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ABSTRACT: By means of some properties of normal cones and a recent fixed point theorem for monotone operators,
we establish the existence and uniqueness of positive solutions for fractional integro-differential equations on infinite
intervals. Our results complement the previous results of positive solutions for fractional integro-differential equations.
Furthermore, we can make an iterative scheme to approximate the unique positive solution. An example is given to

demonstrate our main result.
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INTRODUCTION

In recent decades, fractional differential equations
(FDEs) have been used to describe many phenom-
ena in different fields of engineering and scien-
tific disciplines which include physics, chemistry,
biology, biophysics, economics, signal and image
processing, control theory, aerodynamics, electro-
magnetism, and viscoelasticity!™. The existence
of solutions of FDEs with boundary conditions has
been studied widely>®. Most papers considered
the existence of positive solutions®'2. Recently,
more and more attention has been paid to frac-
tional integro-differential equations (FIDEs) with
boundary conditions >, The methods used there
are mainly the Banach fixed point theorem, the
Leray-Schauder theorem, and fixed point theorems
in cones 617,

In Ref. 19, the authors considered the following
FIDE with boundary conditions:

D%u(t) + f(t,u(t), Tu(t),Su(t)) =0,
n—l<asnneN, nz=2,
u(0)=u'(0)=u"(0)=---=u™2(0) =0,

D" 'u(00) = U,

where t €J :=[0,00), f € C[JXEXEXE,E], Uy €
E, 0 is the zero element in E, and D¢ is the Riemann-
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Liouville fractional derivative,

(Tw)(t) = f k(t,s)u(s)ds,
0

(Su)(t) = J h(t,s)u(s)ds,
0

with k(t,s) € C[D,R], h(t,s) € C[Dy,R], D =
{(t,s) €R? | 0<s<t}, Dy=J xJ. The existence
and uniqueness of solutions was obtained by using
the Banach fixed point theorem and the monotone
iterative technique.

In Ref. 18, the authors concentrated on the
following FIDE with integral boundary conditions:

DZu(t) + f (t,u(t), Tu(t),Su(t)) =0, 0< t <1,

u(0) = by, u'(0) = by, -, u"P(0) = b,_s,
1

U0 =b,q, ()= MJ u(s)ds,
0

where n—1<a<n O0Osu<n—1,n=23, b=
0 (i=12,...,n—3,n—1), and D¢ denotes the
Caputo fractional derivative. The authors obtained
the uniqueness and existence of positive solutions
using the Krasnosel’skii fixed point theorem and the
Banach contraction principle.

Recently, Henderson and Luca®® gave the exis-
tence of nonnegative solutions for the multi-point
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FIDE

Du(t)+ f(t,u(t), Tu(t),Su(t)) =0, t € (0,1),
u(0)=v'(0)=---= u("_z)(O) -0

m

DPu(t)],=; = Y, a;Du(t)| o=z,

i=1

wheren—1<a<nn=23,¢;eR,0<&; <+ <
Em<1,pell,n—2],and g €[0,p],

The main approaches are the Krasnosel’skii
fixed point theorem for the sum of two opera-
tors and the Banach contraction mapping principle.
However, we found that there are still very few
papers reported on the uniqueness of positive so-
lutions for integro-differential fractional boundary
value problems on infinite intervals. The purpose of
this paper is to discuss the existence and uniqueness
of positive solutions for FIDEs with boundary condi-
tions on infinite intervals. Motivated by the results
in Refs. 20-22, we investigate the following FIDE
with boundary conditions:

D%u(t) +a(t)f (t,u(t), (Tu)(t)) =0,
n—1l<asn neN, nz=2,
u(0) =u'(0) =u"(0)=--- =u"2(0) =0,
D* 'u(o0) =,

€3]

where t € J :=[0,00), a € C(J,J), f € C[J xJ x
J,J1, B >0, (Tu)(t) = [, k(t,s)u(s)ds with k(t,s) €

C[D,J], D= {(t,s) € R?| 0 <s < t}. We will give
the existence and uniqueness of positive solutions
for (1) and use iteration to approximate the unique
positive solution. The methods used here are some
properties of normal cones and a recent fixed point
theorem for monotone operators. We can obtain the
existence and uniqueness of positive solutions for
the following problem:

D%u(t) +a(t)f (t,u(t),(Tu)(t),Su(t)) =0,

n—1l<as<nneN, nz=2
u(0)=u'(0)=u"(0)=---=u"2(0)=0,
D% 'u(o0) =B,

(2

wheret€J,aeC(J,J), f €eClIxIxJIxJ,J], B>
0, T is as in (1), (Su)(t) = fooo h(t,s)u(s)ds with
h(t,s) e C[J xJ,J].

PRELIMINARIES

Throughout this paper, we suppose that the follow-
ing conditions hold.

119

(Hy) f eC[JxJxJ,J]and f(t,u,v) are increasing
with respect to the second and third variables.
When u, v are bounded, f(t,(1+ t* 1 )u,(1+
t*1)v) is bounded for t € J.

(H,) k(t,s)=0and k* :=sup,¢, fot k(t,s)ds < oo.

(H3) aeC(J,J)and 0 < f a(s)ds < oo.

(H,) For r € (0,1), there exists ¢(r) € (r,1) such
that f(t,ru,rv) = o(r)f(t,u,v), Vt,u,v €J.

Definition 1 [Refs. 5,12] Let f : [0,00) — R
be continuous. The Riemann-Liouville fractional
derivative of order & for f is given by

& _ 1 i t _ n—6-1
D°F(0) = fgy 4 fo (c—s)" 0 F(s) ds,

n=[6]+1 where [-] denotes the integer part.

Definition 2 [Refs. 5,12] Let f : [0,00) — R be
continuous. The Riemann-Liouville fractional inte-
gral of order & for f is given by

NS B
If(t)_F(é)Jo(t $)°71f(s)ds, 6 > 0.

We will use the following space FC(J,R) to
study (1):

u(e)l }
FC(J,R)=4ueC[J,R]: sup ——— < o00.
( ) { : ] 0<t£oo 1+4te-1
From Ref. 20, we know that FC(J,R) is a Banach
space equipped with the norm

lu(t)l

o<t<oo 1+ ta1

llull =

Lemma 1 Let (H3) be satisfied and y € FC(J,R)
with y(t) bounded on [0, o0). Then

D%u(t)+a(t)y(t) =0,
n—1l<a<s<n neN, n=2,

u(0) =u'(0) =u”(0)=--- = u"?(0) =0, 3)
D* 'u(o0) =B,
has a unique solution
S ﬁ a 1
u(t) = f G(t,s)a(s)y(s)ds + —— @
o I'(a)’

where

a— al’ 0<s<t t,
F(a)G(ts)—{t LT 0%t
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Remark 1 We can easily see that Green’s function
G(t,s) satisfies

G(t,s) 1
, ———— < ——. 6
1+to! ©

G(t,s)=0 0

Proof of Lemma 1: We first show that
[, G(t,8)a(s)y(s)ds € FC(J,R). Since y(t) is
bounded on [0, o), there exists M > 0 such that
ly(t)] < M, t €[0,c0). By (H3) and (6), we obtain

G(t,s)
1+¢tet

=) d e
IIECREONOLT f a(s)ly(s)lds
0

1+ta-1

M
< L I‘(a)a(s)ds

< %L a(s)ds < oo.

Hence [~ G(t,s)a(s)y(s)ds € FC(J,R).

We only transform (3) and (4) as the converse
follows by direct computation. From Ref. 5, we
know that the general solution of (3) can be written
as

u(t) = —m f (t—s)*ta(s)y(s)ds

Fe t ot 4T ()

where ¢;(i = 1,2,...n) € R are arbitrary constants.
Because u(0) = 0, we can see that ¢,, = 0. Further,
from (7)

u(t) = —ﬁ JO (t—5)*2a(s)y(5)ds

+(a—1)cr t* 2+ (a—2)cyt* > + -
+(@a—n+1)c,_t* ™.
Then, from u’(0) = 0, we obtain ¢,,_; = 0. Repeating
the same steps for u”(0) = --- = u"2(0) = 0, we

obtain ¢,_, = c,_3 =+ = ¢y = 0. Considering the
condition D*'u(oc0) = B, from (7) we obtain

D* u(o0) = —J
0

which yields

= ﬁ (J:) a(s)y(s)ds+/3).

www.scienceasia.org
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Substituting ¢;(i = 1,2,...n) into (7),

B ﬁta_l a1 ©°
u(t) = @) +F( ) a(s)y(s)ds
a—1
T )J(t s)* als)y(s)ds
3 ﬁta_l ©°
= T@ +J; G(t,s)a(s)y(s)ds,
where G(t,s) is given by (5). O

Next we list some concepts and a fixed point
theorem in ordered spaces. Let (E,||-||) be a real
Banach space, and let P C E be a cone. Then E
is partially ordered by P, i.e., x < y if and only if
y —x € P. If there is a constant N > 0 such that for
allx,y €E, 9 < x < y implies ||x|| < N||y|| then P is
called normal. An operator A: E — E is increasing
if x < y implies Ax < Ay. For x, y € E, the notation
x ~ y means that there exist A > 0 and u > 0 such
that Ax < y < ux. Clearly, ~ is an equivalence
relation. Given h > 6 (i.e., h = 6 and h # 6)) we
denote by P, the set P, = {x € E | x ~h}. Then
p, C P.

Lemma 2 (Ref. 21) Let E be a real Banach space
and P be a normal cone in E with h > 6. Operator A:
P — P is increasing and satisfies: (i) there is hy € P,
such that Ahy € Py; (ii) for x € P and r € (0, 1), there
exists @(r) € (r,1) such that A(rx) = ¢(r)Ax. Then
the operator equation Ax = x has a unique solution
x* in Py; for xo € Py, constructing the sequence x, =
Ax,_, n=1,2,..., we obtain x, = x* as n — o0.

MAIN RESULTS

We define a cone P in FC(J,R) by
P={ueFCWUJ,R): u(t)=0o0nJ}.

Define an integral operator A by

Au(t) = f G(t,8)a(s)f (s, uls), (Tu)(s)) ds + ﬁr(a_)l
€)

where G(t,s) is given in (5). From Lemma 1, we see
that the solution of problem (1) is the fixed point of
operator HA.

Theorem 1 Let # > 0 and (H;)-(H,) hold. Then
(1) has a unique positive solution u* in P,, where
h(t) = t*}, t € [0,00). Furthermore, for u, € P,
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constructing the sequence

u,(t) = f G(t,s)a(s)f (s, up—q1(s), (Tuy—1)(s))ds
0

ﬁta_l

" T

where G(t,s) is given in (5), we have u,(t) — u*(t)
asn— oo,

n=12,...,

Proof: First, we prove that the cone P is nor-
mal. For u, v € P with u < v, we have v—u €
P. Thatis, v(t)—u(t) =20, t € J. Hence 0 <
u(t) <v(t), t €J. Hence sup,; (u(t)/(1+t*1)) <
sup,¢; v(t)/(1+t% 1), Hence |jul| < [[v|l. So the
conclusion holds.

Second, we consider the operator A defined in
(8). Now we prove that A : P — P is increasing.
For u € P, we have u(t) = 0, ||lu|| = sup,¢, u(t)/(1+
t* 1) < 0o. From (H,), we have

Tu(s) ’ u(t)
sup ———— =su k(s,T dt
565)14_5(1—1 SE})L ( ) 145071
1+7%0 u(r)

—sup | K d
sslel?Jo (s T)1+sa T T4 7

< supf k(s, T)|lu|ldT
seJ 0

= ||ullsuka(s,r)dr
0

seJ

= |lullk* < oo.

So there exist constants L,, Ly > 0 such that |Ju|| <
Ly, ||Tul| € Ly. From (H;), there exists M; > 0
which is defined by

My :=sup{f(s,(1+s* Du, (1+s* 1))}
fors €[0,00),u€[0,L,], v €[0,L;]. Also, by (6),
G(t,s)

Aut) (7
T+tel ) 1+4ted
ta—l
N B
I'(a)(1+te1)

("
SF(OL)JO a(s)f(s,(1+s“)

u(s) a1y (TW)(s)

1+s a1 (1Fs 1)1+s°‘—1)ds
ﬁta 1

I‘(a)(l +to-1)

a(s)f (s, u(s), (Tu)(s)) ds

a(s)ds+ —— < oo

F() F()

121

From (6), we have Au(t) > 0, t € J, and thus Au € P.
Evidently, T : P — P is increasing. Further, it follows
from (H;) that A: P — P is increasing.

Take h(t)=t*!, t €J. We showh € P. Indeed,

we have h(t) = 0 and
su h(t) =su e =1<o0
P el P e T ’

Furthermore, h € P,. In the following, we prove

Ah € P,,. Since
h(s) st
T4+se 1 14sel 7

Th ’
) < | k(s,7)dT <k
14se-1 o

Then from (H;), we can set

M, = sup{f(s,(1+s* u, (1+s* 1))}

for s € [0,00), u€[0,1], v € [0,k*]. On the one
hand,

/3 ta—l
I'(a)

Ah(t) = J G(t,s)a(s)f (s,h(s),(Th)(s))ds +
0

= b e .
I'la)

On the other hand, from (H;) and Remark 1,

/5 ta—l
I'(a)

Ah(t) = f G(t,s)a(s)f (s,h(s),(Th)(s))ds +
0

a(s)f (s,(l +s5%71
Th(s) B!
g 1) ds +

I'(a)
< (FI\(/[;) a(s)ds+ L) t* L,

a—1
< t
I'(a)

(1+s “‘1)

h(s)
14sat’

I'(a)

Let

a(s)ds+ —.

ﬁ J
U = ’ W
@ "7 T(a) I(a)
From f > 0 and (H;), we have u, > u; > 0. So
uih(t) < Ah(t) < uyh(t), t €J. Thatis, ush <Ah <
ush and thus Ah € P;,.
Finally, we prove that the condition (ii) in

www.scienceasia.org


http://www.scienceasia.org/2018.html
www.scienceasia.org

122
Lemma 2 also holds. For r € (0,1), u € P, from (H,),

[ee]

A(ru)(t) = f G(t,s)a(s)f (s, ru(s),(Tru)(s))ds
0

/5 ta—l
" T

= w(r)f G(t,s)a(s)f (s,u(s), (Tu)(s)) ds
0

ﬁta_l
T

> ¢(r) [J G(t,s)a(s)f (s,u(s), (Tu)(s)) ds
0

ﬁta_l :|
I'(a)

= @(r)Au(t), t € J.

+

That is, A(ru) = ¢(r)Au, r €(0,1), u € P. Hence all
the conditions of Lemma 2 are satisfied. Hence the
operator equation Au = u has a unique solution u*
in P,. That is, (1) has a unique positive solution u*
in Py, where h(t) = t*7!, t € [0, 00). Furthermore,
for u, € P, constructing a sequence u, = Au,_;, n =
1,2,..., we obtain u,, = u* as n —» oo. That is,

u,(t) = f G(t,5)als)f (s, un—1(s), (Tuy—1)(s)) ds
0

ta—l
B

£ an=12,...,
I'(a)

and u,(t) — u*(t) as n — oco. a
Now we consider problem (2) and give the following
conclusion.

Theorem 2 Let 3 > 0. Assume that (H,), (Hs) hold

and

(Hy) f eClJ xJxJxJ,J] and f(¢t,u,v,w) are
increasing with respect to u,v,w € J for fixed t €
J; whenu, v, w are bounded, f(t,(1+t* u, (1+
t* Dy, (1+ t*w) is bounded for t € J;

(Hg) h(t,s) = 0 and h* := sup,;(1/(1 +
t471) [ h(e,s)(1 +5%71)ds < oo;

(H,) for r € (0,1), there is ¢(r) € (r,1) such that
flt,ru,rv,rw) = o(r)f (t,u,v,w), Yt,u,v,w €
J.

Then problem (2) has a unique positive solution u* in

P,, where h(t) = t*7!, t € [0, 00). Furthermore, for

www.scienceasia.org

ScienceAsia 44 (2018)

Uy € Py, constructing the sequence

u,(t) = f G(t,s)a(s)f (s, up—1(s), (Ttp—1)(s),
0

/5 ta—l
I'(a)’

where G(t,s) is given in (5), we have u,(t) — u*(t)
as n — oo,

(Su,—1)(s))ds + =1,2,...,

Proof: From the proof of Theorem 1, we only need
to prove that ||Su|| < oo for any u € P. In fact,
for u € P, we have u(t) 2 0, |[u|]| = sup,¢; u(t)/(1+
t* 1) < co. From (Hg), we have

Su(s)
Sul| =su
Isull = sup =25

=su
se? 1+so-1

J h(s,T)u(7)dr
0

=sup

seJ 1 + Sa71

f h(s,7)(1+7%71)
0

u(r)
1+ 7ol

< su
se? 145271

f h(s, 7)(1+ 7% HulldT
0

= |Ju||h* < oo.

O

Corollary 1 Let f > 0 and (H,), (H3), (H,), (H¢)
hold. Then
D%u(t)+a(t)f (t,u(t),Su(t))=0,
n—l<asn neN, nz=2,
u(0) =u'(0) =u"(0) =--- =u""?(0) =0,
D*'u(o0) =,

9

where t € J and S is as in (2), has a unique positive
solution u* in Py, where h(t) = t*1, t € [0, c0).
Furthermore, for u, € P, constructing the sequence

un(t) :f G(t;s)a(s)f(s’un—l(s)’ (Sun—l)(s)) dS
0

ta—l
L

, n=1,2,...,
I'(at)

where G(t,s) is given in (5), we have u,(t) — u*(t)
as n — oo,

Corollary 2 Let 3 > 0. Assume that (Hg) holds and
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(Hg) f € C[J xJ,J] and f(t,u) is increasing with
respect to the second variable and when u is
bounded, f(t,(1+t* u) is bounded for t € J;

(Hy) forr €(0,1), thereexists ¢(r) € (r, 1) such that
flt,ru) = o(r)f(t,u), Vt, ueJ.

Then

D%u(t) +a(t)f(t,u(t))=0
n—1l<a<n neN, nz=2,
u(0) =u'(0) =u"(0)=---=u2(0)=0

D* 'u(oo0) =B,

(10)
where t € J, has a unique positive solution u* in Py,
where h(t) = t*"}, t €[0, 00). Furthermore, for u, €
Py, constructing the sequence

up(t) = J G(t,s)a(s)f (s,up—1(s))ds
0

ﬁta_l
" T

n=12,...,
where G(t,s) is given in (5), we have u,(t) — u*(t)
as n— oo.

AN EXAMPLE

Consider the problem

nt u3(¢)
Du(t +e_f{sin—
(© 1+t 1+¢3/2
1/4
1 ‘ u(s) /
+ ds =0,
1+632\ J (1 +t+5)?

u(0)=u/(0)=0, D*?u(c0)=1.

(11)
The problem (11) can be regarded as a form of (1),
where a = g, a(t) =e", k(t,s) =1/(1+t +s)?

n=3,5=1and

Tt u1/3 V1/4
t,u,v)=sin + + 5
A ) 1+t 1+¢32  1+4¢3/2
Cu(s)

Tu(t) = Om S

It is clear that f € C(J xJ x J,J), and f increases
with respect to the second and third variables. If
u,v € [0, 00) are bounded, then

FE@ 4+ D, (T+4y)
= f(t, (1 + 32y, (1 + t32)W)
= sin —— +u1/3+v1/4

< 1+u1/3+v1/4,

123

which implies that f(t,(1+ t* Du, (1 +t*)v) is
bounded. In addition,

| t

k* = _—
P i‘;%? (1+t)(1+21)

. ds=
0 Jo (1+t+5)? S
=3-2/2~0.17,

J a(s)ds :f e*ds=1.
0 0

Let o(r) =r'/3, r €(0,1). Then ¢(r) € (r,1) and,
forteJ,u,veld,

£t )= sin it +r1/3u1/3 F1/4,1/4
,ru,rv) =si
1+t 1+¢t3/2  141¢3/2
Tt ul/3 v1/4
> r1/3| sin + +
g T+t 14632 1432

=p(r)f(t,u,v).

Hence all the conditions of Theorem 1 are satisfied.
By Theorem 1, problem (11) has a unique positive
solution u* in Py, where h(t) = t* ' =32 t e
[0, o0). In addition, for the sequence

~ /
u,(t) =f G(t,s) e_s{sjn oy [, ()]
0

1+s 1 +s3/2

1/4 3/2
1 u,_,(7 t
+ n-a () dr }ds+ —_—,
14532 J,(1+s+1)2 I'(a)
n=1,2,..., for uy € P32, we have u,(t) — u*(t) as

n — oo, where
—(t—s)*2, 0<s<t,
I'(z)aG(t,s) =
(3)G(t,s) = { 3 0<t<s
Acknowledgements: The research was supported by
the Youth Science Foundation of China (11201272), the
Shanxi Province Science Foundation (2015011005), and

the Shanxi Scholarship Council of China (2016-009).

REFERENCES

1. Balachandran K, Park JY (2009) Nonlocal Cauchy
problem for abstract fractional semilinear evolution
equations. Nonlin Anal 71, 4471-5.

2. ChenE Zhou Y (2011) Attractivity of fractional func-
tional differential equations. Comput Math Appl 62,
1359-69.

3. Kempfle S, Schafer I, Beyer H (2002) Fractional cal-
culus via function calculus:theory and applications.
Nonlinear Dynam 29, 99-127.

4. N’Guérékata GM (2009) A Cauchy problem for some
fractional abstract differential equation with non lo-
cal conditions. Nonlin Anal 70, 1873-6.

www.scienceasia.org


http://www.scienceasia.org/2018.html
http://dx.doi.org/10.1016/j.na.2009.03.005
http://dx.doi.org/10.1016/j.na.2009.03.005
http://dx.doi.org/10.1016/j.na.2009.03.005
http://dx.doi.org/10.1016/j.camwa.2011.03.062
http://dx.doi.org/10.1016/j.camwa.2011.03.062
http://dx.doi.org/10.1016/j.camwa.2011.03.062
http://dx.doi.org/10.1023/A:1016595107471
http://dx.doi.org/10.1023/A:1016595107471
http://dx.doi.org/10.1023/A:1016595107471
http://dx.doi.org/10.1016/j.na.2008.02.087
http://dx.doi.org/10.1016/j.na.2008.02.087
http://dx.doi.org/10.1016/j.na.2008.02.087
www.scienceasia.org

124

5.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Agarwal RE Benchohra M, Hamani S, Pinelas
S (2011) Boundary value problems for differen-
tial equations involving Riemann-Liouville fractional
derivative on the half-line. Dyn Cont Discrete Impuls
Syst A 18, 235-44.

. Ahmad B (2010) Existence of solution for irregular

boundary value problems of nonlinear fractional dif-
ferential equation. Appl Math Lett 23, 390-4.

. Aljoudi S, Ahmad B, Nieto JJ, Alsaedi A (2012) A cou-

pled system of Hadamard type sequential fractional
differential equations with coupled strip conditions.
Chaos Soliton Fract 91, 39-46.

. Arara A, Benchohra M, Hamidia N, Nieto JJ (2010)

Fractional order differential equations on an un-
bounded domain. Nonlin Anal 72, 580-6.

. Graef JR, Kong L, Kong Q, Wang M (2012) Unique-

ness of positive solutions of fractional bound-
ary value problems with non-homogeneous inte-
gral boundary conditions. Fract Calc Appl Anal 15,
509-28.

Henderson J, Luca R, Tudorache A (2015) On a sys-
tem of fractional differential equations with coupled
integral boundary conditions. Fract Calc Appl Anal
18, 361-86.

Liang S, Ge W (2011) Existence of three positive
solution for m-point boundary value problem for
some nonlinear fractional differential equations on
an infinite interval. Comput Math Appl 61, 3343-54.
Zhai C, Xu L (2014) Properties of positive solutions to
a class of four-point boundary value problem of Ca-
puto fractional differential equations with a parame-
ter. Comm Nonlin Sci Numer Simulat 19, 2820-7.
Balachandran K, Kiruthika S, Trujillo JJ (2011)
Existence results for fractional impulsive integro-
differential equation in Banach space. Comm Nonlin
Sci Numer Simulat 16, 1970-7.

Balachandran K, Trujillo JJ (2010) The nonlocal
Cauchy problem for nonlinear fractional integro dif-
ferential equations in Banach spaces. Nonlin Anal 72,
4587-93.

Henderson J, Luca R (2017) Existence of nonneg-
ative solutions for a fractional integro-differential
equation. Results Math 72, 747-63.

Pei K, Wang G, Sun Y (2017) Successive iterations
and positive extremal solutions for a Hadamard type
fractional integro-differential equations on infinite
domain. Appl Math Comput 312, 158-68.

Wang D, Wang G (2016) Integro-differential frac-
tional boundary value problem on an unbounded
domain. Adv Difference Equat 2016, 325.

Wang Y, Liu L (2017) Uniqueness and existence
of positive solution for the fractional integro-
differential equation. Bound Value Probl 2017, 12.
Zhang L, Ahmad B, Wang G, Agarwal RP (2013)
Nonlinear fractional integro-differential equations
on unbounded domains in a Banach space. J Comput
Appl Math 249, 51-6.

www.scienceasia.org

20.

21.

22.

ScienceAsia 44 (2018)

Wang G, Ahmad B, Zhang L (2012) A coupled system
of nonlinear fractional differential equations with
multi-point fractional boundary conditions on an
unbounded domain. Abstr Appl Anal 2012, 248709.
Zhai C, Wang F (2015) Properties of positive solu-
tions for the operator equation Ax = Ax and ap-
plications to fractional differential equations with
integral boundary conditions. Adv Difference Equat
2015, 366.

Zhai C, Zhao L, Li S, Marasi HR (2017) On some
properties of positive solutions for a third-order
boundary value problem with a parameter. Adv Dif-
ference Equat 2017, 187.


http://www.scienceasia.org/2018.html
http://dx.doi.org/10.1016/j.aml.2009.11.004
http://dx.doi.org/10.1016/j.aml.2009.11.004
http://dx.doi.org/10.1016/j.aml.2009.11.004
http://dx.doi.org/10.1016/j.chaos.2016.05.005
http://dx.doi.org/10.1016/j.chaos.2016.05.005
http://dx.doi.org/10.1016/j.chaos.2016.05.005
http://dx.doi.org/10.1016/j.chaos.2016.05.005
http://dx.doi.org/10.1016/j.na.2009.06.106
http://dx.doi.org/10.1016/j.na.2009.06.106
http://dx.doi.org/10.1016/j.na.2009.06.106
http://dx.doi.org/10.2478/s13540-012-0036-x
http://dx.doi.org/10.2478/s13540-012-0036-x
http://dx.doi.org/10.2478/s13540-012-0036-x
http://dx.doi.org/10.2478/s13540-012-0036-x
http://dx.doi.org/10.2478/s13540-012-0036-x
http://dx.doi.org/10.1515/fca-2015-0024
http://dx.doi.org/10.1515/fca-2015-0024
http://dx.doi.org/10.1515/fca-2015-0024
http://dx.doi.org/10.1515/fca-2015-0024
http://dx.doi.org/10.1016/j.camwa.2011.04.018
http://dx.doi.org/10.1016/j.camwa.2011.04.018
http://dx.doi.org/10.1016/j.camwa.2011.04.018
http://dx.doi.org/10.1016/j.camwa.2011.04.018
http://dx.doi.org/10.1016/j.cnsns.2014.01.003
http://dx.doi.org/10.1016/j.cnsns.2014.01.003
http://dx.doi.org/10.1016/j.cnsns.2014.01.003
http://dx.doi.org/10.1016/j.cnsns.2014.01.003
http://dx.doi.org/10.1016/j.cnsns.2010.08.005
http://dx.doi.org/10.1016/j.cnsns.2010.08.005
http://dx.doi.org/10.1016/j.cnsns.2010.08.005
http://dx.doi.org/10.1016/j.cnsns.2010.08.005
http://dx.doi.org/10.1016/j.na.2010.02.035
http://dx.doi.org/10.1016/j.na.2010.02.035
http://dx.doi.org/10.1016/j.na.2010.02.035
http://dx.doi.org/10.1016/j.na.2010.02.035
http://dx.doi.org/10.1007/s00025-017-0655-y
http://dx.doi.org/10.1007/s00025-017-0655-y
http://dx.doi.org/10.1007/s00025-017-0655-y
http://dx.doi.org/10.1016/j.amc.2017.05.056
http://dx.doi.org/10.1016/j.amc.2017.05.056
http://dx.doi.org/10.1016/j.amc.2017.05.056
http://dx.doi.org/10.1016/j.amc.2017.05.056
http://dx.doi.org/10.1186/s13662-016-1051-8
http://dx.doi.org/10.1186/s13662-016-1051-8
http://dx.doi.org/10.1186/s13662-016-1051-8
http://dx.doi.org/10.1186/s13661-016-0741-1
http://dx.doi.org/10.1186/s13661-016-0741-1
http://dx.doi.org/10.1186/s13661-016-0741-1
http://dx.doi.org/10.1016/j.cam.2013.02.010
http://dx.doi.org/10.1016/j.cam.2013.02.010
http://dx.doi.org/10.1016/j.cam.2013.02.010
http://dx.doi.org/10.1016/j.cam.2013.02.010
http://dx.doi.org/10.1155/2012/248709
http://dx.doi.org/10.1155/2012/248709
http://dx.doi.org/10.1155/2012/248709
http://dx.doi.org/10.1155/2012/248709
http://dx.doi.org/10.1186/s13662-015-0704-3
http://dx.doi.org/10.1186/s13662-015-0704-3
http://dx.doi.org/10.1186/s13662-015-0704-3
http://dx.doi.org/10.1186/s13662-015-0704-3
http://dx.doi.org/10.1186/s13662-015-0704-3
http://dx.doi.org/10.1186/s13662-017-1246-7
http://dx.doi.org/10.1186/s13662-017-1246-7
http://dx.doi.org/10.1186/s13662-017-1246-7
http://dx.doi.org/10.1186/s13662-017-1246-7
www.scienceasia.org

