)

ψ(0)Γ (α)
xn(1− t)α−1,
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and

G(x , t) =
1

ψ(0)αΓ (α)

§

α(n+1)pxn(1− t)α−1

+(α2−α)(n+1)qxn(1− t)α−1− (n+1)µxn(ξ− t)α

+(α2−α)(n+1)qxn(1− t)α−2 t
ª

¶ ψ(0)+ (n+1)p+ n(n+1)q+ψ(0)
ψ(0)Γ (α)

xn(1− t)α−1

+
(α−1)(n+1)q
ψ(0)Γ (α)

xn(1− t)α−2 t

¶ t(1− t)α−1
�

n
Γ (α)

+
4µξα−1

ψ(0)Γ (α)

�

+
(α2−α)q
ψ(0)Γ (α)

(1− t)α−2 t.

When 0¶ ξ¶ x ¶ t ¶ 1, we have

G(x , t) = 1
ψ(0)Γ (α)

§

[(n+1)p+(α−1)(n+1)q]xn(1− t)α−1

+(α−1)(n+1)qxn(1− t)α−2 t
ª

¾ (α
2−α)q

ψ(0)Γ (α)
xn(1− t)α−2 t

+
(n+1)p+ n(n+1)q−µξn+1(1− t)

ψ(0)Γ (α)
xn(1− t)α−1,

and

G(x , t) =
1

ψ(0)Γ (α)

�

(n+1)pxn(1− t)α−1

+(α−1)(n+1)qxn(1− t)α−2
�

¶ 1
ψ(0)Γ (α)

§

[(n+1)p+(α−1)(n+1)q]xn(1− t)α−1

+(α2−α)qxn(1− t)α−2 t
ª

¶ t(1− t)α−1
�

n
Γ (α)

+
4µξα−1

ψ(0)Γ (α)

�

+
(α2−α)q
ψ(0)Γ (α)

(1− t)α−2 t.

Therefore, properties (i)–(ii) of Lemma 4 are
proved. Property (iii) of Lemma 4 is easy to prove
by using the expression of ψ(t). Property (iv) of
Lemma 4 is obtained by using (i) of Lemma 4. Thus,
Lemma 4 is proved. 2

Lemma 5 (Fixed point theorem of cone [16])
Let P be a cone in Banach space E. Let Ω1
and Ω2 be the two bounded open sets in E, and
θ ∈ Ω1 ⊂ Ω1 ⊂ Ω2, A : P → P is a fully connected
continuation operator. If one of the following
conditions is valid:
(i) ‖Ax‖ ¶ ‖x‖, ∀x ∈ P ∩ ∂Ω1; ‖Ax‖ ¾ ‖x‖, ∀x ∈

P ∩ ∂Ω2.
(ii) ‖Ax‖ ¾ ‖x‖, ∀x ∈ P ∩ ∂Ω1; ‖Ax‖ ¶ ‖x‖, ∀x ∈

P ∩ ∂Ω2.
Then, A must have a fixed point on P ∩ (Ω2\Ω1).

EXISTENCE OF POSITIVE SOLUTIONS

We denote the followings for convenience:

ϕ0 = lim inf
u→0+

min
x∈[0,1]

ϕ(x , u)
u

,

ϕ0 = lim sup
u→0+

max
x∈[0,1]

ϕ(x , u)
u

,

ϕ∞ = lim inf
u→∞

min
x∈[0,1]

ϕ(x , u)
u

,

ϕ∞ = lim sup
u→∞

max
x∈[0,1]

ϕ(x , u)
u

,

A= max
§

n
Γ (α)

+
4µξα−1

ψ(0)Γ (α)
,
(α2−α)q
ψ(0)Γ (α)

ª

,

a = min
§

(α2−α)q
ψ(0)Γ (α)

,
(n+1)p+n(n+1)q−µξα−1

ψ(0)Γ (α)

ª

,

Ā=
�

∫ 1

0

At(1− t)α−2(2− t)dt
�−1

,

B̄ =
�

a2

A

∫ 1

0

�

1
2

�α−1
tα(1− t)α−2(2− t)dt

�−1

,

B̃ =
�

∫ 3/4

1/4

�

1
2

�α−1
aϕt(1− t)α−2(2− t)dt

�−1

,

τ= min
x∈[ 1

4 , 3
4 ]

atα−1

A
= a

A

�

1
4

�α−1.

The conditions used in this study are as follows:
(C1) ϕ(x , u) is continuous function,

and ϕ(x , u) : [0,1]× [0,∞)→ [0,∞);
(C2) ϕ0 > B̄, ϕ∞ > B̃ ;
(C3) ϕ0 > ā, ϕ∞ > ā ;
(C4) Let ω> 0, 0¶ u¶ω, 0¶ x ¶ 1.

Then ϕ(x , u)¶ωĀ;
(C5) Let ω> 0, ωτ¶ u¶ω, 1

4 ¶ x ¶ 3
4 .

Then ϕ(x , u)> uB̃.

Remark 1 If we take ω> 0, 0¶ u¶ω, 0¶ x ¶ 1,
then ϕ(x , u)¶ uĀ. Therefore, condition (C4) holds.

Remark 2 If we take ω> 0, ωτ¶ u¶ω, 1
4 ¶ x ¶

3
4 , then ϕ(x , u) > ωB̃. Therefore, condition (C5)
holds.

Let E = C[0, 1] and ‖v‖ = maxx∈[0,1] |v(x)|.
Then, E is Banach space. Cone P in E is defined
as follows:

P =

�

v ∈ E|v(x)¾
axα−1

A
‖v(x)‖

�

.

We denote the operator as follows:

T v(x) =

∫ 1

0

G(x , t)ϕ(t, v(t))dt, v ∈ E.
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Lemma 6 If condition (C1) holds, then T (P)⊂ P, T :
P → P, and operator T is completely continuous.

Proof : The proof of is similar to the corresponding
proof in Ref. [17] and will be omitted here. 2

Theorem 1 Suppose that conditions (C1), (C2), and
(C4) hold. Then, we have at least two positive solu-
tions (v1 and v2 ) of boundary value problem (3) and
0< ‖v1‖<ω< ‖v2‖, where ‖v‖= supx∈[0,1] |v(x)|.

Proof : Accordingly to condition ϕ0 > B̄ of (C2),
there exist ε > 0 and 0< m0 <ω such that

ϕ0− ε > B̄ and vB̄ < V (ϕ0− ε)< ϕ(x , v)

for all x ∈ [0, 1], 0¶ v ¶ m0. Let m ∈ (0, m0), Ωm =
{v ∈ P|‖v‖<m}, and then for all v ∈ ∂Ωm, we have

axα−1

A
m¶ v(x)¶ m, x ∈ [0,1].

Then

(T v)( 1
2 ) =

∫ 1

0

G( 1
2 , t)ϕ(t, v(t))dt

¾
∫ 1

0

a( 1
2 )
α−1 t(1− t)α−2(2− t)B̄v(t)dt

¾ a( 1
2 )
α−1B̄

∫ 1

0

a
A tα−1mt(1− t)α−2(2− t)dt

¾ B̄m

∫ 1

0

a2

A (
1
2 )
α−1 tα(1− t)α−2(2− t)dt

= m= ‖v‖.

Specifically ‖v‖< ‖T v‖, for all v ∈ ∂Ωm.

According to condition ϕ∞ > B̃ of (C2), there
exist ε > 0 and Z > 0 such that

ϕ0− ε > B̃ and vB̃ < V (ϕ∞− ε)< ϕ(x , v)

for all v ¾ Z . We take M > M0 = max{ Z
τ ,ω} and

ΩM = {v ∈ P|‖v‖< M}. Given Z ¶ τ‖v‖¶ v(x), for
all v ∈ ∂ΩM and x ∈ [ 1

4 , 3
4 ], we have

(T v)( 1
2 ) =

∫ 1

0

G( 1
2 , t)ϕ(t, v(t))dt

¾
∫ 3/4

1/4

a( 1
2 )
α−1 t(1− t)α−2(2− t)B̃v(t)dt

¾ B̃M

∫ 3/4

1/4

τa( 1
2 )
α−1 t(1− t)α−2(2− t)dt

= M = ‖v‖.

Specifically, ‖v‖< ‖T v‖, for all v ∈ ∂ΩM .

Let Ωr = {v ∈ P|‖v‖ ∈ r}. According to (C4), for
all v ∈ ∂Ωr and x ∈ [0, 1], we have ϕ(x , v) ¶ Āω.
Then,

(T v)( 1
2 )¶ A

∫ 1

0

�

t(1− t)α−1+t(1− t)α−2
�

ϕ(t, v(t))dt

¶ Ār

∫ 1

0

A(1− t)α−2 t(2− t)ϕ(t, v(t))dt

= r = ‖v‖.

Specifically, ‖T v‖ < ‖v‖, for all v ∈ ∂Ωr . In sum-
mary, Theorem 1 is proved from Lemma 5. 2

Remark 3 Condition (C2) can be replaced by (C∗2).
(C∗2) ϕ0 =∞, ϕ∞ =∞.

Theorem 2 Suppose that conditions (C1), (C3), and
(C5) hold, then at least two positive solutions (v1 and
v2) of boundary value problem (3) are present, and
0< ‖v1‖<ω< ‖v2‖.

Proof : According to condition ϕ0 < Ā of (C3), there
exist ε > 0 and 0< m0 <ω such that

ϕ0+ ε < Ā and ϕ(x , v)< V (ϕ0+ ε)< vĀ

for all x ∈ [0,1], 0¶ v ¶ m0.
Let m ∈ (0, m0), and Ωm = {v ∈ P| ‖v‖< m} for all
v ∈ ∂Ωm. We have

axα−1

A
m¶ v(x)¶ m, x ∈ [0, 1].

Then,

(T v)(x) =

∫ 1

0

G(x , t)ϕ(t, v(t))dt

¶
∫ 1

0

At(1− t)α−2(2− t)Ām dt

¶ AĀm

∫ 1

0

t(1− t)α−2(2− t)dt

= m= ‖v‖.

Therefore, ‖v‖> ‖T v‖, ∀v ∈ ∂Ωm.

According to condition ϕ∞ < Ā of (C3), there
exist ε > 0 and Z > 0 such that

ϕ∞+ ε < Ā and ϕ(x , v)¶ v(ϕ∞+ ε)< vB̄
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for all v ¾ Z . We take M > M0 =max{m+ω, Z}. If
maxx∈[0,1]ϕ(x , v) is unbounded on v ∈ [0,∞), then

ϕ(x , v)¶ max
x∈[0,1]

ϕ(x , M), ∀v ∈ (0, M).

We obtain the following expression for all v ∈ P and
‖v‖= M

‖T v‖¶ A

∫ 1

0

(t(1− t)α−1+ t(1− t)α−2)ϕ(t, v(t))dt

¶
∫ 1

0

At(1− t)α−2(2− t) max
x∈[0,1]

ϕ(t, M)dt

¶ (ϕ∞+ ε)M
∫ 1

0

At(1− t)α−2(2− t)dt

= M = ‖v‖.

If maxx∈[0,1]ϕ(x , v) is bounded on v ∈ [0,∞), then
we have ϕ(x , v) ¶ N for all v ∈ [0,∞). Let M >
ω+ N

Ā , and ‖v‖= M for all v ∈ P. Then, we obtain

‖T v‖¶ A

∫ 1

0

(t(1− t)α−1+ t(1− t)α−2)N dt

¶
N
Ā
< M = ‖v‖.

Let ΩM = {v ∈ P|‖v‖< M} for all v ∈ ∂ΩM . Hence,
we have ‖T v‖< ‖v‖.

We take Ωr = {v ∈ P|‖v‖ < r}. According to
(C3), we have

τω¶ v(x)¶ω for all v ∈ ∂Ωr , x ∈ [ 1
4 , 3

4 ],

and
ϕ(x , v(x))> vB̃.

Then,

‖T v‖=
∫ 1

0

G( 1
2 , t)ϕ(t, v(t))dt

¾
∫ 3/4

1/4

a( 1
2 )
α−1 t(1− t)α−2(2− t)B̃v(t)dt

¾ B̃r

∫ 3/4

1/4

τa( 1
2 )
α−1 t(1− t)α−2(2− t)dt

= r = ‖v‖.

Specifically ‖T v‖> ‖v‖ for all v ∈ ∂Ωr . In summary,
Theorem 2 is proved from Lemma 5. 2

Remark 4 Condition (C3) can be replaced by (C∗3).
(C∗3) ϕ0 = 0, ϕ∞ = 0.

Remark 5 We only need to constructΩ3,Ω4, · · · ,Ωn
in cone P to obtain the existence of the nth positive
solutions. Accordingly, Ω3 ⊂ Ω4 ⊂ · · · ⊂ Ωn. Then,
the fixed point theorem can be used onΩi\Ωi−1, (i =
3, · · · , n).

NONEXISTENCE OF A POSITIVE SOLUTION

The following expression is obtained from proper-
ties (i) and (ii) of the Green functions of Lemma 4:

G(x , t)¾ (α
2−α)q

ψ(0)Γ (α)
xn(1− t)α−2 t

+ (n+1)p+ n(n+1)q−µξn+1(1− t)
ψ(0)Γ (α)

xn(1− t)α−2

¾
α2−α
ψ(0)Γ (α)

and

G(x , t)¶ t(1− t)α−1
�

n
Γ (α)

+
4µξα−1

ψ(0)Γ (α)

�

+
(α2−α)q
ψ(0)Γ (α)

(1− t)α−2 t

¶
ψ(0)n+4µ+(α2−α)q

ψ(0)Γ (α)
.

Theorem 3 Suppose that one of the following condi-
tions holds

(i) lim
v→+∞

inf
x∈[0,1]

�

ϕ(x ,v)
‖v‖

�

> α2−α
ψ(0)Γ (α) ;

(ii) lim
v→+∞

sup
x∈[0,1]

�

ϕ(x ,v)
‖v‖

�

<
ϕ(0)n+4µ+(α2−α)q

ψ(0)Γ (α) ;

(iii) ϕ(x ,v)
‖v‖ >

α2−α
ψ(0)Γ (α) ;

(iv) ϕ(x ,v)
‖v‖ <

ϕ(0)n+4µ+(α2−α)q
ψ(0)Γ (α) .

Then, boundary value problem (3) does not have a
positive solution.

Proof : We will prove by contradiction. Suppose
that boundary value problem (3) has two positive
solutions (v1 and v2). From (i), we have

ϕ(x , v)> v1, ‖v‖‖> v2.

Let M∗1 =min0¶v¶v2
ϕ(x , v). Then

ϕ(x , v)> v1‖v‖+M∗1 , v ∈ [0,∞).

If boundary problem (3) has a positive solution v,
and ‖v‖ = θ , then v is a fixed point on mapping T .
Thus, we obtain the following expression:

θ = ‖T v‖= max
x∈[0,1]

∫ 1

0

G(x , t)ϕ(x , v)dt

>
α2−α
ψ(0)Γ (α)

·
ψ(0)Γ (α)
α2−α

· ‖v‖= θ .
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This expression contradicts the hypothesis.
Suppose that boundary value problem (3) has

two positive solutions (v3 and v4). From (ii), we
have

0< v3 <
ψ(0)n+4µ+(α2−α)q

ψ(0)Γ (α)
.

We have

ϕ(x , [v])> v3‖v‖, v > v4.

Let M∗2 =min0¶v¶v4
ϕ(x , [v]). Then,

ϕ(x , [v])< v3‖v‖+M∗2 , v ∈ [0,∞).

If boundary problem (3) has a positive solution
v, and ‖v‖ = θ , then v is a fixed point on mapping
T . Thus, we obtain the following expression:

θ = ‖T v‖= max
x∈[0,1]

∫ 1

0

G(x , t)ϕ(x , v)dt

<
ψ(0)n+4µ+(α2−α)q

ψ(0)Γ (α) · ψ(0)Γ (α)
ψ(0)n+4µ+(α2−α)q · ‖v‖= θ .

This expression contradicts the hypothesis.
Suppose that boundary problem (3) has a posi-

tive solution v, and ‖v‖= θ , then, v is a fixed point
on mapping T . Thus, from (iii), we achieve the
following:

θ = ‖T v‖= max
x∈[0,1]

∫ 1

0

G(x , t)ϕ(x , v)dt

>
α2−α
ψ(0)Γ (α)

·
ψ(0)Γ (α)
α2−α

‖v‖= θ .

This expression contradicts the hypothesis.

The proof of (iv) is similar to that of (iii). Hence,
such proof is omitted here. In summary, Theorem 3
is proved. 2

EXAMPLES

Example 1 Consider the following equation


















C D
9
2 v(x)+ vβ (x)+ vγ(x) = 0,

0< β < 1< γ, 0¶ x ¶ 1,

v(0) = v′(0) = · · ·= v(8)(0) = v(10)(0) = 0,

v(1)+ v′(1) = 1
2

∫
2
3

0 v(t)dt.
(12)

According to (3), in this equation, α= 9
2 , n= 9, p =

q = 1, µ= 1
2 , and ξ= 2

3 . We have

ψ(0) = (n+1)p+ n(n+1)q−µξn+1 ≈ 99.99,

A=max
§

n
Γ (α)

+
4µξα−1

ψ(0)Γ (α)
,
(α2−α)q
ψ(0)Γ (α)

ª

=max
§

9
Γ (4)

+
4 · 1

2 · (
2
3 )

7
2

99.99 · Γ (4)
,
( 9

2 )
2− 9

2

99.99 · Γ (4)

ª

≈ 1.50,

and
∫ 1

0

t(1− t)α−2(2− t)dt

=

∫ 1

0

t(1− t)α−2 dt +

∫ 1

0

t(1− t)α−1 dt

=
1

α−1
−

1
α+1

=
8

77
.

We take ϕ(x , t) = vβ (x)+ vγ(x). Then

lim
v→0

ϕ(x , v)
v

=∞, lim
v→∞

ϕ(x , v)
v

=∞.

Therefore, conditions (C1) and (C2) are valid. We
let ω= 0. Then for 0¶ v ¶ω, it yields

ϕ(x , t)¶ωβ +ωγ = 2< Ā= Āω.

According to Theorem 1 and Remark 2, boundary
value problem (12) has at least two positive
solutions (v1 and v2), and 0¶ ‖v1‖< 1< ‖v2‖.

Example 2 Consider the following equation


















C D
5
3 v(x)+ vβ (x)+ vγ(x) = 0,

0< β < 1< γ, 0¶ x ¶ 1,

v(0) = v′(0) = · · ·= v(7)(0) = v(9)(0) = 0,

v(1)+ v′(1) =
∫ 1/3

0 v(t)dt.
(13)

According to (3), in this equation, α= 5
3 , n= 8, p =

q = 1, µ= 1, and ξ= 1
3 . We have

ψ(0) = (n+1)p+ n(n+1)q−µξn+1 ≈ 81.0,

and

lim
v→∞

inf
x∈[0,1]

�

ϕ(x , v)
‖v‖

�

>
α2−α
ψ(0)Γ (α)

=
( 5

3 )
2− 5

3

81 · Γ (1)
≈ 0.01.

According to Theorem 3, boundary value prob-
lem (13) does not have positive solution.
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