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INTRODUCTION

Let f : I CR — R be a convex mapping, a,b € I
with a # b, and g : [a,b] — R be nonnegative,
integrable, and symmetric with respect to (a+b)/2.
Then one has

b b
f(“”’)f g(x)dx<f F(0g(x) dx

2
b
<’w J g)dx, (D)

which is called the Fejér-Hermite-Hadamard in-
equality.

If we take g(x) =1 in (1), then it becomes the
following Hermite-Hadamard inequality

a+b 1 (7 F(a@)+f(b)
£( 5 )< b—aL Fx)dx < @

Because of the extensive applications of (1)
and (2), some authors extended their studies via
mappings of different classes. For example, re-
fer to Refs. 1-4 for convex mappings, to Ref. 5
for strongly convex mappings, to Refs. 6-8 for s-
convex mappings, to Refs. 9,10 for (s, m)-convex
mappings, to Ref. 11 for preinvex convex mappings,
to Ref. 12 for (s,m)-preinvex convex mappings,
to Ref. 13 for harmonically convex mappings, to
Ref. 14 for harmonically quasi-convex mappings, to
Ref. 15 for MT(,., ;n ,y-Preinvex convex mappings,
to Ref. 16 for GA-convex mappings, and to Ref. 17

for Schur convexity. Certain other results associated
with (1) and (2) considering fractional integrals
can be found in the literature, for instance, in
Refs. 18-20 and the references therein.

Consider an invex set 2. A set # C R" is called
invex set with respect to the mapping 1 : & x 4 —
R™, if v+ An(u, v) € & holds for all u, v € & and
A €[0,1]. Amapping h : & — R is named preinvex
with respect to 7, if the inequality

h(v+An(u, »)) < (1—A)h(v) +Ah(w)  (3)

holds for every u, ve # and A € [0,1].

In Ref. 21, using mappings which are preinvex
in the second sense, Noor proved the following
analogous Hadamard’s inequality.

Theorem 1 (Ref. 21) Let f : [a,a + n(b,a)] —
(0, 00) be an open preinvex function on the interval
of real numbers ¢ ° (the interior of #) and a,b € A°
with a < a+n(b,a). Then

2a +n(b,a) 1 b
f( 5 )Sn(b,a)Jaf(x)dx
<f(a)w2Lf(b)' @

An appealing theme in (1) is the estimation of
difference for the right-middle part of this inequal-
ity. In Ref. 22, using mappings whose first deriva-
tives in absolute value are (a, m)-preinvex, Zhang
et al obtained some estimation-type results for the
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right-middle part of Fejér-Hermite-Hadamard type
inequality.

Different from Ref. 22, this paper aims to obtain
new estimation-type results for the left-middle part
of Fejér-Hermite-Hadamard type inequality through
differentiable mappings.

To obtain the principal results, we assume that
the considered mapping is generalized (A, m)-MT-
preinvex. Next, we substitute this hypothesis with
the boundedness of the derivative and with a Lips-
chitz condition for the derivative of the considered
mapping to derive integral inequalities with new
bounds. Some applications to the estimation of
higher moments of continuous random variables are
also presented. We end this section by recalling
some definitions.

Definition 1 A function f : I C R — R is said to
be A-MT-convex function if f is positive and, for
all x,y eI, A€ (0,1/2] and t € (0, 1), satisfies the
following inequality2?

V11—t (1-2)vt
f((l—t)x+ty)< WG f(X)"‘z}L—mf(J’)-

Clearly, if we put A = 1/2 in Definition 1, then f is
just an ordinary MT-convex function in Ref. 24.

Definition 2 A function f : I C R — R is said to be

m-MT-convex, if f is positive and, for all x,y €I,

and t € (0, 1), with m € (0, 1], satisfies the following

inequality?®

L+ 2 f ().
2/t 2v/1—t

Clearly, if m = 1, then Definition 2 reduces to the
definition for MT-convex functions.

NEW DEFINITION AND RESULTS

Let us introduce a new class of functions which will
be called (A, m)-MT-preinvex functions.

f(A=t)x+tmy) <

Definition 3 A function f : I C R — R" is said
to be (A, m)-MT-preinvex function, if the following
inequality

V1—t m(1—2A)Vt
f(x+tn(my,x)) < W f(X)+m—mf(Y)

holds for all x,y €1, t € (0, 1), with some fixed A €
(0,1/2] and m € (0,1].

If t = 1/2, then the generalized (A, m)-MT
preinvex function reduces to

f(x+in(mb,a)) < 3f(x)+ %f(y)
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which is called Jensen-type generalized (A, m)-
preinvex function.

Let us discuss some special cases of Definition 3.
(D If m = 1, then Definition 3 reduces to the defini-
tion for A-MT-preinvex functions. (II) If m =1 and
A =1/2, then Definition 3 reduces to the definition
for MT-preinvex functions. (III) If A = 1/2 and
n(mb,a) = mb —a with m = 1, then Definition 3
reduces to the definition for MT-convex functions.

Throughout this work, let £ € R be an open
invex subset with respect to n : & x # — R and
a,beX,a<mb< bwith n(mb,a)> 0, and let f :
A — R is a differentiable mapping on ¢ ° such that
f’ € LY([a,a+n(mb,a)]). Assume that g : [a,a+
n(mb,a)] — [0, c0) is integrable and symmetrical
about a+n(mb, a)/2. We need the following lemma
for our main theorems.

Lemma 1 One has the following identity

a+n(mb,a) a+n(mb,a)

f(x)g(x)dx—f(a+n(me’a)) f g(x)dx

1 ro(t)
= —n(mzb,a) {J f g(x)dx
0 a

x[f’(w(r))—f’(«p(r))]dt}, )

where (t) = a+ ((1—1t)/2)n(mb,a) and Y(t) =
a+((1+t)/2)n(mb, a). In particular, we obtain

a+n(mb,a)
(mb,a)y (7
TIT) f g(x)dx

1 o)
< —”(mz”"‘) { J fg(x)dx
0 a

X[If’(so(t))l+If’(¢(t))l]dt} ©)

a+n(mb,a)

F)g(x)dx—f(a+

a

and

a+n(mb,a) a+n(mb,a)

oo+ WD) [ e

2(mb, a)
< = llglos

1
xf(1—r)[|f’(go(t))|+|f’(w(r))|]dt, )
0
where ||gllco = SUPte[q,a+n(mb,a)] g(t).

Proof: Since g(x) is
a+n(mb,a)/2, [ g(x)dx =

symmetrical about

a+n(mb,a)

(o) g(x)dx
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for all t € [0, 1]. By this, we obtain
e(t)
1= 20 f fg(x)dx N (p(0)]de

@(t)
_ ntmb, a)f f () dx | f/(y(0)de

w(t)
- pmb.a) f f 2 dx ] F () de
_ _IZ

Via integration by parts, we obtain

b, o(t)
p, = 1:0) f f g dx] F (o) dt
a+n(mb,a)
J J (x)dx
P(t)

a+n(mb,a)
=| f g(x)dx]f(w(t))
P(t)

[Fp()]

1

+ W f F@p(0)g(y(r))de
0

a+n(mb,a)
g(x)dx
a+n(mb,a)/2

a+n(mb,a)

f(x)g(x)dx.

a+n(mb,a)/2

Similarly,

n(mb a) a+n(mb,a)/2
)|

Iz=f(a+ g(x)dx

a+n(mb,a)/2

— [ fOglx)dx.

From I = I, —I,, it follows that

a+n(mb,a)

a+n(mb,a)
s g+ 2D 0 f ¢(x)dx,

which is the required result in (5). Using

Minkowski’s inequality, we obtain (6) and (7). O

Remark 1 If we take g(x)=1, x € [a,a+n(mb,a)]
with m = 1 in Lemma 1, then the identity (5)
reduces to

1
n(b,a)

1
el f A= O[F W)~ Fo(e)]de. @
0

a+mn(b,a)
af(x)dx—f(a+@):
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Remark 2 If n(mb,a) = mb —a with m € (0,1] in
Lemma 1, then the identity (5) can be written as

ff(x)g(x)dx f(“*””’)f g(x)dx

£(t)
mb a{f fg(x)dx

x[f’(“l/(t))—f’(.‘f(t))]dt}, )

where
2(t) = 1+ta+m%b= ta+(1—p)3tmb
(10$)
and
wu(t) = lgtaﬂn%b: tmb+(1—t)a+mb
1D

The identity (9) with m = 1 is proved by Liu2®
Our first main result is as follows.

Theorem 2 If |f'|? for ¢ = 1 is (A, m)-MT-preinvex
on [a,a + n(mb,a)], then the following inequality
holds:

a+n(mb,a)

f(X)g(X)dX f

a+n(mb,a)
(mb a) fg(x)dx

< (nzrb,a)(%) —1/q

liglleo

x {(§|f’(a)|q RuSA e

(B MR ) q}
(12

)e)"

Proof: Firstly, we suppose that ¢ = 1. Since |f’| is
(A, m)— M T-preinvex, then for any t € (0, 1),

’(a + un(mb, a))|

V1 m(l AV1—
< L@l FoE ) ()
and
’(a + in(mb, a))|
V1 m(1-W)VIFE,
2‘/—|f( a)l+ Wi —F—If'(B)l. (4
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Hence from (7) in Lemma 1, using (13) with (14) So we obtain

we have a+n(mb,a) n(mb a) a+n(mb,a)
a+n(mb,a) a+n(mb,a) f(x)g(x)dx f g(x)dx
()<~ (a RULLLAY OER
(mb a) 4 )1 1/q” I
< M||g||oo{f a-of “j%v’(an
{ J (1—t) If( |
M RO
2AV 1+t L m-A)l-t m(1— l)v |f (b)|q] ] 1/q
J(—t) 1@ s
2V +[f(1—t>[ L
+m(1 A)«/1+ |f’(b)|]dt} 0 2V/1+t
2AV/1—t N m(1—7L)\/1+t|f,(b)|q]dt]1/q}
< (mb a) 2A/T—
||g||oo{—|f( )
(1)) = ThD) (1)l
m m— = 0
" 2 O jc m(1—A)(37—8)
which completes the proof for this case. x {(—If’(a)lq + 8 |f (b)lq)
Secondly, we suppose that g > 1. Using (7) in
Lemma 1 and the power mean inequality, we obtain (37T 8|f (@) + m(1— A)ﬂ'|f (b)|q) },
a+n(mb,a) n(mb a) a+n(mb,a)
f (x)g(x)dx — f f g(x)dx which completes the proof. O
5 Corollary 1 Consider Theorem 2. (i) If ¢ =1 and
< n*(mb, a) gl f (1—0)"Y9(1 =)/ g(x) =1, then we have
4 oo
a+n(mb,a) b a)
<[ ||+ || Jae | | Fode—f(a+ ntmb.a))
b 2
<M||g||oo(Jl(1—t)dt)ll/q WM[ | (a )|+W| /(b)l]
4 0 4 f 22 f '

(16)

1
x {[ f =0 |F ()] de] ™
0

1
+[ J -0 |f @) dt]”q}. (15)
0

i) Ifq=1, A= %, and n(mb,a) = mb — a with
m = 1, then we have

a+b
Since  [f’|? is  (A,m)-MT-preinvex  on J fx)glr)dx = f( )J g(x)dx‘
[a,a+n(mb,a)], we know that for every t € (0, 1) (b—a)(r—2)
<

3 lglleo[If @I+1f'(B)]. A7)

Corollary 2 In Theorem 2, if ¢ = 1 and n(mb,a) =

’(a + En(mb, a)) !

1/_ m(1-A)vVi-t MV1I—t mb —a, then we have
21/1T|f( a)l?+ Y Wern ——————|f'(b)I* b
and (a+m )f g(x)dx|
PR EY: q
(a+ 5 n0m.) < (’“b4 ay lglloo{ L1+ 15 (mb)]
V1 m(l1—-A)vV1+t ., 3m(1— A b
2\/—|f( a)l?+ —ZA«/l_—t If'(b)|%. + "1(87L )T /(a;:ln ))} (18)
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Proof: By (7) in Lemma 1 with the second equality ~Theorem 3 For q¢ > 1 with p~t+q ! =1, if |f'|?
in (10) and (11), and using the (A, m)-MT-convexity is (A, m)-MT-preinvex on [a,a + n(mb,a)], then the

of |[f’| on [a,mb] with a < mb, we have following inequality holds:
mb a+mb a+n(mb,a) ) a+n(mb,a)
ff(x)g(x)dx—f( _ )J g(x)dx) FE0g(x)dx— f (a+ TE2E fg(x)dx
(mb—a)? ! Vi , n%(mb, a) 1 e
< T”g”w{fo (1—t)[2m|f @ < ||g||oo(p+1)
,ra+mb T+2 q m(l1—A)(nt—-2), ., REE
ZQM (52| {[ F @I + L )]
f (1= 0| o= mb) +[Z mU 2 D] .
(20)
/(a+mb)”dt}
ZA‘/? 2m Proof: By (7) in Lemma 1 and Hélder’s inequality,
_ (mb—aF.| {l(lf’(a)|+|f/(mb)l) +n(mb.a) +n(mb.a)
oo a mb,a b a mb,a
) 2 Fae)dx— f(a+ 1) f ¢(x)dx

1
x (1—t)1/2t1/2dt+—m(1_m
0 A

1
% f/(%)‘fo(l—t)mt‘mdt}. (19)

2
n“(mb, a)
< — llglloo

1
y f 1= O[If (o) + If ()] de
0

1
< —"Z(mb’“)uguoo[ J a-eyac]”

From (19) we obtain (18), since

1
f (-0 2ac=pG,3) ==,

8
f /()] de ] f ) a] "},
f -0 2 de =k =2 (21)
Here From (21) we deduce the required inequality in
’ (20), since |f’|? is (A, m)-MT-preinvex on [a,a +
(mb, a)], we have
T _ (e e K
pry) = _L I(1— . 1
’ q
- L |f*Cp(e))]* de
2 1—-A)(r—2
Remark 3 In Corollary 2, if g(x) =1, A =35 1 with < %|f/(a)|q + %Uy(bﬂq
m = 1, then we have the following inequality for
MT-convex functions and
1
f fede—f(422) f /() de
0
b +b =2 mA-A)(r+2) .,
<! 4“’){ [l @I+l @] 2 [ (22 )'}. <G @it = IO
O

The following result holds for (A, m)-MT-
preinvexity of |f’|%. Corollary 3 Ifwetake g(x)=1,A=1/2,andm=1
in Theorem 3, then we obtain
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| 1 a+n(b,a)

10.2) f(x)dx—f(a+
n(b,a)y 1 \Up
<=7
A2 @i+ ”—_2|f'(b)|q]”q

2"

)

[—|f( 7+ =

n(b,a)y 1 \Up
<T(m)

(m+2)Y14 (n—2)Ya
[ 41/q

Jar @i +1£).

Here, 0 < 1/q < 1 for ¢ > 1. To prove the second
inequality above, we use the fact > (u; +v,)" <
w4+ v for0<y<1,uy,...,u, >0, and
Vi,een, vy 2 0.

In the next theorem, we will use the hypergeo-
metric function: for ¢ > b >0 and |z| < 1,

2F;(a, b;c;2)

— 1 ' b—1 c—b—1 —a

Theorem 4 Suppose that all conditions of Theorem 3
are satisfied. Then we have

a+n(mb,a)

a+n(mb,a)
f(x)g(x)dx—f(a+@)f g(x)dx

q—1
2q—p—1

2(mb,a
< 1lmba) lglleo

)(q—l)/q
4
{[Ep 0+ DarL o+ Bir

m(1—2)
* 27

+ [%/s (Lp+2),R (2, Lp+ 5-DIf (@)

1/q
B(Lp+2),F(LLp+ %;—1)|f’(b)lq]

m(l1—2)
MEEY)

1/q
B(1,p+3).F, —%,1;p+%;—1)|f’(b)|q] }
(22)

Proof: By (7) in Lemma 1 and Hoélder’s inequality
for p > 1, we obtain
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a+n(mb,a)

a+n(mb,a)
£ (g dx— f (a+ 220 f

> g(x)dx

2 1

n*(mb, a) o e

< T”g”ool: (1—t)a»/a l)dt]
0

1
x {[ f a—epIf (e a] ™
0
1
+ f (1—t)p|f’(¢(t))lth]1/q}
0

2
< (mb,a)(
4

qg—1
2g—p—1

(¢—1)/q
) liglleo

1
x {[ f Q- PIf (p(enirde]
0
1
+[ f (1—t)"lf’(w(t))lth]l/q}. (23)
0

From (23) we deduce the desired inequality
(22), since |f’|? is (A, m)-MT-preinvex on [a,a +
n(mb,a)], for any t € (0,1), we have

1
f (1= o)If (p(e))|?dt
0

1
.
< )P q
<L(1 ) [N_|f()|

m(l—A)v1—
e If(b)lq]dt
= 1(Lp+ 1)Fi(1, 1 p + - DI (@)

D p,p+ DR, 15 p+ S -DIF B

and

1
f (L—tP [f'(p(e)]* dt
0

< 3B(1,p+3)2F1(5,1;p + 3;-DIf (@)

m(l—A /
BB, pt a4 1+ -1 O
This ends the proof. |

By using (6) in Lemma 1, we are in a position
to present the following results.

Theorem 5 If |f'|? for ¢ = 1 is (A, m)-MT-preinvex
on [a,a+n(mb,a)], then the following holds:
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a+n(mb,a)

f (x)g(x)dx— f

a+mn(mb,a)
(mb a) fg(x)dx

1/q
< 2’“qn(mb,a)[|f’(a)|q + 02 (b)r*]

1 pro(t) 1-1/q @(t)
X [JOLg(x)dxdt] [J ‘/_Jg(x)dxdt]

@49

Proof: By (6) in Lemma 1 and the power mean
inequality, we have

a+n(mb,a)

f(X)g(X)dx f

< ttbof [ L“:&)dx)dt]l
AL ([stoa) oo o]
q L (fg?x)dx)If (w(tqut] q}. (25)

From the inequality (u’ + v") < 217 (u + v)", for
u,v>0, y <1, and the (A, m)-MT-preinvexity of
|f’|? on [a,a +n(mb,a)], we obtain

1 w(t) 1/q
[ f ( f g@)dx ) [ o) dr]
0 a
1 o(t) 1/q
+[ J ( f g(x)dx) £ G| dr}
0 a
1 w(t)
ool ([
0 ( s x)

1/q
< (|| + |f’(¢(t)>|q)dt]

1 e(t)
JITE
1-1/
<2 qUO (Lg(x)dx)(MTw %

a+mn(mb,a)
n(mb a) f g(x)dx

m(l1—2)
" 2N1_”+ o :/_If()lq
m(1—)VITe, ., Ha
i (b)w)dt}
1/
=2H/q[|f’(a)|q+ mA=A)) (b)Iq] '

I

(26)

w(t) /
— tz(f g(x) dx)dt]1 q‘

367

The inequality (24) follows from (25) and (26), and
Theorem 5 is proved. m|

Corollary 4 In Theorem 5, if ¢ =1 and g(x) =1,
then we have

a+n(mb,a)
m f(x)dx_f(a_i_w)
) W[V'(dH m(1—2) If (b)|]

Theorem 6 If |f'|? for ¢ > 1 is (A, m)—MT—premvex
on [a,a + n(mb,a)], then the following inequality
holds:

a+n(mb,a)

f(X)g(X)dx

a+mn(mb,a)
n(mb a) f g(x)dx

< n(mzb,a){[ﬂ:+2|f (@)
m(1—A)(n—-2), ., 1/q
TR A

m(1—A)(m+2) |f’(b)|q]1/q }

e

1 @(t) _ 1-1/q
x {f [J g(x)dx]q/(q l)dt} . @
0 a

Proof: Noting that |f’|? is (A, m)-MT-preinvex on
[a,a+n(mb,a)], by (6) in Lemma 1, and using the
Holder inequality, we have

a+n(mb,a)

a+n(mb,a)
n(mb,a)
( T) ) g(x)dx

f(x)g(x)dx —fla+

n(mb,a)[ (' [ -1 TV
< UO (Lg(x)dx) dt}
I Var 1/q
X[( f o] +(f [P &) ]
0 0
b ! e(6) a/(¢-1) i
< n(mTa)u) (J g(X)dx) dti|

x{”l(zf/;w )i

m(1—A)vV1—t 14
# o) e

1
i
+” (=@

m(l MVI+t 1/‘1}
0T )]
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_ n(mzb,a){[n+2|f (@)

m(l—2A)(mt—2)
R

ZOQ

n—2, ., m(1—A)(n+2), ., 1/q
+H[F2 @i+ T D o] )

1 @(t) . 1-1/q
(¢-1)
% U (J g(x)dx)q/q dt} :
0 a

The inequality (27) follows. a

FURTHER ESTIMATION RESULTS

To obtain new estimation-type results, we deal with
the boundedness and the Lipschitzian condition of
f’, respectively.

Theorem 7 Assume that there exist constants r < R
such that —oo < r < f/(x) SR < o0 for dll x €
[a,a+n(mb,a)]. Then the following inequality holds:

a+n(mb,a)

f(X)g(x)dx f

a+n(mb,a)
n(mb a) f g(x)dx

< R=n*(mb,a)

3 (28)

lglloo-

Proof: From Lemma 1, we have

s (57
”(’“b “)f f g(?x)dx [/ () — £ (o (e))]dt
_ ntmb, “)J f(&)dx [F/ (0 -5 Jae

o(t)
n(mb, “)j fg(x)dx [F e~ "2E1a

Since the inequality r < f’(x) <R, we have

a+n(mb,a)

f(X)g(X)dx f

+R 1— +R +R
rL f( +—n( b, a)\ T <R-1 ,
2 2
which implies that
1— r+R R—r
#a+ —n(mb, @) - = < =
Similarly, we have
1+¢ +R R—
f(a+ Tn(mb,a))— i < 5 i
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|dt

Hence
1 o)
|J|<MJ fg(x)dx r+R|dt
so(r)
(1) — r+R
R @(t)
< ( g(x)dx|dt
(R—r)n*(mb,a)
< gl
This ends the proof. ]

Corollary 5 In Theorem 7, if we take g(x) =1, then
we have

1 a+n(mb,a) n(mb,a)
m af(x)dx—f(a+T)
< (R— r)’ré(mb,a)‘ 29)

Specially, taking n(mb,a) = mb—a with m =1, we
obtain

1 (P a+by| _ R—r)(b—a)
mfaf(x)dx—f( )| < :

8

Theorem 8 Assume that f’ satisfies Lipschitz con-
dition on A& for some L > 0, then the following
inequality holds:

a+n(mb,a)

a+mn(mb,a)
Fese0de—f(as W)I

g(x)dx

1, 0(t)
n(mb a)fjg(x)dx f'(a+n(mb, a))~f(a)] dt

3
< (mb,a)

L . (30
2 Lllgleo- (30)
Proof: From Lemma 1, we have
a+n(mb,a) a+mn(mb,a)
(mb,a)
f Fglydx—fa+ TE2E) | glx)dx

@(t)
- Al “) f f g dx [ £

—f’(a+n(mb,a))+ f'(a+n(mb, a))] dt}

1pr0(t)
hm.a) f f () dx [/ (O)—F (@ f ()] de


http://www.scienceasia.org/
www.scienceasia.org

ScienceAsia 45 (2019)

@(t)
- wwha) “’ f f 2 dx [ (F/ ()

= '(a-+ nimb,a))) ~ ( (p(e) —f (@) e}

e(t)
n(mb a)ff (x)dx

Since f satisfies Lipschitz condition for some L > 0,
we have

'(a + %n(mb, a)) —f’(a + n(mb, a))‘

< L|(a + %n(mb, a)) - (a +n(mb, a)))
= 15 n(mb,a)

and

(a+ S nmb, @) '(@)

1_
< L|(a+ Ttn(mb,a))—a))
= L%n(mb,a).

Hence

a+n(mb,a)

f(x)g(x)dx—f(a+

a+n(mb,a)
(mb,a)y (7
nT) J g(x)dx

@(t)

n(m ) ———[f'(a+n(mb,a))—f"(a) ffg(x)dxdt

2 w(t)
<QL%E9Lf~fﬂxMxﬂ—ﬂdt
0Ja

3
<nmh®
12

L{|glloo-

This ends the proof. a

Corollary 6 If we take g(x) =1 and n(mb,a) =
mb —a with m = 1 in Theorem 8, then we obtain

ff(x)dx -1(%32)

e OGS

b— 2

(b-a)7
12

APPLICATIONS FOR RANDOM VARIABLES

Suppose that for0 <a < b, g :[a,b] » [0,00)isa
continuous probability density function related to a
continuous random variable X which is symmetric

(a+n(mb,a))—f’(a)]dt

369

about (a + b)/2. Also, for T € R, suppose that the
T-moment

b
E.(X)= f x"g(x)dx (31D

. is finite.

From the fact that g
fab g(x)dx =1, we have

is symmetric and

a+b

b
E(X) =J xg(x)dx = 5 (32)

since
b b
f xg(x)dx=f (b+a—x)g(b+a—x)dx

b
= f (b+a—x)g(x)dx.
a
Based on the above-mentioned derivations, we
obtain the following estimations of the T-moment.

Proposition 1 For 7 = 2, we have the following

inequality
—(ECO)’
—a)(m—
< =D D) (@ +577). @3)

8

Proof: Let f(x) = x". For T = 2, the function
If/(x)| = Tx"! is an MT-convex function. Utilizing
the identities (31) and (32), we immediately obtain
inequality (33) from (17) in Corollary 1. O

Proposition 2 If m =1 and A =1/2 in Corollary 2,
then we have

2
-0 |« gl

T 3nmra+byr-1
e bT 1 ]
X&J )+ 5 (5)
Proof: The proof is analogous to that of Proposi-

tion 1 but replace (17) in Corollary 1 with (18) in
Corollary 2. O

Proposition 3 Assume that n(mb,a) = mb—a with
m = 1 in Theorem 7, and notice that if we consider
f(x)=x" for 7 € R together with x € [a,b]. Then
r=1a""!'< f'(x) <tb* ! =R, and we have

T—-1_ 71 2
<'L'(b a* " )(b—a)

5 lgllco-

—(ECO)
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