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ABSTRACT: In this paper, we present a new method based on the fractional shifted Legendre polynomials to solve
non-homogeneous space and time fractional partial differential equations (FPDEs) in which space and time fractional
derivatives are described in the Caputo sense. The main purpose of this technique is to transform the FPDE into
algebraic equations which can be solved easily. Convergence and error analysis show the correctness and feasibility of
the method. The applicability and efficiency of the proposed approach are illustrated by some examples.
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INTRODUCTION

Fractional calculus has been investigated by many
authors 2. Recently, Momani used an Adomian de-
composition method? to find the non-perturbative
analytical solutions of the fractional Burgers’ equa-
tions and Inc* used the variational iteration method
to solve the same equation. Homotopy pertur-
bation and Adomian decomposition methods have
been used by Wang® to construct approximate
solutions of the nonlinear fractional KdV-Burgers’
equation. Al-Khaled and Momani® proposed the
decomposition method to obtain an approximate
solution of the generalized time-fractional diffusion-
wave equation. Mainardi’ considered analytical
investigation of the time-fractional diffusion wave
equations and provided a comprehensive review of
research on the application of calculus in contin-
uum and statistical mechanics including research
on fractional diffusion-wave solutions. This brief
review of fractional diffusion-wave equations and
their applications is by no means complete. Refer-
ences to other papers akin to fractional diffusion-
wave equations can be found in Ref. 7. Kumar®?
proposed modified Laplace transform and fractional
homotopy analysis transform methods for solving
a time-fractional Fokker-Planck equation and non-
linear homogeneous and non-homogeneous time-
fractional gas dynamics equations, respectively.

A space-time fractional diffusion equation can
be used as a linear model for a physical system
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involving a linear diffusion equation. Here, we con-
sider the following non-homogeneous space-time
fractional differential equation '°:

a B
d%u(x,t) _ Pu(x,t) T Fux.t),
dx«

ath
l<a<2, 0<p<l,

subject to the boundary and initial conditions

u(0, t) = hy(t), u(a, t) = hy(t), t =0,
u(x,0)=f(x),0<x<l,

M=g(t),0<x<l,
dx

where a and f8 are parameters describing the order
of space and time fractional derivatives, respec-
tively, and u(x, t) is the field defined in the space
domain [0,I]. The main objective of the present
article lies in introducing a new analytical or ap-
proximate solution of time-space fractional diffusion
wave equations by means of fractional order shifted
Legendre polynomials. The suggested method is a
potential tool for transforming fractional partial dif-
ferential equations (FPDEs) to algebraic equations
with fractional initial value conditions.

PRELIMINARIES AND NOTATION

The fractional calculus is a name for the theory of
integrals and derivatives of arbitrary order, which
unifies and generalizes the notions of integer-order
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differentiation and integration!!. Various defini-
tions of fractional integration and differentiation
are available® 2, The Riemann-Liouville fractional
derivative is mostly used by mathematicians but this
approach is not suitable for real world physical prob-
lems since it requires the definition of fractional-
order initial conditions. Caputo introduced an alter-
native definition which has the advantage of defin-
ing integer-order initial conditions for fractional-
order differential equations (FDEs) 2,

A real function f(x), x > 0, is said to be in the
space C,, u € R if there exists a real number p > u,
such that f (x) = x? f;(x), where f;(x) € C[0, c0].
Clearly, C, < Cg if B < u. A function f(x), x > 0, is
said to be in the space C;, meNu{o} if fm e Cy-
The fractional derivative of f (x) in the Caputo sense
is defined as

DEf (x) = J"*D" (x)
— 1 ) _ s ym—a—1 £(m)
——F(m_a)Jo(x )" () de,

form—1<a<mmeN,x>0,f €C”. The
Caputo fractional derivative first computes an or-
dinary derivative followed by a fractional integral
to achieve the desired order of fractional derivative.
Note that D*C = 0 where C is a constant and

DDP f(x) = D**P £ (x),
O, /5 ENO: ﬂ < [a-la
BEN, B>al

where [a] is the smallest integer greater than or
equal to a and |a] is the largest integer less than
or equal to a. Also N = {1,2,...} and N, =
{0,1,2,...}. As with the integer-order derivative,
the Caputo fractional derivative is a linear oper-
ation: D*(D. cifi(0)) = Do, ¢;D*fi(t), where
{c;}_, are constants.

FRACTIONAL-ORDER LEGENDRE FUNCTIONS

In this section, we discuss the properties of frac-
tional order Legendre functions and the function ap-
proximation based on shifted Legendre polynomials
and their properties.

Shifted Legendre polynomials and their
properties

The Legendre polynomials'® P,(z) satisfy

1
2
P P dz=——6, .
fln@)m@)z 57O
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For use on the interval t € (0,1) we define the so-
called shifted Legendre polynomials by introducing
the change of variable z = 2t — 1. Let the shifted
Legendre polynomials P,(2t — 1) be denoted by
L,(t). Then

! 5
L. ()L (t)dt = 2.
fo n(E)L, () —

Thenfori=1,2,...

_@i+1)(2t—-1) i

Lin(t)= H_—lLi(t)— H__lLi—1(f), (D
where Ly(t) =1 and L,(t) = 2t —1. In general,
L(6) =2 (=)™ ((n+)!/(n—1)1)t'/(i!)?. Note
that L,(0) =(—1)"and L,(1)=1.

Fractional-order Legendre definition for FPDE

The Adomian decomposition method 4, the homo-
topy perturbation method!®> and He’s variational
iteration method ' are the commonly used methods
to solve FDEs of order a which involve the series
expansion of the form Zlivzo ¢;x'®. Thus construction
of the orthogonal functions of the form &,(x) =
S, cix'® help us to solve FDEs more efficiently.
Recently, Rida and Yousef!” have generated a frac-
tional extension of the classical Legendre polyno-
mials by replacing the integer order derivative in
Rodrigues’ formula by fractional order derivatives.
But the complexity of these functions make them
difficult for solving FDEs. Subsequently, Kazem '8
generated the orthogonal fractional order Legendre
functions based on shifted Legendre polynomials
to obtain the solution of FDEs more simply and
efficiently.

The fractional-order Legendre functions (FLFs)
introduced by Kazem1'®, are defined by introduc-
ing the change of variable t = x* and a > 0 on
the shifted Legendre polynomials. Let the FLFs
L;(x*) be denoted by £(x). The fractional-order
Legendre functions are a particular solution of the
normalized eigenfunctions of the singular Sturm-
Liouville problem

((x —x”“).,%i/a(x))’ +a?i(i+1Dx* L (x) =0,

for x € (0,1). Then £(x) by using (1) can be
obtained from
(2i +1)(2x*—1)

L% (x) =
{(x) it1

i
£ (x)— l._'_—liﬂioil(x),

for i =1,2,..., where £j(x) =1 and £*(x) =
2x*—1. Generally, £%(x) = >._, b,;x**, where
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b = (—1)™**(i+s)!/(i—s)!(s)*. Note that £*(0) =
(—1)" and £%(1) = 1. The FLFs obey

1
ad

LY x) ¥ dx = —2.

L () LE (W) dx = 2

For solving FPDEs, we define

u(x, )= (Z cij.%f(t)) $,x) @

j=0 \i=0

DYu(x,t) = Z (Z cUDYzﬁ(t)) ¢;(x*)

j=0 \i=0
Diulx,t) =3 | D e 4 (0) | 55,0
j=0 \i=0 X
where
D=3, LD oy
i _s:O SIT(sa—y+1) ’

¢;(x*) = x*

and

1 1
Cij:a(2i+1)(j+1)f f G(x,t,a)dtdx,
0 Jo

where G(x, t,a) = ZF(Ow(t)w(xJu(x, t)d;(x).
Function approximation

In practice, only the first nm terms of (2) are con-
sidered. Then we have

n—1 /m—1
U, 0) = D (Z cijzi“(t)) $,(x%)

=0 \i=0
= Cl2(0)(x*), ®3)

where C and £%(t) are given by
C = [¢g0, €105 C205 - -

-5Cm—10>€015€115C215- - -5 Cm—1 1>

T
e++3€0 n=1>C1 n1=1€2 n—15+++»Cm—1 n-11 >

L) =[L8(0), L2(0),....,. 2% (O],
®(x) = [Po(x*), p1(x?), ..., Ppa (x)]

— a .2a a(n—1)1T
_[1;x ’x "";x ( )] >

and

1,1
¢j=a2i+1)(j+ 1)f f u(x, t)£(t)
o Jo

x“_lt“_lqﬁj(x“)dt dx.
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Description of the method

First, we re-express the unknown approximation
functions:

n—1 /m—1
U (X, )= (Z cijzf(r)) ®;(x®),

j=0 \'i=0

where @;(x%) = x/¢.

n—1 m—1
oB
DY (2, 0) = 3 > 625 (2] (1)2,(x).
j=0 i=0
n—1 /m—1 o¢
Dty 6) = Y | (Z cijzf(r)) S .
j=o \i=0

The number of unknown coefficients ¢;; is equal
to nm and it can be obtained from the equations
and initial boundary conditions to solve any space-
time FPDEs. If the exact solution to the problem is
known, the accuracy and efficiency of the proposed
method based on maximum absolute error e, , for
a<x<b,and 0 <t < 7 is defined as

ern,n = max{|u(x, t)_um,n(-x: t)l}

THEORETICAL ANALYSIS

In this section, we discuss the convergence analysis
and error estimation for the proposed technique.

Theorem 1 A continuous function u(x,t) with sec-
ond derivative bounded by M (a constant), can be
expressed as in (2) and the truncated series given in
(3) converges towards the exact solution of the FPDE.

Proof: Consider

1
a; =a(2i+1)(j + 1)J U (X, )L (1) t*tdt.
0

Here £%(t) = P;(2t* — 1), where P; are Legendre
polynomials in x and the fractional shifted Leg-
endre polynomials are orthogonal with respect to
the weight function w(t) = x*1t*"! in the interval
(0, 1].

1
a;; =a2i+1)(j+ 1)f Up o (x, £)P(2¢4 —1)t* 1t
0
. . 1
- 1;(] +U J Up o (, )P (v)dv
-1

_ 1
= % Jl U (X, £) A[Pry (V) = Piy (V)]
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L e LR P
-1
B
=== f_l u, o (x,t)
d[Pi+2(V.)—Pi(V)_Pi(V)fPi—z(V)]
2i+3 2i—1
1
=%(j+1)f uy (x,t)
-1
[Pi+2(v)_Pi(V) . Pi(V)_pi—z(V)i| dv
2i+3 2i—1 '

Consider
2
]+1)u” ,(x, t)dvB,

2

J (]+1)u” L(x, £)By dv

<J
-1

M2(j+1)?
(2i —3)(2i —1)*’

2
3G+ a6, 0] 1By dv

where

B. = [Pi+z(v)—Pi(V) _ Pi(V)_Pi—Z(V)]

! 2i+3 2i—1 '
Thus we obtain

1

1 " M(j+1)

- B, dv| <

2 f_l Ui (VB AV (2i—3)1/2(2i—1)

M(j+1) X xie dy
(21—3)1/2(21—1)

”| a(2i— )1/2(21 -1)

|Cij| <

|c

Hence 3.~ 37 c;; is absolutely convergent and
thus the expansion of the function given in (3)
converges uniformly°. O

Theorem 2 Let u(x, t) be a function defined on (0, 1]
with second derivative bounded by M (a constant).
Then we have the following accuracy estimation:

M
€s ZZ a2(2i—1)y/Ri—3)2i+ D2j+ 1)

j=ni=m

where € = (fol fol[u(x, t) — Uy o (x, ) 2d tdx)/2.
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Proof:

1,1
€2 f [u(x, t) =ty o (x, t)]*dedx
0

8 S

(o]

1
=f D> Rt (122 (x ) (xt)*  dr dx.
0

j=ni=m
Hence we have
oo o0
M
€ < ZZ .
pr—— a2(2i—1)4/(2i—3)(2i +1)(2j + 1)
O

NUMERICAL RESULTS AND DISCUSSION

In this section, we present some examples to
demonstrate the types of behaviour of the proposed
method and the solution of a fractional partial dif-
ferential equation.

Example 1 Consider the following non-
homogeneous space-time fractional telegraph
equation 2’

0% *u  dPu

P —ﬁ+87+u X —t+1

x, t=20, 1<a<2,0<f<

subject to u(0,t) =t, u,(0,t) =0

Let u(x, t) = Z?:O(Z?ZO Ci].giﬁ(t))q)j(x"‘) be
the approximate solution of Example 1 with m =5
andn=3

By applying our proposed method, we have
obtained the values of ¢;; for various values of a and
p (Table 1).

The numerical solutions of Example 1 obtained
by our proposed method are shown in Fig. 1. It can
be seen that the solution obtained by the present
method is in full agreement with the exact solution
u(x,t)=x*+twhena=2and  =1.

Example 2 Consider
2% aPu
ate  oxB’

subject to the initial condition u(x,0) = x?—x and

the boundary conditions u(0,t) = u(1,t) = 2t for
t=0.

0<a<1,1<f<2,t>0,

We apply our proposed method for solv-
ing Example 2 with the approximation u(x,t) =
Z?:O(Zj:o ¢;;£2(£))®;(xP). The numerical results
are shown in Fig. 2 for various values of a and f3.
The solution obtained by our approach when a =1
and f3 = 2 converges to the exact solution 2t +x2—x.
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Table 1 Values of the coefficients c;; for Example 1.

ScienceAsia 42 (2016)

a=2and f =1 a=15and f=0.5 a=125and =1
iNj O 1 2 iNj O 1 2 iNj O 1 2
0 1/2 1 0 0 1/3 1/T(2.5) 0 0 1 1/I(2.25) 0
1 1/2 0 o 1 1/2 0 0 1 o 0 0
2 0 0 0 2 1/6 0 0 2 0 0 0
3 0 0 0 3 0 0 0 3 0 0 0
4 0 0 0 4 0 0 0 4 0 0 0

Fig. 1 Solution u(x,t) to Example 1 when (a) a = 1.25,
B=1,0b)a=175p=1;( a=1.5=0.5(d) a=
2,8=1.

CONCLUSION

The main concern of this work is to obtain an
approximate solution of space-time fractional dif-
ferential equations by a fractional shifted Legendre
polynomial method. The applicability and validity

www.scienceasia.org

u(x,t)

u(x,t)

u(x,t)

u(x,t)

Fig. 2 Solution u(x,t) to Example 2 when (a) a = 0.5,
B =15, (b)) a=05, =125 (c)a=1, f =1.75
(da=1,p=2.

of this method have been illustrated through theo-
retical analysis. From the illustrated examples, we
observed that the obtained solutions are in good
agreement with the solutions provided in the litera-
ture.
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