(L9ESEARCH ARTICLE
doi: 10.2306/scienceasial513-1874.2020.012

ScienceAsia 46 (2020): 102-108

New Hermite-Hadamard-Fejér type inequalities for
(11, m2)-convex functions via fractional calculus

Sikander Mehmood*, Fiza Zafar, Nusrat Yasmin

Centre for Advanced Studies in Pure and Applied Mathematics, Bahauddin Zakariya University, Multan

60800 Pakistan

*Corresponding author, e-mail: sikander.mehmood@yahoo.com

Received 4 Sep 2019
Accepted 7 Jan 2020

ABSTRACT: In this paper, we present some new Hermite-Hadamard-Fejér type inequality for fractional integrals for
(11,m,)-convex functions. Our results give some new error bounds for the weighted trapezoidal and weighted mid-
point rules in fractional domain. The results presented here are noteworthy extensions of earlier works.

KEYWORDS: Hermite-Hadamard-inequality, Hermite-Hadamard-Fejér inequality, Riemann-Liouville fractional inte-

gral, convex function

MSC2010: 26A51 26D07 26D15 26D20

INTRODUCTION

Recently, fractional calculus has proved to be a
powerful tool for study of interesting facts in dif-
ferent fields of sciences. It plays an important role
in many physical phenomenon including nonlinear
oscillations of earthquakes, and flow of seepage in
the porous medium. It is also used in modeling in
fluid dynamics.

Let g : I C R — R be a convex function and
X1,X5 € I with x; < x4, then

g(xl +Xz) Jg(x)dx< g(x1)+g(x2). )
2 1)y

2
The inequality is known as Hermite-Hadamard in-
equality for convex functions. Fejér [1] gave a
weighted generalization of (1) as follows:

g (%) J;l:v(x)dx < Jw(x)g(x) dx

X1

» w fuj(x)dx, @

N

Xy —X

where w : [x;;x,] — R is nonnegative, integrable,
and symmetric about x = (x; + x5) /2. The concept
of invex sets was given by Antczak [2].

Definition 1 A set H C R" is invex with respect to
the map 7 : H x H — R" if for every x;, x, € H and
t€[0,1], xy+tn(x;,x,) €H.

The invex set is also called an 7-connected set.
Every convex set is an invex set but its converse is
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not necessarily true. Weir and Mond [3], defined
preinvex functions as a generalization of convex
functions.

Definition 2 Let H C R" be an invex set, a function
g : H — R is said to be preinvex with respect to 7 if
for all x;,x, €H,

g(xy +tn(xy,x5)) < tg(xy) +(1—1)g(xy).

If n(x;,x,) = x; — x5, then the preinvex function
becomes a convex functions in the classical sense.
Because of the wide application of fractional calcu-
lus and Hermite-Hadamard inequalities, researchers
have extended their work of Hermite-Hadamard in-
equalities in fractional domain. Hermite-Hadamard
inequalities involving fractional integrals for dif-
ferent classes of functions have been established.
Sarikaya et al [4] presented Hermite-Hadamard’s
inequalities for fractional integrals as follows.

Theorem 1 Let g : [x,,x,] = R with 0 < x; and
g € L[xq,x,), i.e., an integrable function defined on
[x1,x5]. If g is a positive and convex function, then
the following inequalities for fractional integrals hold:

g (Xl ;‘Xz) < 2(1;(2“_"')(11))(1 [J}‘C";g(xl) +J;:1+g(x2)j|

< g(x1)+g(xy)
2 5

where J¢, and J% denote the left-sided and right-sided
X Xy

Riemann-Liouville fractional integrals of order a € R*
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defined as
e 8(x) = (a )f(x—t)“ 'g(0)dt, x; <x<x,
J)‘j‘z,g(x) =T J(t— ¥ tg(t)dt, x; <x <X,

In the case a = 1, the fractional integral re-
duces to the classical integral. Akkurt [5] proposed
Hermite-Hadamard-Fejér type inequalities for con-
vex functions via fractional integrals. A function
g : H — R is said to be convex with respect to 7
for every x;,x, € H and t €[0, 1], where H C R" is
a convex set with respect to 7, if

g(txy +(1—1)xy) < g(x) + tn(g(x1), g(x2)).

Gordji et al [6] presented n-convex function as
an extension of convex function. Delavar et al [7]
generalized the definition of n-convex to (1, 7,)-
convex function defined as follows. Let H C R be an
invex set with respect to 1; : H x H — R. Consider
g:H —Randn,: g(H)x g(H) — R. The function
g is said to be (1, 1, )-convex if for every x;,x, € H
and t €[0,1],

gy +t11(xp,x71)) < g(x) + t1y(g(x2), g(x1)).

An (14, n5)-convex function reduces to:

(i) an n-convex function if we consider 1, (x, x5) =
X, — X, for every x,,x, € H;

(ii) a preinvex function if we consider 1,(x;, x,) =
X, — X, for every xq,x, € g(H);

(iii) a convex function for choices of (i) and (ii).
The estimates of Hermite-Hadamard-Fejér type

inequalities for (1;,n,)-convex functions for frac-

tional domains are not addressed up to the present.

In this paper, we develop some new estimates for the

left and right hand side of Hermite-Hadamard-Fejér

inequalities for fractional integral of (1);, ,)-convex

functions.

MAIN RESULTS

Throughout this section, let [|hloo = Sup;efy, x,111ls
where h : [x;,x,] — R is a continuous function.

Lemma 1 Let H C R be an open invex set and 7 :
HxH — R. Suppose there is a differentiable mapping
g : H > Rsuch that g’ € L[xq, x,+m7 (x5, x;)] where
X1,Xo € Hwith xq < x1+11(xg,x1). If h: [xy,x, +
11(x5,x1)] — [0, 00) is an integrable mapping, then
for all xq,x, € H with n1(x,,x;) # O the following

_ gl +

103

equality holds:

glxy + %771(X2>x1))r(a)

(11 (x2, x1))*!

LI h(x, +n1(x2,x1))}

(131 (x2,x1))*

I'(a) [ «

(13 (g, x))H L Gtz G

(gh)(x1 + 11 (x, xl))]

|: (X1+%'fh(x2,xl))7h(x1)
(gh)(xy)

+J

(1 +%"71(X2,X1 N+

1
ZJ w(t)g'(xy + tny (x5, x1))dt,  (3)
0

where

w(t)= { Jo w7 G+ ums (x, x))du, € €10, 3),
(A=W h(x; +uny (x5, x1)) du, € € [3,1].

Proof:

1
f w(t)g'(xy +umy(xy, x;))de
0

= J ’ [J u* h(x; +uni(xy, x1)) du}
o LJo

x g'(xy + tn1(xq,x1)) dt

1 ¢
+ f [f(l — u)"‘*lh(x1 +un;(xy,x1)) du:|
L 1

x g’ (g +tny(xg, 7)) dt
= Il +12

From the first integral,

1 t
I =J Uu“lh(x1+tn1(x2,x1))du:| g (xy+tn; (3, x1)) dt

—X)U “h(oey +umy(xa, x1)) du] g(x1+”71(x2’x1))

771(342, 0

1 2
- Jta Yhoey + t1, (32, x1))g () + t0, (x5, x1)) dt
11 (x2,X7) o

1
Enl(x2>

nl(xz,xl)

1
3
*) Jtalh@ﬁ +t1;(x2, x;))dt

—f %7 g oy +tm, (3o, x1))h(x,+t1, (x5, x,)) dt.
11 (%2, 1)
“@
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Substituting x = x; + t1;(x,, x;) in (4)

1
x1+3m1(x,%1)

1
_ 8batamax)) T et dx

e (11 (x2, x7))*1 X

1 x1+3m1(x2,71)
— L | emx) g (o0h(x) dx
(11 (g, x1)) L !

g(x; + %"h(xz,xl))r(a) u
(Tll(xz,xl))‘”l (x1+%7)1(x2,x1)

I'(a) «
T Gy ) Gt G- () (B)

From the second integral

1 t
I, = f [ f (1—u)a-1h(x1+un1(xz,x1))du]
1 1

X g/(x1 +tm1(xy, x1))dt

J(l u)*” 1h(x1 +um(xz,x1))du}
1
x g(x; +tn;(xz,x7)) )

2

f (1—16)*" gy + 1 (xq,x1))

)7h(x1)

ﬂl(xz,xl)[

7)1(3(2,3(1)
x h(xy +tn1(xp, x1))dt
_g(xl + %m(xZ,xl))

M1(x2,x7)

X f (1—6)* " h(x; + tny (xp, x1)) dt
1

1
1 _
—WJ (1—16)*"g(x; + 1 (x5, x1))
N1\X2, X7 1

x h(x; +tn1(xy, x;)dt.  (6)
Substituting x = x; + t11(x,, x;) in (6)
1
o+ 1n(x x x1+511(x2,x1)
I, __8La+zm( 2a+11)) (o141, (32, X1 )=x)*h(x) dx
('fh(xz,xl)) x1+17(x2,%x7)
1 x1+n1(x2,x1)
e | + 110z, %) —x)* 7 g(x)h(x) dx
(1n1(x2,%1)) X1+ 311 (x2,x1)
g(xl-i-%’f]l(xz,xﬂ)r(a) o
(771(X2, X]))“-*—l (x1+%771(xz,x1))+h(xl-H’h(xz, XI))
I'(a)

— mj(xl+%ﬂl(x2:xl))+ (gh)(x1+1m1 (x5, x1)). (7)

On combining (5) and (7), we get the result. O

Remark 1 If we take m;(x,,x;) = x5 — x; then

Lemma 1 reduces to Lemma 4 in [8].
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Lemma 2 Ifh:[xq,x; +n1(xy,x;)] = R is an inte-
grable function and symmetric about x,+ %771 (x4, x7)
with x; < x1 +n1(x,,x,), then for a >0

'];}h(xl +m1(x2, X)) = ch1+n1(x2,x1))—h(x1)

= 3 [ hCer 1, Gy XD, ey HOD) .
®

Proof: Since h is symmetric about x; + %nl(xz,xl),
we have h(2x; + 1 (xy,x;) —x) = h(x) for all x €
[x1, %1471 (x2, x;)]. Taking 2x;+m; (x5, x1)—t = x,

J;:;h(xl +11(x2,x1))
x1+17(x2,%1)
=—— | [(+m(x,x)—t]* h()de
I'(a) .

X1+ (x2,%1)

=—— | (x—x)* h(2x; +n,(x,,x;)—x)dx
I'(a)

X141 (x2,%1)

= m . (x —x1)*  h(x)dx

— ja
B J(Xl +771(X2,X1))—h(x1 )-

O

Remark 2 If we take 1;(x5,x;) = x5, — x; then
Lemma 2 reduces to Lemma 2.1 in [9].

Lemma 3 Let H C R be an open invex set and 7, :
H xH — R. Suppose there is a differentiable mapping
g : H > R such that g’ € L[xq,x; + 1n1(x5,x1)]
where xq,x5 € H with x; < x; +n1(x,x1). If h:
[x1,x17 + N1(x9,x1)] — [0,00) is integrable, then
for all x1,x, € H with n1(x,,x;) # 0 the following
equality holds:

g(x1) + gy +m1(x3,x1))
2

% (T emstepeny RO + IRy (0, 31)) )

o (R ) eD A CDEETNCIEN))

_Mﬁvmg Gyt (g, x1)) d
r@  J,

©

where
¢
w(t) = f ! —u)a_lh(xl +un;(xy,x;))du
0

1
—f u® th(x; +un;(xy,x,))du, Vte[0,1].
t
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Proof: Consider

1
f w(t)g' (3 + tnq(x, x1)) dt
0
1 ¢
=J [f(l—u)a_lh(xl+u7)1(x2,x1))du
o LJo
+fu"‘_1h(x1+um(x2,Xl))du]g’(xlﬂm(Xz,X1))dt
1

1 t
:f [f(l—u)a_lh(h +un1(x2,x1))du]
o LJo
x g'(xy + tny(xq, x1)) dt

1 t
+f [Ju“_lh(xl +un1(x2,x1))du]
0 1

x g'(xy +tny(x9,x1))dt =1 I; +I,. (10)

From the first integral

1 t
I = f [J (1—w)* h(x; +uny(xq, x1)) du}
0 0
x g'(xy +tny(xq,x1))dt

f (1—w)* 'h(x, +un1(x2,x1))du]

1

ﬂl(xz,xl)

x g(x1 +tn;(xz,x1))

0

1
_ @ J (1—6)* h(xg + t11(x, x1))
’ 0

x g(xy +tn1(xy, x1))dt

_ g(xy+m;(x2, x7)

1
"71(x2 x1) f(l_t)a_lh(xlﬂnl(xz’xl))dt

J. (1—16)*"g(x; + tny (x4, x1))

(11)

7)1(352,3(1)
x h(xy + tn(x3, x1)) dt.

Substituting x = x; + tn; (x5, x;) in (11),

x1+n1 (x2,x1)

(1 +m7(x5,x,)) —
1= T (G, x) =) R dx
N1(X2, X x1
1 x1+1 (2,x1)

TG (x1+n1(x2,x1) x)*7g(x)h(x)dx

_ glx; +n1(x2,x1))1"( )
(11 (%, x1))+2

ﬁ{? (gh)(xy +m1(x5, x1)).

Jj}h(xl +11(x2,x1))

(12)

105

Now, for the second integral:

1 ¢
I, = f [Ju"‘_lh(x1 +un1(x2,x1))du]
o LJ1

x g'(xy + tny(xq,x1))dt

[J “hxy +umy (xg,x,)) du}

1

1

7)1(X2,x1)

x g(x; +tn;(xz,x1))

0
1 1
R Jtot—lg(x1 + t11(xy, x1))
n1(x2, x1) 0
x h(xy + tn1(xy, x1)) dt

_ 86
Th(XZ:xl)

_—Jtalg(xl +tn1(x2, x1))
N1 (x2,x1) Jg

X h(xy + tn;(xg, x1)) dt.

1
% Th(x; + tn (9, x,)) dt

(13)
Substituting x = x; + tn; (x4, x;) in (13),

x1+m1(x,%1)

# a—1
2 ("71(362 Xl))a+1 (X xl) h(x)dx
1 x1+m(x2 x1)
(G x| (X x1)* g (x)h(x) dx

__8txl(a) 4
a (M1 (xg, 7))ot Gxtmlex))

I'(a) o
N (1, (xy, x))2+1 I, (- (8P G1)-

h(x,)

(14

Combining (8), (12), and (14) to get the result. O

Remark 3 If we take 1;(xy,x;) = x5 — x; then
Lemma 3 reduces to Lemma 2.4 in [9].

Theorem 2 Let H C R be an open invex set and 1) :
HxH — R. Suppose there is a differentiable mapping
g : H > R such that g’ € L{xq,x; + 1n71(x3,x1)]
where x1,x, € H with x; < x; + n1(xy,x7). If
h:[xq,x1 +m7(xy,x1)] — [0, 00) is integrable and
symmetric to x; + %771(352: x1) and |g’| is an (1, 15)-
convex function on H, then for all xi,x, € H with
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17(x5,x1) # O the following inequality holds: Changing the order of integration in I; in (17),
1/2 t
1 — a—1
(xl + 2")1(3(2,3(1)) [Jg(ﬁ%m(xz’xl)),h(xﬂ L= J; [JOU |h(xy +uny(xp, x1))I du]
/ / /
+J&1+2m(x2 xl))+h(x1 + m(x2,x1))] >1</£|g (el +tny(1g"(x2), 1g (X1)|)) dt
[e— a a—
[J(X1+%771(X2,X1))_(gh)(xl) = f u 1Ih(xl + W)1(X2,X1))|
0
+J +(gh)(xl"'711(352,351)) ’ 1/2
Garrama) ) f (Ig'Gep)l + (18" G2l 18 (1)) di du
lIAl u
< F(a—j"z)[mg’(xm +15(18" ()L, 18" Ge)) | 12
atl = fu“_llh(Xﬁum(xZ, x1))| (lg’(x1)|(%—u)
(11(x3, x1)) 0
X T (15)
, , + 5018 (a1, g/ Ge)D(E — 5)) .
Proof: Applying modulus on both sides of (3),
. Using x = x; +un(x,,x;) forue[0,1],
g(xl+§m(x2,x1))F(a)[ hx) . xl)
(7)1(X2>X1))°‘+1 (x1+%n1(xz,x1))_ 1 I _ |g (X1)| ( i X—x, X—X1 )a—llh(x)|dx
a nl(xz’xﬂ HES Xl) ’Ul(xz;xl)
J(X +1m (e ))+h(x1 +n1(x2,x1))]
rrambe ny(lg’ (x2)|,|g (x1)D
) . (gh)(x) MERENCNS
(771(x2’xl))a+1 (14317 (egx1))" ! Xt Go)
1_1 X=X 2 X—X; a—1
+J&1+;nl(xz,x1))+(gh)(x1+n1(x2’x1))]‘ % Ecls 2(711(x2,xl)) )(nl(xZ,xl)) h(x)ldx.
var ot Let [|h|loo = sup [h(t)l,
= J J u* h(x; +un(xy,x1)) du} = el
0 L x4 311 (x2,%1)
/ _ |g (xl)l ;) X=X X—x a—1
1r Xlg (x1+tn1(x2’X1))dt Il T)l(xz,xl)” ”oo (2 11 (x2, ;1))(711(X2,)161)) dx
+j —J((l—u)“_lh(x1+unl(x2,xl))du):| + n>(1g" (), |8’ (X1)|) A
12 ‘ M1(x2,x1) °
x g/(x; + t1; (x5, X)) dt | (16) *kam )

1. 10 x=X3 N2y _X=X1 ~ya—1

(§ - E(nl(xz’;l)) )( nl(xz,)lfl) )U‘ dx. (18)
From the (1), 1,)-convexity of |g’| on H, we have !
Similarly, using that h is symmetric with respect to

‘g(xl + %"rh(xz,xl))l“(a)[ 1 h(xy) x1 + 3711 (x2, x7) for I, we have
(11 (xq, X))o+ (ep+5m1(x2,x1))”
1 1
+Jgr1+%n1(xZ,xl))+h(X1 +7)1(X2,X1))] I, = f [f(l—u)“_l|h(x1+(1—u)n1(x2,xl))| du:|
I'(a) ¢
SR — L h
GG g e (€I x [Ig'Gep)l + (18" (el 18 () ] e

+J Ly o x L (gh)(xy +m1(x2,x1)) ‘ ! _
st y) ] - f(l—u)a Gy + (1w, G 1))

1/2 t 1/2
gf [J u* " |h(x, +un1(X2,X1))|du:| u
0 0 X J(|g/(x1)| + tnz(lg’(xz)l,lg’(xl)l)) dtdu
x [ 1g/Gen)l + 0,18 (o), 18" G ] e e
1 el
+f [J ((l—u)“_llh(xl+un1(x2,x1))|du] = | (1=w)* " h(o; + (1 —u)n; (x2, %))
172 Jt 1/2
<[l e+ emlg Gl g ]de =11, a7 [1gCelu—nAlg’ el g Gl (S —1)] du.
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By setting x = x; + (1 —u)n; (x5, x7),

1
x1+3m(c2,%1)

— |g’(x1)| 1 x=x X—X1 a_lh x dX
2 ﬂl(xz;xﬂ 12 nl(xZ,xl))(m(Xz,xl)) I ( )l
+ n2(18"(xz)1, 18" (x1)I)
n1(x2, x1)
X1+ 37 (2,%1)
(%(1 ”I:Exzxiﬁ) )2 %)( 771)2;2)5;1) )a_l |h(X)| dx’
X1

and letting |[|hlloo = SUP e[y, x,71R(E)],

X1+2711(X2 x1)

|g( 1)| X—X X—X a—1

2= nl(x27x1)“ “00 (2 7]1(35231‘1))(711(’5291(1)) dx
Xo)|, X
, mallg'(x2)] £/ 1)|)”h”oo
M1(x2, 1)

X1+%n1(xz x1)

1 X—X 2 X—X —1

(5(1 11 (%2, ;1)) 8)(711()(2’)1‘1))& dx' (19)

X1

Using (18) and (19) in (17), we get the result. O

Remark 4 If we take 1, (x,, x;) = x,—X;, we recap-
ture the error bound of the left hand side of Hermite-
Hadamard-Fejér inequalities for convex functions in
fractional domain given in [8] as a special case.

Theorem 3 Let H C R be an open invex set and 1 :
H xH — R. Suppose there is a differentiable mapping
g : H > R such that g’ € L[xq,x; + 11(x5,x1)]
where x1,x, € H with x; < x; + n1(x5,x7). If
h:[xq,x; +m7(xy,x1)] — [0, 00) is integrable and
symmetric to x; + %7)1(3(2,3(1) and |g’| is an (11, M5)-
convex function on H, then for all x;,x, € H with
11(x5, x1) # O the following inequality holds:

‘g(xl)"‘g(xl + 14 (x5, %7))
2

X[ ey RO+ R +m1(x0, 1)

I ey (DT (gh)(xl"'m(xz’xl))]‘

< 1Al oo (11 (362, x1)) “**
I'a+2)

x [21g/ ()l +my(18 Gl [ CeD |- 20)

1
(1—2—a)

107

Proof: Applying the modulus on both sides of (9),

‘g(xl)+g(xl +11(x2,x7))
2

A (RPN HEE )]
I e ey @CDHIE (@RI (xz xl))]‘
= (7)1(9;2,361))0‘+1 1[J(tl—u)a1h(x1+u771(xz,x1))du
(a) o-Jo
- Jthalh(xl +un;(x,,x1)) du]
:

x g'(xy +tny(xq,x1))dt|  (21)

('fh(xzﬁﬁ)) Hjl
0

(@) fgl—u)a1h(x1+un1(x2,x1))du

1
_fua_lh(xl +un;(xg,x1))du
t

x |g' (3 + tn; (xp, x1))| dt.

(22)

By the change of variable x = x; +un; (x4, x1),

‘g(xl)+g(xl +11(x2,x7))
2

X[ ey FOD + ISRy + 11 (0, 1))

—[Jg;ﬁm,xl))(gh)(xl)wg;(gh)(xﬁm(xz,xl))]‘

X1 1(X2>X1)

(11(x,%1)) i w

= Z2 XU | Gy (e, 360)— )% 2 h(x) dox
F((X) 0 'Jx;

x1+71 (%2,%1)
(=) *h(x) dx g ey + b1, Gy 1D e
xy+tm7 (x2,%1)

(23)

Since h : [x1,x; +1n1(x5, x;)] — R is integrable and
symmetric about x; + %m(xzle), then

X141 (x2,%1)
(x —x1)*  h(x)dx
xp+em; (x2,x71)
x1+(1—t)n1(x2,%1)
(41 (X2, 207)=2 ) " A2 +11 (3, X1 )—x) dx
X1
x1+(1=t)n; (x2,%1)
(31 + 1 (x2, 1) = x)* " h(x) dx.

X1

(24)
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Using (24), we have

xq+tny(xg,x1) x1+1m7(x2,%1)
(xl+n1(x2,x1)—x)“71h(x)dx— (X_xl)ailh(x)dx
X1 x1+tn(x2,x1)
x1+tm1(x2,x1)

(1 +11(xg, 1) — X)ailh(x) dx

x1+(1=t)n1 (x2,x1)

x1+(1—t)n71 (x2,x1)
J|(X1+171(Xz,x1)—x)a_lh(x)| dx, t €[0, 3],

x1+tn7 (x2,x1)

N

(25)
xq+tn7(x2,x1)
ﬁ(lerm(xg,xl)—X)“h(X)l dx, te€ [%, 1].

x1+(1=t)n71 (x2,x1)

Using (25) in (23), we get

‘g(x1)+g(x1 +17(x5,X1))
2

% [T ey HOE) + T8 G+, (1) |

ety @G+ (gh)(xﬁm(xz,xl))]‘

x1+H(1—)n7 (x2,x1)
\ _(Th(xz’ X1)) {J |:ﬁ(x1 + nl(x27x1)_x)a_1h(x)i dX:|
0

I(a) x1+tn7(x2,x1)
x |8’ (g + tn (3, x1))| dt

1 px1+tni(xg,x)
+ Jl |:ﬁX1 + T]l(xz, xl)—x)“’lh(x)| dx:|
2

x1+(1=t)n1 (x2,x1)

x g (x; + 11 (2, x1))] dt}'

From the (7, 1,)-convexity of |g’| on H, we have

‘g(x1)+g(x1 +17(x5,X7))
2

|:J8<1+771(X2 xl))—h(xl) +J:1+h(x1 + nl(XZ,Xl))]

ety @G+ (gh)(xl+7h(xz’x1))]‘

x1+(1—t)n7(x2,x1)
(11(x2, 1)) o -
< re (x1+n1(xz,x1) ) ()| dx

I(a) x1+tm1(x2,x1)
x[lg’ (X1)|+f772(|g (x2)l, 18" Cep))] de
x1+tn1(x2,%1)
f Jxl'*"’h(xzf’ﬁ) x)* lh(x)| dx

1+(1=)n7 (x2,%1)

X [|g/(xl)| +t1,(1g"(x2)l, |g/(x1)|):| dt}

— (771(362; xl))

T(a) [, + L]

(26)
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x1+(1—t)n7 (x2,x1)
I, = f f(xl +n1(x, x7) _x)a_l dx
1+tm1(x2,x71)

|g ()l +tn,5(1g" ()l g (X1)|):|

1

2
=J [|g'(x1)|((1—r)“—r“)
0
— (18" Gl g Ge)D) (£(1 =)= ]dt, @7
1 pxq+tng(x2,x1)
I, :J (1 + 11 (xs, x1) —x)* dx
3 Jx+H1-0n1 (x2,x1)

< [1g/Ge)l + tna(lg Cenl, 1g Ged ] de
=ﬁ [|g'(x1)|(t“—(1—r))“)

—ﬂz(|g'(xz)|,|g'(X1)|)(t“+1—f(1—t)°‘)]dt. 28)

Utilizing (27) and (28) in (26), and taking ||hl|e =
SUD (e[, ] [M()], We get the result. O

Remark 5 If 1, (x5, x;) = x5, —Xx; we recapture the
error bound of the right hand side of Hermite-
Hadamard-Fejér inequalities for convex functions in
fractional domain given in [9] as a special case.
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