(L9ESEARCH ARTICLE
doi: 10.2306/scienceasial513-1874.2020.027

ScienceAsia 46 (2020): 227-234

Normal families of meromorphic functions which share
a set

Jinhua Cai, Fanning Meng, Jia Xie, Wenjun Yuan*

School of Mathematics and Information Sciences, Guangzhou University, Guangzhou 510006 China

*Corresponding author, e-mail: wjyuan1957@126.com
Received 8 Jul 2019
Accepted 9 Apr 2020

ABSTRACT: In this paper, by using the Nevanlinna’s value distribution theory and the method of Zalcman-Pang, it
investigates the normality of a family of meromorphic functions, denoted by &, defined in a domain D, which concerns
the conditions for each f € Z: (i) E(S,, f) = E(S,, (f%)%); (ii) both zeros and poles of f —a have multiplicities at least
k (> 2 or = 2) and k + 1, respectively, or k (= 4) and k — 1, respectively, where k and q are positive integers, a is any
finite complex number, S; = {a;,a,,a;} and S, = {by, b,, b3} are made up of finite complex numbers. The conclusion
still holds if condition (ii) is replaced by the assumption that zeros of f —a; have multiplicities at least k, where k = 1
andi=1,2,3.
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INTRODUCTION

In this paper, we use the standard notations and
definitions of values distribution theory such as
T(r,f), N(r,f), N(r, f) and S(r, f), see [1, 2].

Let D be a domain in C and let & be a family of
meromorphic functions defined in D. & is said to be
normal in D in the sense of Montel if each sequence
{fu} € & contains a subsequence that converges
spherically locally uniformly in D, to a meromorphic
function or oo, see [3, 4].

Let f and g be two meromorphic functions in a
domain D, and let a be any complex number in C. If
the zeros of f —a are the same as the zeros of g —a,
we say f and g share a IM, see [5,6].

Let & be a family of meromorphic functions in
a domain D, if there exists a neighborhood (denoted
by A(z,)) of point z, such that & is normal in A(z;),
Z is said to be normal at z, € D,see [7, 8].

Schwick [9] was the first one who gave a con-
nection between normality and shared values, and
proved the following result.

Theorem A ([9]) Let & be a family of meromorphic
functions in a domain D, let a,, a, and as be three
distinct finite complex numbers. If f and f’ share a;
IM foreach f € &, wherei=1,2,3, then & is normal
in D.

Fang [10] generalized Theorem A as follows, and
proposed the concept of shared set.

Let f and g be two meromorphic functions in
a domain D, and let S = {a;, a,,as}, Whe{e S con-
sists of finite complex numbers. Denote E(S, f) =
Uy,es{z € D: f(2) —a; =0}, where i =1,2,3. If
E(S,f)=E(S,g), we say that f and g share S.

Theorem B ([10]) Let & be a family of holomorphic
functions in a domain D, let a,, a, and as be three
distinct finite complex numbers. If E(S, f) = E(S, f')
for any f € &, where S = {a;,a,,a3}, then F is
normal in D.

Since then, many results of normality criteria con-
cerning sharing values have been obtained, for ex-
ample in [11,12]. It is natural to ask whether the
result is valid or not if a;, a, and a5 (Theorem A) are
replaced by a set S := {a;, a,,as}. In this direction,
Liu and Pang [13] proved the following result.

Theorem C ([13]) Let & be a family of meromor-
phic functions in a domain D, let a;, a, and a; be
three distinct finite complex numbers. If E(S,f) =
E(S,f') for any f € &, where S = {a,a,,a,}, then
& is normal in D.

Zhang et al [14] showed the following result.

Theorem D ([14]) Let & be a family of meromor-
phic functions in a domain D, let a,, a, and a5 be
three distinct finite complex numbers, let k > 2 be a
positive integer, let a be any finite complex number,
and let S = {a,,a,,as}. If for each f € &,
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() E(S,f)=E(S,f®);

(ii) both zeros and poles of f —a are of multiplicities
at least k,

then & is normal in D.

We generalize Theorem D as follows.

Theorem 1 Let & be a family of meromorphic func-
tions in a domain D, let S; = {a;,a,,a3}, Sy =
{by, by, b3}, where S; and S, are made up of finite
complex numbers, let k > 2 and q be two positive
integers, and let a be any finite complex number.
Suppose that for each f € &,

() E(Sy,f)=E(Sy, (F9)9);

(ii) both zeros and poles of f —a have multiplicities

at least k,
then & is normal in D.

In Theorem 1, if condition (ii) is replaced by f —
a; (i =1,2,3) has zeros with multiplicities at least
k = 1 or f —a has zeros and poles with multiplicities
at least k = 2 and k + 1, respectively, or f —a has
zeros and poles with multiplicities at least k = 4 and
k—1, respectively, the conclusion still holds. We get
the following results.

Theorem 2 Let & be a family of meromorphic func-

tions in a domain D, let S; = {a;,a,,a3}, Sy =

{bq, by, b3}, where S; and S, consist of finite complex

numbers, and let k and q be two positive integers. If

fordl f € Z,

() E(Sy, ) =E(S,, (f*)0);

(i) f—a;, i=1,2,3, has zeros with multiplicities at
least k,

then & is normal in D.

Remark 1 Theorem C is a corollary of Theorem 2.

Theorem 3 Let F be a family of meromorphic func-
tions in a domain D, let S; = {a;,a,,a3}, Sy =
{by, by, b3}, where S; and S, consist of finite complex
numbers, let k = 2 and q be two positive integers, and
let a be any finite complex number. If for each f € &,
6)) E(Sle) = E(Sz’(f(k))q);

(i) f —a has zeros and poles with multiplicities at

least k and k + 1, respectively,
then & is normal in D.

Theorem 4 Let & be a family of meromorphic func-
tions in a domain D, let S; = {a;,a,,a3}, Sy =
{bq, by, b3}, where S; and S, consist of finite complex
numbers, let k 2 4 and q be two positive integers, and
let a be any finite complex number. Suppose that for
each f€Z,

() E(Sy,f) = E(S,, (F9)0);
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(i) f —a has zeros and poles with multiplicities at
least k and k — 1, respectively,
then & is normal in D.

The following example due to Zhang et al [14]
illustrates that the condition that the zeros of f —
a have multiplicities at least k > 2 is necessary in
Theorem 1.

Example 1 We denote the unitdisk {z € C: |z| < 1}
by A, let & = {f,} be a family of meromorphic
functions in A, where f, = n(e"* —e"?*), n =
1,2,...,wy #w,, W’{ =W§ =1, and k = 2 be a pos-
itive integer. After a simple calculation, we obtain

f = f® for each £, getting |£'(0)I/(1+f (0)*) =
n(w,; —w,) — oo for large n. According to Marty’s
normality criteria, we know & is not normal in A.

LEMMAS

In order to prove our results, we need the following
lemmas.

Lemma 1 ([15]) Let & be a family of meromorphic
functions in the unit disk A with the property that
for each f € &, both zeros and poles of f —a are of
multiplicities at least k and p respectively. Suppose
that there exists a positive number A > 1 such that
|f ()| < A whenever f(z)=0. If Z is not normal
in A, then for any real number a, p < a < k, there
exists

(1) asequence of complexnumbers z,—2, |2,/ <r<1,
(i) a sequence of functions f, € Z,

(iii) a sequence of positive numbers p, — O,

(iv) areal numberr,0<r<1,

such that g,(&) = p,* fu(2, + p,&) converges spheri-
cally locally uniformly to a non-constant meromorphic

function g(&) in C such that g#(&) = 1J|rg|;((?)||z <

g%(0) = kA+ 1, where g(&) has zeros and poles with
multiplicities at least k and p, respectively. Moreover,
g(&) is of order at most two.

Remark 2 If & is not normal at z, € A, the above
conclusion still holds when there exists points z,
such that z, — 2, for large n.

Lemma 2 Suppose that f is a meromorphic function
of finite order, a;,a, and a5 are three distinct finite
complex numbers. If the number of zeros of f is
finite in C and (%) € S implies f(z) = 0, where
S ={ay,ay,as}, then f is a rational function.


http://www.scienceasia.org/
www.scienceasia.org

ScienceAsia 46 (2020)

Proof: By the second Nevanlinna fundamental the-
orem, we have

w

T(r, () < Zﬁ(r, m) +5(r, (F9))

i=1

<N, J%)+S(r, (£ ).

Obviously,

T(r, (f)) <qT @, f®)

qtk+1)T(r, f)+qS(r, f). (D)

NN

According to (1) and the assumption that f is a
meromorphic function of finite order, we see that
(f®)4 is also a meromorphic function with finite
order, and get

S(r, (f 1) = O(log ). 2)

By the condition that the number of zeros of f(z) is
finite in C, we have

ﬁ(r,%) = O(logr). 3
It follows from (2) and (3) that
T(r,(f*)9) < 0(logr),
which implies that f is a rational function. O

Lemma 3 ([3]) Let f be a non-constant meromor-
phic function on the open complex plane, k be a
positive integer, then we get

NG, J%) <T(r, f®)—T(r, )+ N(r, %)+S(r,f),
N(r, j%) < N(r, %)+kﬁ(r,f)+8(r,f).

PROOF OF Theorem 1

Proof: Suppose that & is not normal in a domain D,
without loss of generality, we assume that & is not
normal at z, € D. Then we consider two cases.
Case 1. a € S;. Suppose that a = a;, by
Lemma 1, there exists 2, — 2y, f, € Z and p,, = 0

satisfying
gn(C) = fn(zn + png)_al - g(C)

uniformly on compact subsets of C, where g({) is
a non-constant meromorphic function. Moreover,
both zeros and poles of g(¢) have multiplicities at
least k > 2.
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Subcase 1.1 There exists {, € C such that
g(lo) =0.

Let G,(0) = p;*(fulz, + pul) — ). In the
view of the condition, we know that zeros of G,({)
have multiplicities at least k. Obviously, there is a
neighbourhood | —{,| < 6({,) such that G,({) is a
holomorphic function. Now we claim that {G,({)}
is not normal at {,. Indeed, if {G,({)} is normal at
¢y, we have G,(¢,) = G(&) uniformly in | — | <
6(Zy) as n — oo, where G({) is a holomorphic
function. We have g({) # 0 by the condition that
g(¢) is non-constant. By Hurwitz’s theorem, we
choose a sequence of points ¢, — {, such that
gn(Cn) = fn(zn +pnCn)_a1 =0and Gn(gn) =0 for
sufficiently large n. Clearly, there exists a deleted
neighborhood (denoted by A’(,,6({)) =1{¢:0<
1€ — ol < 8(£o)}) of point 4 such that g(¢) # 0
for all { € A/, that is to say, f,(z, + p,{) # a; in
A’, without loss of generality, suppose that f,(z, +
pn.0) = a, in A’, then we know that G, ({) = oo in
A’ as n — oo, which is conflicting.

G,(§) = 0 is equal to f,(z, + p,0) = a5
Based on the condition, we have ( fn(k)(zn +
PN = (ng)(g))q € S, and choose b; € S, such
that (GW({))? = b;, from which we know that

IGR() < Z?Zl {/1b;] + k whenever G,({) = 0,
where i = 1,2,3. Suppose that A = Z?zl {/1b;] + k.

Combining with Lemma 1, there exists ¢, — ¢,
1, — 0 and a subsequence of functions {G,} such
that

Fo(8) = 1,568y +1a8) = F(E)

uniformly on any compact subset of C. F(§) is
a non-constant meromorphic function such that
F7(&) = [F'(O)I/(1+IF(E)) < F#(0) = kA + 1.
Moreover, F(&) has zeros with multiplicities at least
k and F(&) is of order at most 2. We claim that

(a) The number of distinct zeros of F(&) is finite
in C;

() F(§)=0 < (FP(&)) €S,.

Let {, be a zero of g(¢) with multiplicity m,
we prove that F(&) has at most m different ze-
ros. Otherwise, if F(&) has m + 1 distinct points
€1,€2,+++,&m41 in C such that F(&;) =0 for 1 <
j <m+1. From Hurwitz’s theorem and the fact
that F(&) # 0, there exists a sequence of points
§nj — &; satisfying Fn(é’nj) = 0, then we know that
fn(zn+pn(gn+nn€nj))_al =0 when §n+nn€nj - C’O
for large n, where j =1,2,...,m+ 1. We deduce
that {, is a zero of g(¢) with multiplicity m + 1
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by Hurwitz’s theorem, which contradicts the above
hypothesis. Thus the proof of claim (a) is complete.

If F(§,) = 0, by Hurwitz’s theorem and the
condition F(&) # 0, we can find points &,, — £, such
that F (5 ) - O S0 is fn(z +pn(€n + nng )) =da;.
By the assumption that E(S;, f) = E(S,, (f ®)7), we
know that (F{V(&,))? = (£, (z,+0, (£ +1,E:)))0 €
S, and lim,,_, o (F(E,))7 = (FR(Eg))T €S,

Thus we have proved F(£) = 0 — (F(£))1 e
S,. On the other hand, if (F®)(&,))? € S,, for a given
point &, € C, there exists (F(&,))? = b;, where
i =1,2,3. First of all, we prove (F®(&£))1 # b;.
On the contrary, we suppose that (F(£))? = b,
from which we obtain that F(&) is a polynomial
with degree at most k, according to the fact that
each zero of F(&) is of multiplicity at least k, we
claim that F(&) is a polynomial of degree k such that

F(&) = (k)1 /bi(E—&p)*. If /b; # 0, we have

%/ k—1
F4(0) = IHO = 1),Iiol
C1H|FO2 L (Vb2
O | VB o

/1511 %/|b|

(k_l)u|§0|k '< > 1€ol <1
F*(0) <

WIE Ik 1

e &0l =1

PRI

All in all, F#(0) < Y0 4 & 1 4/]b] = 0, the
above inequality also holds, which contradicts the
fact that F#(0) = kA+ 1. By Hurwitz’s theorem
and the condition that (F®)(&))7 # b;, we choose a
sequence of points &, satisfying &, — &, such that

(RN = (@ + pa(Zn+ M€ = by

Combining with the assumption

E(S1,f) = E(Sp, (f ),

we obtain f,(z, + 0,,({, + 1.EL)) € S;. Next we
prove that there exists a subsequence of f, such that
fazn+0n(C +m,E,)) = aq if n is sufficiently large.
Otherwise, without loss of generality, suppose that
fazn + pn(Zn +m,E,)) = ay, for large n, we obtain
F(&O) = 1imn—>oo p;kn;k(fn(zn + pn(gn + nngn)) -
a;)=1lim,_, p;kn;k(az —a;) = oo. This is incon-
sistent with the fact that (F®)(&,))? = b;. Hence, we
get F(&o) =lim, 00 0“0 * (o2 +0n({nH0Er))—
a;) = 0. This illustrates that F(§) = 0 whenever
F®(£))1 € S,, thus claim (b) is proved.

By claims (a) and (b), and Lemma 2, we claim
that F(&) is a rational function. Next we prove that
F(&) is a polynomial.
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Suppose that F(&) is a non-constant rational
function, but F(&) is not a polynomial. Set F =
g, both H and Q are relatively prime polynomi-
als. Zeros of H are aq,...,a, with multiplicities
my,...,m, respectively. Zeros of Q are f3,...,[;
with multiplicities n,,...,n,, respectively. We get
m; = k by the hypothesis that zeros of F have
multiplicities at least k, where i = 1,2,...,s. Let
M =degH =Y_ m; and N = degQ = Z;zl n;.
Write (F(0)1 = %. After a simple calculation, we
get deg((Q,)1)=q(N + kt), thus

2q(N +kt)logr < 2T(r, (F®)9).

According to the second Nevanlinna fundamental
theorem, we obtain

3
27(r, FP)) <> N(r, m) +N(r,F)+0(1)
i=1
<N(r,#)+N(r,F)+0(1)
< (t+s)logr+0(1).

We find that 2q(N+kt)logr < (t+s)logr+0(1) and
s 2 2gN + 1. By the condition that zeros of F have
multiplicities at least k, we have M = ks = 2qNk +
k > 2N. After a simple calculation, we obtain

deg((H)?) —deg((Qr)) =q(M —N —k)>0. (4)

From (4), we have deg((H;)?) = q((M—N—k)+N +
kt)=q(M +k(t—1)) > M and get

2Mlogr < (t +s)logr+0(1)
< (M +N)logr+0(1). (5)

It follows from (5) that M < N, which is impossible.

Suppose that F(§) = C,&P + C,1&P7 1 + -+ +
CeEF+C 1 EF 1+ +Cy, where C;, i =0,1,...,p,
is a complex number, and C, # 0. Combining with
the condition that zeros of F have multiplicities at
least k, we obtain p = k.

By the second Nevanlinna fundamental theo-
rem, we have

3
27 (r, (F®)) < > "N(r, oty ) + N(1, F) +0(1)
i=1

<N(r,£)+0(1)
=T(r,F)+0(1),

from which we obtaln 2q(p—k)logr < plogr+0(1)
andk<p<(1+ )k<2k

Subcase 1.1. 1 p = k. Then F is a polynomial
of degree k, so that (F®(&£))? = d, where d is a
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constant. If d € S,, we get F(§) = 0 by claim (b),
which is invalid. If d ¢ S,, we know that F(&) is
a non-zero constant from the fact that F(&) is a
polynomial, which contradicts the condition that F
is a non-constant meromorphic function.

Subcase 1.1.2 p = 2k. If p = 2k, we know that
F is a polynomial with degree 2k. We claim that F
has only two distinct zeros or only one zero by the
condition that zeros of F have multiplicity at least k.

Subcase 1.1.2.1 F(&) has only one zero. From
the second Nevanlinna fundamental theorem and
claim (b),

3
27(r, (F®)) < > N (1 ooy )
i=1

+N(r,F)+0(1)
<N(r, gy +0(1)
=T(r, F®))+0(1),

which is conflicting.

Subcase 1.1.2.2 F(&) has only two distinct ze-
ros. Write F(£) = m(§—&,)*(E—&)F, where m #0,
&y and & are distinct finite complex numbers. For
anyi=1,2,3, (F®(£))?— b, has at least one zero,
then we know that F(&) has at least three distinct
zeros by the fact that (F®(£))1 € S, — F(§) =0,
which is impossible.

Subcase 1.2 g({) # 0. Suppose that there
exists {, satisfying g({,) = a; —a;. Note that
g(%) # a, — a;, by Hurwitz’s theorem, we find
a sequence (, such that g,({,) = a, —a; when
¢, — o, an equivalent statement is that f,(z, +
Pnln) = @y Since E(Sy,f) C E(Sy, (f*)7), we
obtain (f®(z, + p,{,))* € S, and find a subse-
quence of {f,} such that (fn(k)(zn + 0,001 =5,
and therefore (g09(Zo))T = lim,_ oo (g¥(L,))7 =
lim, o0 (£ 8 + L)) = lim, o pXs% = O,
where s € S,. This illustrates that E(a, —a;,g) C
E(0,(g¥)9). 1In a similar fashion, we can prove
E(as—ay,g) € E(0,(g®)9). By the second Nevan-
linna fundamental theorem and the hypothesis that
poles of g are of multiplicities at least k and
Lemma 3,

2T(r,g) <N(r,g)+N(r, 3)
3
+ZN(r, %)+S(r,g)
i=2

<N(rg)+N(, i) +S(r, 8)
=N(r, )+ N(r, 75) + (1, 8),

231

which gives
2T(r,8) < tN(r, @) +N(r, 1) +kN(r, ) +S(1, )
< (G +DT(r8)+5(r,9),

which contradicts the fact that k > 2.

Case 2. a ¢ S;. By Lemma 1, there exists
Z, = 2o, Pn — 0 and a subsequence of f,, € & such
that

gn(g) :fn(zn +png)_a - g(C)

uniformly on any compact subset of C, where g({)
is a non-constant meromorphic function such that
both zeros and poles of g({) have multiplicities at
least k. Similar to Subcase 1.2, we have E(a; —
a,g) € E(0,(g®)9), i =1,2,3. By the second
Nevanlinna fundamental theorem and the fact that
both zeros and poles of g are of multiplicities at least
k and Lemma 3, we get

3T(r,g8)
3
<SN(g)+N(r, 1)+ Y IN(r, =2=) +5(rg)
i=1

=N(1,g)+N(r, ) +N(1, oy ) +5(1,.8)
N(r,g)+N(r, é) +N(r, #) +5(r,g)

< EN(L @)+EN(r, )+N(r, $)+N(r, 8) +5(r, )
<F+2T(ng)+5(1,8),

which contradicts the fact that k > 2. Theorem 1 is
completely proved. m]

PROOF OF Theorem 2

Proof: Assume that & is not normal in a domain D,
without loss of generality, we suppose that & is not
normal at z, € D. By Lemma 1, we choose z, — 2,
fn € Z and p, — 0 such that

gn(8) = fulzn + pr8) — g(0)

uniformly on compact subsets of C. We know
that at least one of g({)— a; must have zeros by
the condition that g({) is non-constant and Picard
theorem, where i = 1,2,3. Let {, be a zero of
g(%) — a; with multiplicity k.

Write G,({) = p;k(fn(zn-i-png)—al). According
to the assumption, we claim that zeros of G,({) have
multiplicities at least k. In the same manner as
in the proof of Subcase 1.1 in Theorem 1, we can
prove that {G,({)} is not normal at {,. Combining
with the assumption that E(S;, f) = E(S,, (f ©))9),
we know that |G,(1k)(§’ )| < Z?zl {/1b;] + k whenever

G,(Z) =0. Suppose that A= Z?zl {1b;] + k.

www.scienceasia.org


http://www.scienceasia.org/
www.scienceasia.org

232

By Lemma 1, there exists {, — {,, 7, = 0 and a
sequence of {G,, } such that F,(§) = nnkG (Z,+m,8)
which converges spherically locally uniformly to a
non-constant meromorphic function F (&) satisfying
F*(&) = [F'()I/(A+|F(&)*) < F#(0) = kA+1 on
C; moreover, zeros of F(&) are of multiplicities at
least k, and F(&) is of order at most 2.

Also as in the proof of Subcase 1.1 in Theorem 1,
we claim that

(c) The number of distinct zeros of F(&) is finite
in C;

(@ F(&)=0 < (FP(E&)) €S,.

According to claims (c) and (d), and Lemma 2,
we know that F(&) is a rational function. In the simi-
lar fashion to the proof of Subcase 1.1 in Theorem 1,
we claim that F(&) is a polynomial.

Set F(&) = C,&P + C, (&P 1 + -+ + &R +
Ce1EF 1 + -+ + €y, where C;(i =0,1,...,p) is a
complex number, and C, # 0. We get p > k by the
fact that zeros of F(§) have multiplicities = k.

Next we can prove Theorem 2 by using the same
argument as in Subcase 1.1 of Theorem 1. O

PROOF OF Theorem 3

Proof: Suppose that & is not normal in a domain D,
without loss of generality, we assume that & is not
normal at z, € D. Then we consider two cases.

Case 1. a € S;. Suppose that a = a;, by
Lemma 1, there exists
(i) a sequence of complex numbers z, — 2, |2,| <

r<il;

(ii) a sequence of functions f, € &;

(iii) a sequence of positive numbers p, — O,

such that g,(¢) = f,,(z, + p,¢{) — a; converges uni-
formly with respect to the spherical metric to a non-
constant meromorphic function g(¢) in C. More-
over, g({) is of order at most 2, all of whose zeros
and poles have multiplicities at least k = 2 and k+1,
respectively.

Subcase 1.1 There exists {, € C such that
g(Zo) = 0. Set G,() = p,*(fulz, + pn{) —ay). By
the condition, we know that zeros of G,({) have
multiplicities at least k = 2. Obviously, there is a
neighbourhood |{ —{,| < 6({,) such that G, () is a
holomorphic function.

Also as in the proof of Subcase 1.1 in Theorem 1,
we claim that {G,({)} is not normal at {, and

GO <32, /Tbi[+k whenever G,({) =0, i =

3

1,2,3. Suppose that A=Y, {/[b;| +k.
Combining with Lemma 1, there exists {, —

Co>» My — 0 and a subsequence of functions {G,}
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such that F,(§) = n;k G,(Z,+n,&) converges locally
uniformly to a non-constant meromorphic func-
tion F(&) such that F*(&) = [F'(E)I/(1+|F(&)P) <
F#(0) = kA+1 on any compact subset of C, where
F(&) has zeros with multiplicities at least k and F (&)
is of order at most 2. We claim that

(e) The number of distinct zeros of F(&) is finite
in C;

) F(§)=0 < (FRE&)) €s,.

By claims (e) and (f) and, Lemma 2, we claim that
F(&) is a rational function. In a similar fashion to
the proof of Subcase 1.1 in Theorem 1, we claim
that F(&) is a polynomial.

Next, the proof of Subcase 1.1 in Theorem 3 is
completely similar with the proof of Subcase 1.1 in
Theorem 1.

Subcase 1.2 g({) # 0. If there exists {, such
that g(¢,) = a, —a;. By the fact that g({) # a, —
a, and Hurwitz’s theorem, we find a sequence {,
such that g,(,) = a, —a; when {,, — {,, which
means that f, (2, +p,¢,) = a,. We obtain (f ®(z, +
.8 )2 €8S, and find a subsequence of {f,} such
that (fn(k)(zn + pnC.))? = s by the condition that
E(Sy, f) CE(S,, (f%)1), and therefore (g®(Z,))! =
lim,,_, 00 (§89(¢))? = lim,,_, 0 pr £ (20 + 00 C )T =
lim,,_, oo pkqsq =0, where s € S,. This illustrates that
E(ay, —ay,g) € E(0,(g%)9). In a similar fashion,
we can prove E(a; —a,g) € E(0,(g®)?). By the
second Nevanlinna fundamental theorem and the
hypothesis that poles of g are of multiplicities at
least k + 1, and Lemma 3, it is known that

2T(r,g) < N(r, g2) +N(r, é)

3
+ZN(’3 @)‘Fs(hg)
i=2

<N(r,g)+ﬁ(r,@+))q)+5(r,g)
=N(r,g)+N(r, ;) +5(1,8)
< 1N(r g)+N(r l)+kN(r g)+S(r, g)

k+
= (r,g)+5(ng),

which is conflicting.

Case 2. a € S;. By Lemma 1, there exists
2, = 23, Pp — 0 and a subsequence of f, € &
such that g,(¢) = f,(2, + p,,{) —a converges locally
uniformly to a non-constant meromorphic function
g(¢) on any compact subset of C, where both zeros
and poles of g(¢) have multiplicities at least k and
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k+ 1, respectively. It is similar to Subcase 1.2, we
have E(a; —a, g) € E(0,(g™)), i=1,2,3.

By the second Nevanlinna fundamental theorem
and the fact that both zeros and poles of g are of
multiplicities at least k and k + 1, respectively, and
Lemma 3, we get

3T(r,g) < N(r, g) +N(r, é)

3
+> N =) +5(n8)
i=1

=N(r,g)+ﬁ(r,§)+1v(r,@(+,)q)+5(r,g)

=N(r,g)+N(r, l)+N(7‘,%)+S(r,g)
k+1N(rg)+ N(r,1)+N( )
+k+1N(r g)+S(r, g)

< (G +2T(r8)+5(r,9),

which contradicts the fact that k = 2. Theorem 3 is
proved completely. a

PROOF OF Theorem 4

Proof: If & is not normal in a domain D, without
loss of generality, we suppose that & is not normal
at z, € D. Next, we consider two cases.

Case 1. a € S;. Assume that a = a;, by
Lemma 1, there exists z, — 2, f, € Z and p,, = 0
satisfying

gn(g) = fn(zn + png)_al - g(C)

uniformly on compact subsets of C, where g({)
has zeros and poles with multiplicities at least k =
4 and k — 1, respectively, g({) is a non-constant
meromorphic function of order at most 2.

Subcase 1.1 There exists {, € C such that
g(fo) = 0. Write G,() = p,*(fu(z, + Pnl) — a1)-
We know that G, ({) has zeros with multiplicities at
least k = 4 by the condition. It is clear to find a
neighbourhood |{—{,| < 6({,) such that G, () is a
holomorphic function.

In a similar fashion to the proof of Subcase 1.1
in Theorem 1, we claim that {G,({)} is not normal at
Zoand |GW(Q)] < Z?:1 /1b;]+k whenever G,(¢) =
0,i=1,2,3. Suppose that A= Z?:l 1b;] + k.

By Lemma 1, there exists {,, = {y, ,, = 0 and
a subsequence of functions {G, } such that

Fo(8) = 1,5Go(Ln +108) = F(E)

uniformly on any compact subset of C. F(&), whose
zeros have multiplicities at least k = 4, is a non-
constant meromorphic function such that F*(&) =
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IF'(&)I/(1+|F(&)*) < F#(0) = kA+1, and F(&) is
of order at most 2. We claim that

(g) The number of distinct zeros of F(£) is finite
in C;

(h) F(&)=0 < (FO() €S,.

We claim that F(£) is a rational function according
to claims (g) and (h), and Lemma 2. In a similar
fashion to the proof of Subcase 1.1 in Theorem 1,
we claim that F(&) is a polynomial.

Next, also as in the proof of Subcase 1.1 in
Theorem 1, we can prove Subcase 1.1 in Theorem 4.

Subcase 1.2 g({) # 0. Without loss of gen-
erality, we assume that there exists {, satisfying
g(Zy) = ay —a;. Combining with Hurwitz’s theo-
rem and the fact that g(¢) is non-constant, there
exists a sequence {, such that g,({,) = a; —a;
and fn(zn + pngn) = a for gn - gO' We get
( fn(k)(zn +0,4.))t €S, and choose a subsequence
of {f,} such that (f®(z, + p,{,))* = s by the
condition, so (gM(£))? = lim,_,eo(g(£,))? =
limneoo(pﬁfn(k)(zn + 0,8p))E = lim, qusq =0,
where s € S,. This illustrates that E(a, —a;,g) €
E(0,(g®)?). 1In a similar fashion, we can prove
E(as—ay,g) € E(0,(g%)9). By the second Nevan-
linna fundamental theorem and the hypothesis that
poles of g are of multiplicities at least k —1 and
Lemma 3, it is known that

2T(r,g) <N(r,g)+N(r, é)

3
+ZQ:N(R )+ g)
pn

<N(r, @) +N(r, Gay) + (1, 8)

=ﬁ(r g)+N(r, ﬁ)+8(r,g)

< & N(rg)+N(r, 1)+ 25 N(r, g)+S(r, 8)
(Z+DT(r,8)+5(r,8),

which contradicts the fact that k > 4

Case 2. a ¢ S;. According to Lemma 1, there
exists z, — 2,, o, — 0 and a subsequence of f, € &
such that

gn(g) zfn(zn +pn€)_a - g(g)

uniformly on any compact subset of C, where g({)
is a non-constant meromorphic function such that
both zeros and poles of g(¢) have multiplicities at
least k = 4 and k—1, respectively. By using the same
argument as in Subcase 1.2, we have E(q; —a,g) €
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E(0,(g¥)9), i =1,2,3. By the second Nevanlinna
fundamental theorem and the fact that both zeros
and poles of g are of multiplicities at least k and
k —1, respectively, and Lemma 3, we get

3T(r,g) < N(r, g) +N(r, é)

3
+ > N, =) +5(1,8)
i=1

=N(r,g)+N(r, %) +N(r, @(+))q) +5(r, g)
=N(r,g)+N(r, ) +N(r, ;) +5(1, &)
< ﬁN(r,g)+ %N(r, §)+N(r, é)

+ %N(r,g)+$(r,g)
<(FE+DT(rg)+5(r8)
<3T(r,g)+5(r, 8)

which contradicts the fact that k = 4. Theorem 4 is
proved completely. O

OPEN QUESTION

In Theorem 1, if S; and S, consist of holomorphic

functions, and we replace a with a(z) being any

holomorphic function, it is natural to ask:

Open question: Let & be a family of

meromorphic functions in a domain D, let

S1={a1(2),a5(2), a3(2)}, S, = {b1(2), bo(2), b3(2)},

where S; and S, consist of holomorphic functions,

let k > 2 and g be two positive integers, and let

a(z) be any holomorphic function. Suppose that for

eachfeZ,

() E(Sy, f) =E(Sy, (f )0

(ii) both zeros and poles of f —a(z) have multiplic-
ities at least k,

then & is normal in D.
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