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ABSTRACT: A characterization for a Riesz s-potential function of a multiset w,, of N points in R? is given when s = 2—2N
and the potential function is constant on a circle in R2. The characterization allows us to partially prove a conjecture
of Nikolov and Rafailov that if the potential function is constant on a circle I' then the points in wy should be equally
spaced on a circle concentric to I'. As an application of constant Riesz s-potential functions, we also find all maximal

and minimal polarization constants and configurations of two concentric circles in R? for certain values of s.
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INTRODUCTION

For a fixed multiset of N points wy :=
{x1,X5,...,xy} in R? and a given constant
s € R, we define the Riesz potential function
U(;; wy) : R2—[0,00] as

N
Us(x; wy) = le —x;|7,

=1

where x € R? and || is the 2-dimensional Euclidean
norm in R2. We call U’(-; wy) a Riesz s-potential
function of wy. See Ref. 1 for more information
on Riesz s-potential functions in a d-dimensional
Euclidean space RY.

In this paper, we consider two problems con-
cerning the Riesz s-potential functions U°(:; wy).
The first problem is to prove, in parts, Nikolov
and Rafailov’s conjecture about points in wy be-
ing equally spaced on some circle when a Riesz s-
potential function is constant. The second problem
is to solve polarization optimality problems when
this Riesz s-potential function is constant.

Let wy be a fixed set of distinct equally spaced
points on a circle T € R? and T be a circle concentric
to T. In Ref. 2, Nikolov and Rafailov show in
Theorem 1 that U°(x; wy) is constant as a function
of x on T if and only if s € {0,—2,—4,...,4—2N,2—

2N}. They also show in Theorem 2 that this gives
a characteristic property of distinct equally spaced
points on a circle. More precisely, given a set wy
of N distinct points such that U*(x; wy) is constant
on a circle T for every s € {—2,—4,...,2—2N} (the
constant may depend on s), the points in wy are
equally spaced on some circle concentric to I'. In
the same paper, it was conjectured (Conjecture 2)
that only s = 2— 2N should be sufficient. We state
the conjecture below.

Conjecture 1 Given a set of N distinct points wy :=
{x1,%s,...,xy} CR? and a circle T € R? such that

N
U ) = D =P
j=1

is constant as a function of x on I'. Then wy forms
a set of distinct equally spaced points on a circle
concentric to T'.

The conjecture was verified in the case N =3
(see Ref. 2, Proposition 2). In this paper, we prove
Conjecture 1 in the following cases (after translating
the centre of T to the origin):
(i) when all points xi,x,,..

norm (Proposition 1);

., Xy have the same
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(i) when N =4 and x;, x,, X3, x4 have an equal
angle distribution (Proposition 2);

(iii) when N is prime and x,x,,...,xy have an
equal angle distribution and rational norms
(Proposition 3).

The above results are based on a characterization of

wy when U272V (.; e, ) is constant on the unit circle

(Theorem 1).

The next problems considered in this paper
are polarization optimality problems. Let wy =
{x1,...,xy} denote a configuration of N (not nec-
essarily distinct) points in R?. Denote by

S}e :={xeR?:|x|=R}

the circle centred at the origin of radius R. When
R =1, we simply use the notation S'. Given s € R,
R> 0, and r > 0, we define polarization constants

M3 (SESp) = max minU*(y;wy), (1)
wyCS, yESy
#wy=N

My(S};Sh) :=N,

Togly .o s .

my, (S5 Sg) := min ma)l(Us(y,coN), (2)
wyES, yES;
#wy=N

mlov(Sl;S;) =N,

where #wy denotes the cardinality of the multiset
wy. We will call wy a maximal (minimal) N-point
Riesz s-polarization configuration of (S';S}) if wy
attains the maximum in (1) (minimum in (2)). We
give a brief history of such polarization optimality
problems below.

Farkas and Révész® were the first to introduce
two-plate polarization constants in a general sense.
However, all previous results“® on polarization op-
timality problems related to Riesz potentials were
considered for the case when R = r = 1. The
maximality of N distinct equally spaced points on
the unit circle for the maximal Riesz s-polarization
problem of (S';S!) in (1) was proved in Ref. 4 for
s = 2. Erdélyi and Saff! established this for s =
4. For arbitrary s > 0, this result was proved in
Ref. 5 where they also showed the minimality of N
distinct equally spaced points on the unit circle for
the minimal Riesz s-polarization problem of (S*;S!)
in (2) for —1 < s < 0. Note that minimal N-point
Riesz s-polarization problems of (S!;S') when s > 0
are not interesting because my, (S';S1) = oo for all
s> 0.

Up to the present, there are no results on po-
larization optimality problems in (1) and (2) for
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R # r. In this paper, we give a characterization of all
maximal and minimal N-point Riesz s-polarization
configurations of (S!;S;) when s =—2,—4,...,2—
2N.

Although the asymptotic properties of polar-
ization constants are not our main interest in this
paper, it is worth mentioning the asymptotic types
of behaviour of M3 (S';S') as N — oo °:

28(s)

———(2°—1)N* 1

(Zn)s( IN®, s>1,
Mls\l(sl;sl)N (1/m)NlogN, s=1,

- (i

2 15y g<set,

VAT (1-35)

where {(s) denotes the classical Riemann zeta func-
tion and ay ~ by means that limy_, o, ay/by = 1.
The reader is referred to Refs. 1,7, 8 for asymptotic
results of polarization constants and configurations
of general subsets of R? as N — oo when s > 0.

CONSTANT RIESZ s-POTENTIAL FUNCTIONS

The Euclidean space R? and the complex space C
over R have the same dimension and the same
norm. However, the complex space C has a richer
algebraic structure; for example, C is a field. Hence
when we prove all theorems in this and the next
section, any element x € R? will be replaced by x €
C, the 2-dimensional Euclidean norm || is replaced
by the modulus in C, and the notation xy is adopted
from the multiplication in C and the notation x/y
is adopted from the division in C. We recall that the
usual dot product in C is defined by

(al + azi) . (bl + bzi) = Cll bl +a2b2.

Now let wy := {x7,X5,...,Xy} € C be a set of
N distinct points. In this section, we will assume
that U2V (x; wy) = Z?Izllx — x;|*N7? is constant
(as a function of x) on a circle I' € C and prove that,
under various conditions, the points x;, Xy, ..., Xy
are equally spaced on some circle concentric to
I'. By translating and scaling the circle I', we can
assume without loss of generality that I is the unit
circle S*. The following conjecture is equivalent to
Conjecture 1.

Conjecture 2 Given a set of N distinct points wy =
{x1,x5,...,x5} € C such that

N
0 s ) = 3 =2
j=1
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is constant as a function of x on S!, then wy forms a
. . . 1
set of distinct equally spaced points on Sy for some R.

We begin with our main theorem which gives
a characterization of wy when U272V (-; wy) is con-
stant on the unit circle.

Theorem 1 Let wy = {xq,Xq,...,Xxy} € C be a set
of N distinct points. Then the function

N

U272N(x; wN) — Z|x _xj|2N72
j=1

is constant on the circle S if and only if
N—k—1

ﬁ: Z (N — 1)(N — 1)|x'|2N—2k—2q—2xlf

i q k+q)’ J
j=1 g=

=0, forall k=1,...,.N—1. (3)

Note that (3) gives a system of N —1 equations

in terms of elements in the set wy. The proof of The-

orem 1 requires a technical lemma which involves a

lot of calculations, and so we will postpone it to the

end of this section.

Example 1 Suppose U2 2N(x;wy) is constant on
S!. We list the systems of equations (3) that the X;
must satisfy for small values of N below.

(i) Let N =3. Then x;, x,, X3 must satisfy

3

j=1

x]?=0,

=

—

(ii) Let N =4. Then x;, x,, X3, x4 must satisfy

4
D1+ 1x P2 =0,

-
Il

-
~.
Il

-

> +31x 2+ [x; 1M = 0.
j=1

(iii) Let N =5. Then x4, x5, X3, X4, X5 must satisfy

dixt=0, DA+ =0,

j=1 j=1
5
D 3+ 8lx;1% +31x;[)x? = 0,
j=1

5
D+ 52+ x5+ 2, = 0.
j=1
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Using the characterization given in Theorem 1,
we can verify Conjecture 2 in various cases. Our first
result asserts that Conjecture 2 holds if the points
X1, X5, ...,Xy already lie on the same circle centred
at the origin (i.e., they have the same norm).

Proposition 1 Let wy = {xq,Xq,...,xy} € C be a
set of N distinct non-zero points lying on some circle
centred at the origin. If U>"2N(-; wy) is constant on
SY, then x;,x,,...,xy are equally spaced.

Proof: It suffices to show that x;, x,,...,Xxy are the
Nth roots of some complex number. Suppose |x;| =

|x5] = -+ =|xy| =R. From (3) we deduce that
N
k_
ij =0,
=1

forallk=1,2,...,N—1. By Newton’s identities,

Ek(xl,xZ,...,xN):O, k=1,2,...,N—1,
where the e, are elementary symmetric polynomi-
als. Thus xi,x,,...,Xxy are distinct roots of the

polynomial

N
[ Jr—x)=x"—p
k=1

for some u € C. m|

Now we will consider another special case. In-
stead of assuming that all points have the same
norm, we will assume that they have an equal angle
distribution around the origin. More precisely, let
¢ = e>™/N and, without loss of generality, we assume
that

x; =1l x, =103 L xy =Y ()

for some positive real numbers ry,ry,...,ry. Our
next result proves Conjecture 2 when N =4 and x,
X,, X3, X4 have an equal angle distribution.

Proposition 2 Let x;, X, X3, X4 be as in (4). Sup-
pose that
N
U~(x; wy) := le —le6
j=1

is constant as a function of x on S*. Then x;, X, X3,
x4 are equally spaced on a circle centred at the origin.

Proof: By Proposition 1, it suffices to show that
|31 | = |x4| = |x3| = |x4]. From Example 1, the points
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X1, X9, X3, X4 Must satisfy

4 4

3 _ 2y,.2

2% = 2+ ]
j=1 j=1
4

=D (14302 + [x;[)x; =0.

. i . 4
= 3
With x; = r;{’, the equation > j=1%; =0 becomes

3,3 2
¢ +r2¢’ +r3§+r4—0

Let P(X) = r}X3 + r3X? + r3X +r} € R[X]. Since
{ =1, { = —i are roots of P(X), we have

P(X)=C(X*+1)(X+b)=C(X®+bX*+X +b),

for some non-zero C € R. Comparing the coeffi-
cients, we have r; = r3, Ty =Ty

The equation Z 1(T+x; |2 )x =0 becomes
Z] A+ rz)rzcjzl = 0. Expandmg the sum and
using r| = r3, r2 =r, we have

201+ )2 +2(1+1r3)r; =0.

Since {? =
t=ry/ryand a=1/r2

—1 we obtain (1+r2)rZ = (1+r3)r2. Let
We have

(a+1)=(a+t)t? = t*+at’—(a+1)=0

Thus
2= —a*val+4a+4 —ax(a+2)
B 2 B 2 '

The only possible case is t2 2( a+(a+2))=1.
Since t > 0 we have t = 1. Hence r, = r;. We have
shown that ry =ry =13 =r1y4. O
Actually, if we further assume that all norms are
rational, then Conjecture 2 holds for all prime N.

Proposition 3 Let N be a prime number.  Let
Xq,Xg,...,Xy be as in (4) where all r; € Q. Sup-
pose that U*2N(-;wy) is constant on S'. Then
X1,Xq,...,Xy are equally spaced on a circle centred
at the origin.

Proof: By Proposition 1, it suffices to show that

[xq] = |xg| =+ = |xyl. Applying the condition (3)
with k = N —1 gives Z, , X}t =0. Thus

N N
Zr}v_lg_j = Z rﬁ:}@’j =0.

j=1 j=1
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Let A be a positive integer so that ArN jl € Zwy
for every j. Then Z] (Ary=Hgk=0. This is a
vanishing linear combination of 1 4., OV with
positive-integer coefficients.  Since the minimal
polynomial of £ is 1+X +---+X"~! (N is prime),
this implies that all coefficients are equal. Thus

ANt =Arl =... = Ar} ™" and hence r) =, =

=1y m]

Proof of Theorem 1

The following technical lemma is needed for the
proofs of Theorem 1 and Theorem 2.

Lemma 1l Let N € N and p € {1,2,...,N — 1} be
fixed. If x; := |xj|cost; +il|x;|sint; for all j =
1,2,...,N, then for all y :=cost +isint € S?,

N
Doy —x
j=1

P N
=E, +Z Z[Ek’i coskt;coskt +E ;sinkt;sinkt],
k=1 j=1
(5)
where

=ii( ) e

j=1q

ok

p\( P 2p—k—2
E i =(-1 sz |2k
ki =(—1) q:o(q)(k‘*'q)')c)l

Proof: Let y := cost + isint € S' and X; =
|x;| cost;+i|x;[sint; forall j=1,2,...,N. Asimple
calculation shows that

£i(®) = ly —x;17 = (Ix;1 + 1= 2|x;| cos(t — £;))P.

Since A := {1, cos(t —t;),...,cos p(t —t;)} forms an
orthogonal system with respect to the inner product

2
{f.8) :=J f(t)g()de
0
and f; € span(A), we have
p
f()=> Ey;cosk(t—t;) =E;
k=0

p
+ ZEk’j(cos kt;coskt +sinkt;sinkt).
k=1
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Now,

N N
Dy =xl =" i)
j=1 j=1

N

P
=E, +Z [Ey jcoskt;coskt+E; ;sinkt;sinkt],
k=1 j=1

where EO'= Z;\Izl Ey;. By the ortho.gon'ality of the
elements in the set A and the calculation in Lemma 3
in the last section, we have

and

(fj,cos k(t— t;))

=(— 1)’22( )(k+q) Jx, |22,

forall k€ {1,2,...,p}and j €{1,2,...,N}. O
Proof of Theorem 1: For each j=1,2,...,N, set

Eyj =

x;j :=|x;j|cost; +ilx;|sint;.

(=) By our assumption, f(y) := Z;V:lly —x;|PN?
is constant on S, say f(y) = C on S'. Set

y =cost+isint €S,

By (5) for all t € [0,27],

C=f(y)=E,
N-1 N
+Z [Ex jcoskt;coskt + Ey ;sinkt; sinkt].
k=1 j=1
(6)
Because the set {1,cost,sint,...,cos(N —

1)t,sin(N — 1)t} is linearly independent over
R, we deduce
C—E,=0

and forall k=1,2,...,N—1,
N N
ZE’(J coskt; =0 and ZE’%J sinkt; =0. (7)
j=1 j=1

Using the formulae of E; ; from Lemma 1, it follows

271
from (7) that forallk=1,2,...,N—1,
N NE,.
_ . . _ Jo K
0= ZEk,j(cosktj +isinkt;) —Z |x'|kxj
j=1 j=1"J
N N—k—1
N—-1\/N—-1
=023 3 (Y ke
x |X |2N —2k—2q— 2xk’ (8)

which implies (3).

(<) Assume that (3) holds. Then we have (8)
and (7). Combining (7) and the second identity in
(6), we have for all y € S!,

N
Z|y—xj|2N*2 = Ey,
=

which implies that U?72V(-;¢y) is constant on
St i

AN APPLICATION TO POLARIZATION
OPTIMALITY PROBLEMS

We remind the reader that we will consider polar-
ization optimality problems in the complex plane.
A complete characterization of all maximal and
minimal N-point Riesz s-polarization configurations
of (S!;S!) when s = —2,—4,...,2—2N is given as

r> R
follows.
Theorem 2 Let N €N, p € {1,2,...,N—1}, R>
0, r >0, and {x;,xy,...,xy} CS.. The following

statements are equivalent:
(@) {xi,x5,...,xy}isamaximal N-point Riesz —2p-
polarlzatlon configuration of (81 Sl)
(b) {x1,x5,...,xy}is a minimal N-point Riesz —2p-
. . . . 1 1
pollvarlzatlon c]\c])nﬁguratlon of (Sr, SR)
— 2 ... = —
© % =2 x] = =2 x] =0
Furthermore,

My (S} 83) = my P (S} 87)
N

p 2
=5 (‘?) (2rR)Y (r2 +R2 + |12 — R P2,
— \J
j=0

9

Unlike the case when R =r =1 and s > 0, opti-
mal configurations for the cases in Theorem 2 may
not be unique up to rotation. For example, when p =
1 and N =4, our characterization of optimal config-
urations is Z?:l x; = 0. Hence there are infinitely
many optimal configurations that are not rotations
of one another. The proof of Theorem 2 relies on
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the fact that if wy is a configuration of N distinct
equally spaced points on Sl, then for each s =
—2,—4,...,2—2N, U*(:, wy) is constant on S. This
special property allows the problems to have more
than one solution (up to rotation). Furthermore,
our experimental study suggests that for the cases
when s € R?\{0,—2,—4,...,2— 2N}, any maximal
and minimal N-point Riesz s-polarization configu-
ration of (S!;Sy) is unique up to rotation, namely,
it is a configuration of distinct equally spaced points
on Sl. We make the following conjecture.

Conjecture 3 Let N € N, s € R\{0,—2,—4,...,2—

2N}, R>0, r >0, and {xy,x,,...,xy} €S The

following statements are equivalent:

(@) {x{,x,,...,xy} is a maximal N-point Riesz s-

1, X2 N ; li

polarization configuration of (S, ;Sg);

(b) {x1,x5,...,xy} is a minimal N-point Riesz s-
polarization configuration of (S!;S});

(© {x1,x5,...,xy} is a configuration of distinct
equally spaced points on Si.

Proof of Theorem 2

We need the following lemma.

Lemma2 Let N €N, pe{1,2,...,N—1}, R> 0,
and r > 0. Then any configuration of N distinct
equally spaced points on Si is both a maximal and
a minimal N-point Riesz —2p-polarization configura-
tion of (S!;Sp).

Proof: Let wy :={xq, X,,..., Xy} be a configuration
of N distinct equally spaced points on S} and p €
{1,2,...,N —1} be fixed. By Theorem 1 in Ref. 2,
we know that f(x) := Z;V:l |x — x;|? is constant as
a function of x on S}, say f(x) = C for all x € S}.
Thus

N

maxZIx —x*=Cc= mmZIx —x*. (10)
eSRl 1 Rl 1

Let {y1,¥s,..., Yy} be any N-point configuration on

S!. To show that wy is a minimal N-point Riesz
—2p-polarization configuration of (S!;S!), we will

r>~R
show that
N
maxZIx — x| < maley —x|?P. an
xes} & st
Consider
oyl |y U oxgr Cox/r|
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AsR/(y;/r) € S, for all i, we have

N RY_SN R |?

NC‘—;f(m)—;; -
_iz sz (12)
_j:1 i=1 g xj/r

It follows from (12) that there is j, € {1,2,...,N}
such that

mame—xFP

Rll

But C = maX,cs; Z?[:1|xi — x| from (10). Hence
we have (11) as required.

To show that wy is a maximal N-point Riesz
—2p-polarization configuration of (S};Sg), we will
show that

manly —x|? < m1nZ|x —x|?.

Rll Rll

(13)

It follows from (12) that there is jj € {1,2,...,N}
such that

mmZIy —x|* < Z

xESR =1

2p
<C.

=z

Yi—

x//r

But € = min,cg Zflzllxl- —x|?? from (10). Hence
we have (13) as required. O
Proof of Theorem 2: Because the proof of (a) &
(c) is similar to the proof of (b) < (c), we will show
only (b) & (c) and skip the proof of (a) & (c).
Without loss of generality, we can assume that R = 1.

let NeN, pe{l,2,...,N—1}, and r > 0
be fixed and {x;,x,,...,xy} be any configuration
in Sl. We recall from Lemma 1 that for x; :=
recost; +irsint; for all j =1,2,...,N and for all
y :=cost+isint € S?,

N
Z|J’—Xj|2p =E,
=1

p N
+ZZ Ey jcoskt;coskt + Ey ;sinkt; sinkt],
k=1 j=1

—.

(14)

— ahN Ey; k. .k
=R 2 S0t o)

1j=1
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where

oS50
0 q >

j:] q=0

——( 1)"22( )(k+q) PP (16)

Notice that the constant E, does not depend on a
configuration on S! and the constants Ey;/ rk do

not depend on a configuration on Si and j. For
convenience for all configurations {x;, x5,...,xy} C
St, we set
Ek’J
E, = — forallk=1,2,...,p. (17)
r

First of all, we will show that
my P (SL;S) = E,.

Let wy := {x],Xx,,...,X,} be a configuration of
distinct equally spaced points on Si. Using (15), we

have for all y € S*,

Z|y X[ —E0+ZZEk(y ()9

k=1 j=1
=E +ZEk(y’< -Z(X§)") =E, (18)
k=1 j=1

where the last equality follows from the fact that
Z;V:l(x;)k =0 for all k =1,2,...,p. Since w)} is
a minimal N-point Riesz —2p-polarization configu-
ration of (S!;S') (by Lemma 2), we obtain

my P (Sh;sh) = max U (y; w)y) = Ey.
y

We now prove (c)=>(b). Assume that wy =
{x1,x5,...,xy} € S} such that Z x =0 for all
k=1,2,...,p. Applylng the same argument as in
(18), we have for all y € S!,

Xf) = EO;

which implies that wy is a minimal N-point Riesz
—2p-polarization configuration of (S!;S").

Next, we show (b)=>(c). Assume that wy =
{x1,x5,...,x5} is @ minimal N-point Riesz —2p-
polarization configuration of (S!;S'). Then for all
yes!,

N

p
U™(y; wy) =Eo+ZEk(J’k'Z
k=1

N
U (y; ) = Y |y —x;1? <m?(s];8Y) = K.
j=1

273
Then, by (14) and (17) for all t € [0,27],

P
Ey = U ?(y;wy)=E, +Z(‘€ coskt + & sinkt).
k=1
where € = Z;V:l Ejcoskt;and & = 2;\]:1 Eysinkt;.
Thus for all t € [0,27],
P

0= Z(% coskt + & sinkt).
k=1

Hence for all t €[0,27],

p

Z(‘g coskt + S sinkt) =0

k=1
Because {cost,sint,cos2t,sin2t,...,cospt,sinpt}
is a linearly independent set over R for all k =
1,2,...,p,

N N
ZEk coskt; = ZEk sinkt; = 0.
j=1 j=1

Since forallk=1,2,..

N N

Zcos kt; = Zsinktj =0,

j=1 j=1

which implies that Z] X = Z;\]:l r¥(coskt; +
isinkt;)=0forallk=1,2,...,p.

To compute M;zp(Si, Si) and msz(Sl, 5) in
(9), we can use a similar argument in Lemma 1 by
replacing y =Rcos t+iRsint and f;(t) = |y—xj|2p =
(r?+R*—2Rr cos(t—t;))?. Applying the calculations
as in Lemma 4, it is not difficult to check that if wy
is a configuration of N distinct equally spaced points

on S!, then for all y €S},

-, Ex #0 ((16)),

k=1,2,...,p,

U (y; wy)
N P D 2 . .
= (1) (2rR)YI (12 + R? + [r2 — R P2,

p
20 £

COMPUTATIONS OF INTEGRALS

We collect our computations of all integrals in this
section.

Lemma 3 Let p €N, k € {0,1,..
Then

.,p}, and z € C.

2
f (%2 +1—2zcost)’ coskt dt
0

= (- 1)’%2( Sl a2
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Proof: Let p e N and k € {0,1,...,p}. First, we
prove the equality (19) for z € R. Let z € R. Then,
for { = €',

21
f (z2+1—2zcost)P coskt dt
0
27
= f (22 +1—z(e +e )P et dt
0
27
= f (z—e)P(z—e )P ekt dt
0

== f (=P E—1/0P¢ d
st
o )

Cpkarl ’

p—k
p p 2p—k—2
O AR
;0 q/\k+q

where the first equality follows from the fact that
the last expression is a real number. Notice that the
left-hand side and the right-hand side of (19) are
polynomials as functions of z. Thus both functions
are analytic on C and we have (19) forallze C. O

= ZrtRes(

Lemma 4 LetpeNand k€{0,1,...,p}. Fora,b e
C,

27
f (a—bcost) cosktdt
0

p—k

B (—1)"712 p\( P
T op-1 O(q)(k+q)ca,b,p,q,k’ (20)
a=

where Cy g = b (a% vaZ— b2 and the
square root function in (20) can be selected to be both
branches of the complex square root function.

Proof: Clearly, if b = 0, then the equation in (20) is
0 =0. Assume that b € C\{0} and a € C. To reduce
(20) to (19), we consider
(Aa—Abcost)?,
where A is chosen to satisfy the equations
2%z = bA, 22+1=al,

for some z € C. From the above equations,

e
b

z =

www.scienceasia.org
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and

2z 2a+2va2—b?

b b2
Furthermore, A # 0 because if A =0, then 2 =0
which implies that b = 0. Hence by Lemma 3,

A

2m
f (a—bcost) cosktdt
0
1 27
=— (Aa—Abcost) cosktdt
AP o

1 27
= — (z2+1—2zcost)P coskt dt
AP

p—k

(D' (P[P
T ;(q)(kw)c‘l’b’p’q""

0
O
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