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ABSTRACT: Hyers-Ulam stability is a basic sense of stability for functional equations. In the present paper we discuss
the Hyers-Ulam stability of series-like iterative equations with variable coefficients. By the construction of a uniformly
convergent sequence of functions we prove that if we can find a C! approximate solution of such an equation, then
there must be a unique C! solution of this equation which is close to the C! approximate solution.
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INTRODUCTION

It is well known that the study of functional
equations’ stability originated from a question of
Ulam [1], concerning the stability of group ho-
momorphisms. The problem for Cauchy equation,
in Banach spaces, was answered affirmatively by
Hyers [2] in 1941. Due to the problem of Ulam
and the answer of Hyers, such stability of functional
equations is called after their names. We prefer
the result of Cieplinski [3] because it has a detailed
survey of this topic.

Let f™ denote the m-th iterate of a mapping
f,ie., ff=fofm™! f09—=id. Equations having
iteration as their main operation, that is, including
iterates of the unknown mapping, are called itera-
tive equations. The following equation is a natural
generalization of the problem for iterative roots.

MfC)+2Af2(0) + -+ A f" ) =F(x), (D)

for x € I =[a, b], which is known as polynomial-
like iterative equation, where n = 2 is an integer,
A, €ER,i=1,2,...,n, F: I — Ris a given mapping
and f : I — I is unknown. Polynomial-like iterative
equations are important not only in the study of
functional equations but also in the study of dynam-
ical systems [4].

In 1986, Zhang [5] constructed an interesting
operator called “structural operator” for (1) and
used the fixed point theory in Banach spaces to get
the solutions of (1). Employing this idea, Kulczycki
and Tabor discussed the iterative functional equa-
tions in the class of Lipschitz functions [6]. The case
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of all constant A;’s was considered in [5,7,8]. In
2000, Zhang and Baker first discussed the continu-
ous solutions of such an iterative equation with vari-
able coefficients A; = A;(x) which are all continuous
in interval [a, b]. In 2001, Si and Wang furthermore
gave the continuously differentiable solution of such
equation in the same conditions [9]. In this paper,
we consider the series-like iterative equation with
variable coefficient

D IAOfi(x)=F(x), xe€I=[ab], (2)

i=1

where A;(x) : I — [0, 1] are given continuous func-
tions and Y, A;(x) =1, 4,(x) = ¢ >0 (Yx € D),
max,; A;(x) =¢;.

As mentioned in [10], most known results on
stability of functional equations are given for equa-
tions in several variables and there are much less
results of stability for functional equations in single
variable, so the authors give a survey on this topic.
They clarified the relation between Hyers-Ulam sta-
bility and other senses of stability which are used
for functional equations, such as iterative stability,
continuous dependence and robust stability. Hyers-
Ulam stability is also discussed for a general form
of iterative equations which include the polynomial-
like iterative equation with variable coefficients.

It should be pointed that, in 2002, Xu and
Zhang [11] discussed Hyers-Ulam stability for C° so-
lution of a nonlinear iterative equation. Motivated
and inspired by the above results, in this paper, we
discuss Hyers-Ulam stability for C! solution of (2).
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PRELIMINARIES

Let C°(I,R) = {f : I > R, f is continuous}, clearly
(CO°(1,R), |Ill.0) is a Banach space, where ||f||.c =
max, . |f (x)|, for f in C°(1,R).

Let C'(I,R) = {f : I - R, f is continuous
and continuously differentiable}, then C!(I,R) is
a Banach space with norm ||f||., where ||f]l. =

1F llo +1L£lleo, where £/ = 4L £
Being a closed subset, C'(I,I) defined by

clua,n={fec'U,R),f(DcIVxel}

is a complete space.
For given constants M; > 0 and M, > 0, let

A (My,Mp) = {p € C'(1,1D) : |9’ () < My, Vx €1,
[0 (1) — @' (x2)| < My|x; — X5, Vxp, X, € I}- (3

The following lemmas are useful, for more details
one can refer to [12]. The methods of proof are

similar to those of [12], but the conditions are
weaker than those of [7].

Lemma 1 ([12]) Suppose that ¢ € C'(I,I) and

lo'Cl<M, xE€lI, )]

I’ (x1) = @' ()l S M'|x; —x5|,  Vxy,x3 €1, (5)
where M and M’ are positive constants. Then

2n—2

(9" (x1)) = (9" (x2)) | < M’( >, Mf) 1 — X,

t=n—1

for any xy1, x5 € I, where (¢™") denotes %(p”.

Lemma 2 ([12]) Suppose that @1, @, € C'(I,I) sat-
isfy (4). Then

n
[l —05]|0 < (ZMt) o1 —@alleo

t=1
Lemma 3 ([12]) Suppose that ¢4, @, € C1(I,1) sat-
isfy (4) and (5). Then
(XY = (@51 || 0 < (k+1)M* |0} — 050
k .
+QUk+ 1M’ (Z(k—iﬂ)Mk“—l) 1= @all
i=1
fork=0,1,2,..., Q(1)=0and Q(s) =1 for s = 2.

Similar to Definition 8 in [13] and Definition
2.9 in [14], we give the definition of Hyers-Ulam
stability for C 1 solution of (2).
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Definition 1 Let M; and M, be given positive con-
stants, and F € .«/(M;, M,) be a given function. For
g € /(N;,N,) with constants N; = 1 and N, > 0
satisfying

<0,

cl

F _Z Ai(x)g'
i=1

if there is a solution f € .&/(N;,N,) of (2) such that
IIf —gll. <K&, where K > 0 is a constant, then (2)
is said to have a Hyers-Ulam stability and g is called
a C! approximate solution of (2).

MAIN RESULTS

Theorem 1 Given positive constants M; and M, and
F e .o/(M;, M,), if there exists constants N; = 1 and
N, > 0, such that

= M
P1) c— » ¢Nit> L
P1) ; ey
() 2i—2 M
_ ) J 2
P2) ¢ ZC(_Z N)> N
i=2 j=t—1
oo i ] i—1 o
®3) > o[ D INTHQN, D - ] <,
i—2  j=1 =1
oo

then for any C! function g € .o/ (Ny,N,) with

Jr-Sacos

where 6 > 0, there exist a constant K independent of 6
and a unique C* solution f € .o/(N;,N,) of (2) such
that

<5,
Cl

If —gllo SK6. (6)

Proof: For convenience, let d = max{|a|, |bl|}.
Define . : .«/(N;,N,) — C(I,I) such that

H (@) =D A(x)e'(1), Vx,tel.
i=1

Since ¢ € .o/ (Ny,N,), it is easy to see that |@!(t)| <
d for all t € I, and |A;(x)p!(t)] < d|A;(x)| for
all x,t € I. It follows from Y~ A;(x) =1 that
> A(x)¢i(t) is uniformly convergent. Then
A (p(t)) is continuous for all t € I. As A;,(x) =0,
Ai(x)a < A;(x)¢i(x) < A;(x)b, fori=1,2,.... This
implies that

[ee]

a= D M < PO < Y A =b,
i=1 i=1 i=1
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thus # () € C°(1,1).
For any ¢ € .«/(N;,N,), we have

d i
e (t)))\

= 400 @' (e O] < &N
By condition (P1), we see that Zzl ciNli is con-
vergent, therefore Zzl c;(p'(t)) is uniformly con-
vergent for t € I, this implies that ¢ (¢(t)) is
continuously differentiable for t € I. Moreover

FEICOIE ZA OIS e =

i=1

By Lemma 1,

|—(x(<p(t1)))— t(x(go(tz)))|

<AL ) — (9 )]
i=1
2i—2

ch( Z j)|t1_t2|3=H2|t1_t2|-

i=1 j=i—1

Thus # () € .of (Uq, Us).
We can construct a sequence {f;} of functions

as follows. We take f, = g and define for k > 1,
t,xel,
fill®) = 7 F () = 55 (e () + fia (8).

Because #(y), F, and f, = g are continuously
differentiable for all t € I, f;, is continuously differ-
entiable for all t € I,k > 1. By conditions (P1) and
(P2), we will prove I%fk(t)l < N; and |%fk(f1) —
% «(t2)| < Ny|t; —t,] by induction. First, of course
|%fo(t)| = I%g(t)l < N;. Suppose this is true for a
positive integer k, then we have

£ fea(®] < HIF O+ ZA IO

1 1 i
< EMl + < ZCiNll
=2

< %Ml + %(CNI _Ml) =N1'

We have | §; fo(t1) = 5 fo(t2) < Njlt; —t5]. Suppose
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this is true for a positive integer k, then

( inlt)- tfk+1(fz) < 5 [F(e) —F(sy)

+ ﬁzzai(x) [(HEHEIHCY

1 1 i
S SMylt;—ty|+ 2 E ciNj|t —t5]
i=2

< %Ml|f1_tz|+%(CN1_M1)|f1_tz| = Nilt;—ty].
Thus forany k =0, 1,2,..., we have f;, € .&/(N;,N,).
Now we claim that
Ifi—fimaller < M5 7
holds for k =1,2,..., where M = max{E;, E,}, E; =
1y (TN 1+Q(1)N22J Wi—HNT),

E, = Zch iN[~'.  We will prove inequality (7)
inductively. First,

1= folle = || PO - 5 # ()|, < 26.

Assume that this inequality is true for an integer k.
Then by the same arguments, we can get that

i =il = max |55 ()

— g X () + fi— fica

< dmax| DS AuAl(0 - 320 0)

oo
<>l fil
=2
o0 i
<ISGOIN Y- fialle ®
=2 j=1
and
d B . /
Hdtfkﬂ L Co—nggx|m%(fk(t))

- ﬁx(fk(t))’ L~ fL

%max’Zl (X)(fk(t))

Ci ”(fkl)/ - (f]j_1)/Hco

1
<3

00
i=2
(=)
=2

e vy 5~

i—1

QN Y=V Iy =il | )

j=1
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Then we have

firr = Fillor = Wfsr = Filleo + | Frsn) = Y| o
<E; |lfi— fioalloo + Es || (R = (et o
<M lfi— fealla
<Miv*1s < imks.

For any positive integers k and s with k > s, we have

fie = fillon < fie— freealla -+ fon — filla
<Lmls+ MRS+ + M)
& M° — Mk
c 1-M

By conditions (P3) and (P4), M < 1, it follows that
||fk_fs||cl — 0 as k>s— o0,

As a Cauchy sequence {f; }.°, converges uniformly
in ./(N;,N,). Let

klirgofk =/
Clearly, f € «/(N;,N,). From
IE =2 (ller = lim [IF —# (fi)ll
= Hm 12, () ferr = A () filla
< lim M*s =0,

we know that f is a solution of (2). Furthermore,
If —glleo = lim |Ifi — folla
k— 00

< lim {[[fi — ficalla +
k— o0

< lim %{Mk*1
k—o0

A lfr—foller}
+MF2 44136 =0

= —1-6.

c—cM

This proves (6), where K = 1/(c —cM).

Concerning uniqueness, we assume that there is
another continuous solution ¢ € .&/(N;, N,) for (2),
such that ||¢ — g|| < &, where ¢ > 0 only depends
on &. It follows that

T 2 MO = s D e
i=2 i=2

<E -9,

i=2

If =l =|

By Lemma 2, we have

i
j—1
Yoo < DN = llco-

=1

(F
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By Lemma 3, we have
Y = ()]0 <INTf' = ]| o
i—1
+QUN( D (= NIN;T ) = 1o
j=1

Those imply that

IF=¢lla <2 O INTIf =l
i=2  j=1
1> -

=2
i—1
QU ( 3= NI~ gl
j=1
<MIf =9l

which means

A-M)[f=¢llasO
However, M < 1, which implies that ||[f —¢]|.. =0,
ie., f=¢. O

Example 1 We consider the equation

DIAOfi) =12 xel=[-1,1], (0
i=1
where A, (x) = 12+35 cos?(5*) and A,(x) = o5 (1+
sin®(51)), fori > 2. Itis easy to see that 0< A(x) <
land Y 7P A (x)=1,¢; =12, ¢; = o, forall i > 2.
For any x,y € [—1,1],
[F'(x)| = 10.5x]
[F'(x)—F'(y)|

thus F € .(0.5, 1), which means M; = 0.5, M, = 1.
Take N; = 1.1, N, = 1.5, we have

' >

<0
<[0.5x|+0.5y| <1

o0 -1
Nll _ ( )
‘- lzzlc 16 Zs 2i \10
__s5_M
36 11 N’

thus (P1) is satisfied.

=Sl 3 w)

15 <« 1 (11)”‘1 (11)"—1
==_Y10.—|[= =
16 & 8-2i[\10 10

15 121-10 55>2_M2

= + — = —,
16 16-79 727 3 N,
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thus (P2) is satisfied.

i

i—1
Z Ci(ZNlj_l +Q(i)N, Z(l _]')N1i+k—2)
j=1

i=2  j=1

zgﬁ(i(%y1+§Z(z—j)(%)i+j2)

j=

31 3[21(242 14641
T 144 E[E(W 15800)
0.605(0.6052—1.815+4) 5 561
- 0.395%-16 _Z'ﬁ}
<B_.
16
thus (P3) is satisfied.
.., 319 15
GIN = ——— < — =g,
P 2880 16

thus (P4) is satisfied.
By Theorem 1, The equation (10) has Hyers-
Ulam stability in .e/(1.1,1.5).
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