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ABSTRACT: By means of a fixed point theorem of coincidence degree theory, sufficient conditions for the multiplicity
of positive almost periodic solutions to a delayed harvesting predator-prey model with modified Leslie-Gower Holling-
type II schemes are established. The method used in this paper provides a possible method to study the multiplicity of

positive almost periodic solutions of the models in biological populations. Finally, an example and computer simulations
are given to illustrate the feasibility and effectiveness of our main results.
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INTRODUCTION

In 2003, Aziz-Alaoui et al' proposed a kind of
two-dimensional system of autonomous differen-
tial equation modelling a predator-prey system?™*
which incorporates a modified version of Leslie-
Gower functional response as well as that of the
Holling-type II. They considered the model

2(t) = x(t) |:r1 — bx(t)— %]
1
y‘(t)=y(t)[rz—%],

where x(t) and y(t) represent the population densi-
ties at time t, r; is the growth rate of prey x, b mea-
sures the strength of competition among individuals
of species x, a; is the maximum value of the per
capita reduction rate of x due to y, k; and k, mea-
sure the extent to which the environment provides
protection to prey x and predator y, respectively, r,
describes the growth rate of y, and a, has a similar
meaning to a.

In many earlier studies, it has been shown
that harvesting has a strong impact on dynamic
evolution of a population®®. So the study of
the population dynamics with harvesting is be-
coming a very important subject in mathematical
bio-economics. The non-autonomous harvesting
predator-prey model with modified Leslie-Gower
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Holling-type II schemes and delays generally is de-
scribed as

(6 = x(t)[n(t)— b(O)x(t — (1))

a;(0)y(t—6(1)

T x(—5(0)+k ]_hl(t)’ M
N a(t)y(t—o(t))
560 = (0] ()= R | o),

where h; and h, represent harvesting terms.

In recent years, there are some scholars con-
cerning with the existence of positive periodic so-
lutions of the predator-prey model with modified
Leslie-Gower Holling-type II schemes (PPLGH-II).
Song and Li” studied the existence of positive pe-
riodic solutions of PPLGH-II by using Floquet theory
of linear periodic impulsive equation. Further, by
utilizing Mawhin’s continuation theorem of coinci-
dence degree theory, Zhu and Wang® also obtained
some sufficient conditions for the existence of posi-
tive periodic solutions of PPLGH-II. However, in real
world phenomenon, if the various constituent com-
ponents of the temporally nonuniform environment
is with incommensurable (nonintegral multiples,
see Example 1) periods, then one has to consider
the environment to be almost periodic since there
is no a priori reason to expect the existence of
periodic solutions. Hence, if we consider the effects
of the environmental factors, almost periodicity is
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more realistic and more general than periodicity. In
recent years, the almost periodic solutions of the
continuous models in biological populations® '° and
engineering areas'! have been studied extensively.

Example 1 Consider the following simple PPLGH-II
with harvesting terms:

X(t) = X(t) [1 —x(t) — w] —0.02,
x(t)+1
(0.5 + [sin(v/38))y (1) @
y(t)=y(t) [1— O 1 ]—0.02.

In system (2), corresponding to system (1),
a;(t) = 0.1|sin(v/2t)] is %ﬁn-periodic function
and a,(t) = 0.5+|sin(v/3t)| is 3 v/37-periodic func-
tion, which imply that system (2) is with incommen-
surable periods. Then there is no a priori reason to
expect the existence of positive periodic solutions
of system (2). Thus it is significant to study the
existence of positive almost periodic solutions of
system (2).

By means of Mawhin’s continuation theorem
of coincidence degree theory, many scholars are
concerning with the existence of multiple posi-
tive periodic solutions for some kinds of nonlinear
ecosystems 121*, However, owing to the complexity
of the almost periodic oscillation, it is difficult to
investigate the existence of multiple positive almost
periodic solutions of nonlinear ecosystems by using
Mawhin’s continuation theorem. Hence to the best
of the authors’ knowledge, so far, there is no result
concerning with the multiplicity of positive almost
periodic solutions of system (1). Motivated by the
above reason, the main purpose of this paper is to
establish sufficient conditions for the existence of
multiple positive almost periodic solutions to sys-
tem (1) by applying Mawhin’s continuation theorem
of coincidence degree theory.

LetR, Z and N* denote the sets of real numbers,
integers and positive integers, respectively, C(X,Y)
and C!(X,Y) be the space of continuous functions
and continuously differential functions which map
X into Y, respectively. In particular, C(X) :=
C(X,X), CY(X) := CY(X,X). Related to a contin-
uous bounded function f, we use the following
notation:

fo=inff(s), fT= Slelﬂlgf(S), Ifloo = Slelﬂlglf(S)I-

Throughout this paper, we always make the follow-
ing assumption for system (1):
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(H;) All the coefficients in system (1) are nonneg-
ative almost periodic functions with a; > 0,
b”>0andh; >0,i=1,2.

PRELIMINARIES

Definition 1 [Refs. 15,16] x € C(R,R") is called
almost periodic, if for any € > 0, it is possible to find
a real number [ = [(e) > 0, for any interval with
length [(€), there exists a number 7 = 7(€) in this
interval such that ||x(t + 7) —x(t)|| < €, Vt € R,
where ||-|| is an arbitrary norm of R". 7 is called
the e-almost period of x, T(x, €) denotes the set of
e-almost periods for x and [(¢) is called the length
of the inclusion interval for T(x, €). The collection
of those functions is denoted by AP(R,R"). Let
AP(R) := AP(R, R).

Lemma 1 (Refs. 15,16) If x € AP(R), then x is
bounded and uniformly continuous on R.

Lemma 2 (Refs. 15,16) If x € AP(R), then
fotx(s)ds € AP(R) if and only if fotx(s)ds is
bounded on R.

Lemma 3 (Ref. 17) Assume that x € AP(R)NC'(R)

with x € C(R), Ye > 0, we have the following conclu-

sions:

(1) there is a point £, € [0,+00) such that x(&,) €
[x*—e,x*]and x(E.) =0;

(2) there is a point n, € [0,+00) such that x(n,) €
[x,,x,+€]and x(n.) =0.

In the following, we recall the famous Mawhin’s
coincidence degree theorem.

Let X and Y be real Banach spaces,
L: Dom(L) € X — Y be a linear mapping and
N:X =Y be a continuous mapping. The mapping
L is called a Fredholm mapping of index zero if the
following conditions hold:
() Im(L)is closed in Y;
(ii) dimKer(L) = codimIm(L) < oo.
If L is a Fredholm mapping of index zero and there
exist continuous projectors P: X —» X and Q: Y —
Y such that Im(P) = Ker(L), Ker(Q) = Im(L) =
Im(I —Q). It follows that L |pomr)nker(p) : [—P)X —
Im(L) is invertible, and its inverse is denoted by Kp.
If Q is an open bounded subset of X, the mapping
N will be called L-compact on  if the following
conditions are satisfied:
(i) QN() is bounded;
(i) Kp(I—Q)N : Q — X is compact.
Since Im(Q) is isomorphic to Ker(L), there exists an
isomorphism J : Im(Q) — Ker(L).
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Lemma 4 (Ref. 18) Let Q € X be an open bounded

set, L be a Fredholm mapping of index zero, and N be

L-compact on Q. If all the following conditions hold:

(a) Lx #ANx, Yx € dQnDom(L), A € (0,1);

(b) QNx #0, Vx € dQ2nKer(L);

(c) deg{JQN,QnKer(L),0} # 0, where J : Im(Q) —
Ker(L) is an isomorphism.

Then Lx = Nx has a solution on QN Dom(L).

Under the invariant transformation (x,y)T =
(e*,e")T, system (1) reduces to

u(t) =ri(t)—>b(t) eu(t=(1))

@) () o
eu(t=6(t) 4k, eu(t) T IV

ey ay(£)e" W) py(¢) .
V(t)— rz(t)_ eu(t_o(t))+k2 - ev([) L Fz(t)‘

(€))

For x € AP(R), we denote by

T

a(x, @)= lim % J x(s)e ¥ ds,
0

T
Alx)= {weR: lim lfx(s)eiwsds;éo}’
T—ooo T 0

the mean value and the set of Fourier exponents
of x, respectively.
SetX=Y =V, 8V,, where

VvV, = {z = (u,v)' €AP(R,R?):
Yo € Aw)UAW), I > 1},
Vy= {Z =, )" = (ky, k)", Ky, ky € R},

where y is a given positive constant. Define the

norm forz = (u,v)TeX=Y

lally = max{sup|u(s)|,sup|v(s)|}.
s€ER sER

Similar to the proof as that in Ref. 2, it follows that

Lemma 5 X and Y are Banach spaces endowed with
[l

Lemma 6 Let L: X - Y, Lz = L(u,v)T = (i, v)".
Then L is a Fredholm mapping of index zero.
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Lemma 7 Define N: X —» Y, P: X —» X, and
Q:Y—>onrz=(5)€X=Yby

ve=n(3)=(7)
pe=p(})= (i) =@

Then N is L-compact on §), an open and bounded
subset of X.

MAIN RESULTS
Let
01 —lni +rftt, p, :lnw+rz+a+,
- q
N G
fr= 2b~ '
Theorem 1 Assume (H;) holds. Suppose further

that:
(Hy) u>24/b*h] >0andr; >24/vhy >0, where

aj ef? ay
U=r ——— , V= — .
Vo4 fi+ky

Then system (1) admits at least four positive almost
periodic solutions.

Proof: It is easy to see that if system (3) has
one almost periodic solution (u,v)", then (x, y)' =
(e¥,e")T is a positive almost periodic solution of
system (1). Hence to complete the proof, it suffices
to show that system (3) has four almost periodic
solutions.

To use Lemma 4, we set the Banach spaces X
and Y as those in Lemma 5, and L, N, P, Q the
same as those defined in Lemma 6 and Lemma 7,
respectively. It remains to search for an appropriate
open and bounded subset Q2 C X.

Corresponding to the operator equation Lz =
Az, A €(0,1), we have

u(t) = A[rl(t) —b(t) et=7()
a,()e’ 2 hy (1)
- eu(t=3(0) + k, T | ()]

ay(0) e’ hy(1)
eu(t=o() + k, ev(t) |

v(t) = A[rz(t)—

Suppose that z = (u,v") € Dom(L) € X is a solution
of system (4) for some A € (0, 1), where Dom(L) =
{z=W,v)' €X:u,veC'R),u1,veCR)}.
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By Lemma 3, for all € € (0, 1), there are four

points £ =&(€), { ={(e), n =n(e), and ¢ =¢(e) €
[0,+00) such that

u€) =0, v({)=0, )
u(g) € [u*_e: u*]: V(C) € [V*_E’ V*]>
u(n)=0, v(g)=0, ©
U('fl) € [u*yu* + 6]: V(g) € [V*’ Py 6],

where u* = sup,cgu(s), v* = sup,egv(s), u, =
inf,cg u(s), and v, = inf,cg v(s).

Further, in view of (H,), we may assume that
the above € is small enough so that

u?>4b*hie, (ry)* > 4vh]e.
From system (4), it follows from (5) and (6) that

0= r,(£)— b(g)e!EE

| @()eETD h(E)
eu(E=3() 4, eu(®) ’ (7

ay(§) e hy(()
Qo 1k, e

0=ry(0)—

and
0= ry(n) = b(n) "=

a; () "2 hy(n)
eun=6(n) 4k, eutn)’  (8)

ay(¢)e’ 7 hy(¢)
euls=o () + k, ev(e) ’

0=ry(¢)—

In view of the first equation of system (8), we have
from (6) that

hy hi(n)

— el 1 u(n—=(n)) 4. 17 +
b~ e +eu*+e < b(n)e + e <ri(n)<r].
That is,

b-e* —rfe“ +h e <0,

which implies that

ln[r;’— \/(rf)2—4b—hI e—f] <u,

2b—
rf+4/(r)2—4b-h e
<In| -2 L 1 .
n [ 25 )
Letting € — 0 in (9) leads to
Infl <u,<Inf, (10)
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where

1 = 2b_
By the first equation of system (7), we have

i ri£4/(r)?—4b"hy

b~ TN L p(£) e ETE) < 1 (E) < rr,

which implies that

r+
u(§ = (&) <In=. a1
Since
3 3
f u(s)ds = f A[rl(s)— b(s) e
&—1(&) &—1(8)
OLL OB
Tl kg e |©
3
< f ri(s)ds <rf7*. (12)
&—1(&)
From (11) and (12), it follows that
3 rt
u(g) = u(i—f(i))+J i(s)ds <ln —1+r1+TJr =p1,
£-1(8) b
which yields from (5) that
u* < pte.
Letting € — O in the above inequality leads to
u* < p;. (13)

In view of the second equation of system (8), we
have from (6) that

a, e” h; < ay(¢) e’ ho(¢)

= < +
eP1 + kz evite = eu(g—o’(g)) + kz ev(g) rz(g)\rz .
That is,
az_ 2v, + v — e
e*_r26*+h2e SO,
er1 + k2

which implies that

1n|:r; —4/(r3)2—4ch; e—f:| <,

2c
ri+4/(r)2—4chy e—e
ln[2 (2; 2 ] (14)
C
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where ¢ = (a;)/(e” +k,). Letting € — 0 in (14)
leads to

Inf, <v,<Inf, (15)

i ry£4/(ry)? —4ch;
2 2¢ )

Further, by the second equation of system (7), we
have

A

where

ay() e’ o)
= eu(do() + k,

< <rt
ep1 +k2 = rZ(C) = r2 B

which implies that

ry(efr +ky)

v({—o(@) <SIn——— (16)
a,
Since
¢ ¢ v(s—o(s)) h
) ) e tky e
4
< f ra(s)ds <ryo™*. a7
{—o(§)
From (16) and (17), it follows that
¢
v(Q)=v({—0({)) +J v(s)ds
{—o()
ri(efr +k
< nz(—_2)+r;o*+ =0,
a,
which yields from (5) that
V¥ < py+e.
Letting € — 0 in the above inequality leads to
v < p,. (18)

On the other hand, we obtain from the first equation
of system (7) that

Y(E-5(€)
1 < (8) = b(E)eEen alb)e 2169

eu(&E—o(8)) + ky eu(€)
+ aP +
<bte' + he m
fi+k  ew—e’
that is,
+ aP2
. a’e .
bt e —[rl_ 1 :|e“ +h e
fl +k1

=b"e®™ —ue" +hie >0,
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which implies that

+ /U2 —4b*hT ec
u*=1n b s !
2bt
—/u2—4bthec
u*<ln[‘u M2b+ ! ] 19)

Letting € — 0 in (19) leads to

u*>Ing or u*<Ingy, (20)

where

. pE \/ ut—4b*ht

&1 25+

Further, we obtain from the second equation of
system (7) that

a,(¢) ev(¢=o(@)
eu(f—o(@) + k,
hy

evi—e’

hy(8)
eV(C)

r, Sa(f) =
a;ev*

= —
f1 +k2

that is,
+
a,
f1_ + k2

which implies that

* - * R
e —ry e +h} e = ve* —r; " +hj e >0,

2y
ry 4/ (ry )2 ——4vhi e€
v*<1n[2‘/(2) 2 ] (21)

ry +4/(ry )2 ——4vhy ec
v*>ln[2 \/(2) 2 :| or

2y
Letting € — 0 in (21) leads to
(22)

vi>Ing, or v*<Ing;,

where

L T E V (r3)>—4vh;
82 = 2v '
Clearly, Inf*, Ing;" and p; are independent of A,

i=1,2. Letg; = %(lnglf“—lngi_), i=1,2, and

le{zz(u,v)TGX

Infr—1<u,<u*<Ingj +e,
Inf,—1<v,<v'<Ing, +e¢, |’

u, €(nf—1,Inft+1),
Q={z=wv) eX|u e(ng/—¢,p,+1),
Inf,—1<v,<v'<Ing, +e,

>
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u, €(nf—1,Inf*+1),
u*€(Ingy —&,p,+1),
v,€(nf,—1,Inff+1), [’
vie(ngy —ey,py+1)

Q=4z=(1,v) exX

Infi—1<u,<u*<lng] +e¢,
Q={z=(wv) eX|v,e(nf, —1,Inf;+1),
vie(ngy +e,0,+1)

Then Q,, Q,, 23, and Q, are bounded open
subsets of X, Q,NQ; =@, i #j, i,j =1,2,3,4.
Hence Q;, Q,, Q3, and Q, satisfy condition (a) of
Lemma 4.

Now we show that condition (b) of Lemma 4
holds, i.e., we prove that QNz # 0 for all z =
(u,v)T € 9Q; NKerL = 80Q,NR?, i =1,2,3,4. If it
is not true, then there exists at least one constant
vector 2o = (ug, vo)' € 99, i = 1,2, 3,4, such that

_ W a(t)e  hy(t)

0= m[rl(t)—b(t)e O_e“o—-l-kl_ o ],

a,(t)e" hz(t)]

elo 4k, evo

0=m[r2(r)—

As with the arguments as those in (10), (13), (15),
(18), (20), and (22), it follows that

Inf]” <uy<Ing, Inf, <vg<lng,,

or

Ingy <uy<Inf, Inf, <vy<Ing,,
or

Ingy <uy<Inf, Ingy <vy<Inf),
or

Inf~ <u,<Ingy, Ingy <vy<Inf,.

Then z, € Q; NR? or z, € 2, NR? or z, € 2; NR?
or z, € Q, NR2. This contradicts the fact that z, €
29Q;,1=1,2,3,4. This proves that condition (b) of
Lemma 4 holds.

Finally, we will show that condition (c) of
Lemma 4 is satisfied. Consider the homotopy

H(t,2) =tQNz+ (1 —1)®z, (1,2)€[0,1]xR2,

-3 h
u rh—be'——+
@z:@():( e S|
v Fo— e hy
2 eP1+k,
From the above discussion, it is easy to verify that

H(t,2) #00n dQ;NKer(L), Yo €[0,1],i=1,2,3,4.
Further, &z = 0 has four distinct solutions:

where

W, v)' =(nu",Inv7)T, (uh,v;)" =(nu®,Inv7),

(b, v3)" = (nu*, Inv*), (uf,v;)" = (nu~, Inv*),
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where
_ = = [(= \o_ A4dh
ui— T"1:|: (r1)2_4bh1 Vi— 7‘2:|: (rz) epli-kzz
- 7 ’ - 2a, :
2b 11k,

It is easy to verify that
Inf <lnu” <Ilng; <Ilng; <lnu* < p;,
Inf, <Inv~ <lIng; <Ing; <Inv* < p,.
Hence
(uj, v;‘)T ey, (u, v;)T €Q,,
whvi) €y, (uf,v)) €9y
A direct computation yields

deg(®,Q; NKer(L),0)

—bel + h—l 0
— Sgn el _ ; -
0 —eplajkz eV +

A
e

(- . h a . h
=sgn (—be”i +—1*)(— Loy 2*)]
L et er1 +k2 eVi

[ - g 2a .
=sgn (fl —2b e“i)(fz— o (-:—Zk e'i )],
L 2

where i =1,2,3,4. Thus
deg (@, NKer(L),0)

= sign-(Fl —2Bu_)(f2— eplzil-zkz v_)_ =1,
deg (@, 9, m Ker(L),0) _

= sign-(f1 —25u+)(f2 — eplzil—zkz v*)_ =-1,
deg (<I>, Q5 NKer(L), O)

= sign-(fl —25u+)(7"2 - eplzizkz v+)- =1,
deg (<I>, Q4 NKer(L), 0)

= sign:(h —ZBu_)(FZ - eplzizkz v+): =-1.

By the invariance property of homotopy, we have for
i=1,2,3,4,

deg (JQN, Q;NKer(L), O) =deg (QN, Q;NKer(L), O)
= deg (‘I), Q; NKer(L), O) #0,

where deg(-,-,-) is the Brouwer degree, and J is the
identity mapping since Im(Q) = Ker(L). Clearly, all
the conditions of Lemma 4 are satisfied. Hence sys-
tem (3) has at least four almost periodic solutions,
that is, system (1) has at least four positive almost
periodic solutions. |

www.scienceasia.org


http://www.scienceasia.org/
www.scienceasia.org

500

Corollary 1 Assume that (H;) and (H,) hold. Sup-
pose further that r;, b, a;, T, 6, 0, and h; of system (1)
are continuous nonnegative periodic functions with
periods a;, B, p;, v, 1, &, and 0;, respectively, then
system (1) has at least four positive almost periodic
solutions, i =1, 2.

In Corollary 1, let a; = =p;=v=n=§&=
0; = w, i =1,2. Then we obtain the following.

Corollary 2 Assume that (H;) and (H,) hold. Sup-
pose further that r;, b, a;, ©, 6, o, and h; of
system (1) are continuous nonnegative w-periodic
functions, then system (1) has at least four positive
w-periodic solutions, i =1, 2.

Remark 1 By Corollary 1, it is easy to obtain the
existence of at least four positive almost periodic
solutions of system (2) in Example 1, although the
positive periodic solution of system (2) is nonexis-
tent.

AN EXAMPLE WITH COMPUTER SIMULATIONS

Example 2 Consider the following harvesting
predator-prey model with modified Leslie-Gower
Holling-type II schemes:

x(t) = x(t)[l —(1+cos*(v2t)) x (t — |cos(2t)])

_ 0.1sin(v/38)|y(t—1)
x(t—1)+4
(0.5 + Icos(w/gt)l)y(t— 1)
—0.1.
x(t—1)+1 ]

]—0.02, (23)

(0 =y(t)[1—

Then system (23) has at least four positive almost
periodic solutions.

Proof: Corresponding to system (1), we have r; =
ro =1, b(s) = 1+ cos?(v/2s), a,(s) = 0.1|sin(+/3s)],
a,(s) = 0.5+ |cos(v/3s)|, k; =4, k, = 1, Vs € R. By
an easy calculation, we obtain that
pi1~1l, py~3, u>0.5.

So (H,) in Theorem 1 holds. By Theorem 1, system
(23) admits at least four positive almost periodic
solutions (x;, y;), see Fig. 1 and Fig. 2. O

CONCLUSIONS

By using a fixed point theorem of coincidence de-
gree theory, some criteria for the multiplicity of
positive almost periodic solutions to a kind of de-
layed harvesting predator-prey model with modified
Leslie-Gower Holling-type II schemes are obtained.
Theorem 1 gives the sufficient conditions for the
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multiplicity of positive almost periodic solutions of
system (1). The method used in this paper pro-
vides a possible method to study the multiplicity of
positive almost periodic solutions of the models in
biological populations.
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