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ABSTRACT: Optimal partitioning of a square is the search for the least-diameter way to partition a unit square into n
pieces. The problem is here solved for some small n values. Although this problem has recently been approached by
transforming the problem into a graphical enumeration, the algorithm had too large a computational cost for cases of
n 2 7. In this paper, the existence of solutions in a more general sense is established and the graphical transformation
method is improved by generating dual graphs of the combinatorial patterns. In particular, combinatorial patterns were
generated using the triangulation of planar graphs. Theorems to eliminate some unnecessary partitions are presented
and numerical optimization by convex programming is used to find the minimum diameters. Our results confirm the

earlier reported cases for n =9 and 10 and the predictions made for the case of n =11.
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INTRODUCTION

The optimal partitioning of a square is the search
for the least-diameter way to partition a unit square
into n pieces. The problem was first solved for the
case of n = 3 in 1958 after being formulated as
the following problem by Wenceslas and Lipman®.

Prove that a unit square which is dissected by a % x1

. 1 7 .
rectangular piece and two 5 x g rectangular pieces

cannot be covered by three sets having diameters
less than d = v/65/8. A similar problem in the case
of n =5 was posed in 1959 by Page? and later solved
in Ref. 3. The problem was extended from the case
n = 3 to find the minimum d such that the square is
covered by five sets each of which has diameter d.
Graham* studied a similar problem on the par-
titioning of an equilateral triangle into n pieces for
n up to 15, while the most significant process on the
unit square was performed by Guy and Selfridge®.
In brief, they defined the optimal diameter of parti-
tioning the unit square into n pieces by the infimum
among all possible patterns of the maximum of a
polygonal diameter of an n-piece partition. They
found and proved the exact values of the optimal
diameters for the cases of n = 4 to 10, and gave
numerical bounds and a prediction for cases of a
larger n. Unfortunately, the proof for each n has
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its own unique technique with no relation to the
proof for the other cases. Later, Jepsen® worked
independently to prove the cases up to n = 6.

In our recent work”, the optimal partitioning of
a square from a new viewpoint of transforming the
problem into graphical enumeration was proposed
along with the algorithm to generate all the possi-
ble patterns and optimize them in the case n = 4
to 7, along with the numerical optimal diameter.
However, for larger n values the algorithm is too
computationally costly.

In this paper, we present an algorithm to find
the numerical optimal diameter, the results from
which were found to agree with the previous work
of Guy and Selfridge® up to the 6th decimal place
for n values up to 11. This paper is organized
as follows. In the first section, we establish the
existence of a solution in a more general sense
and then review the problem transformation from a
geometric problem to a graphical enumeration and
give an overview of the process. We then propose
the algorithm that relates the dual graphs and their
triangulation and provide the necessary condition
of optimal partition which can eliminate some un-
necessary patterns during the pattern enumeration
process. The enumeration for n =9 to 11 is also
included in this part. Numerical results and patterns
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for the cases of n =9 to 11 are given in the final
section.

PROBLEM FORMULATION

Throughout this paper, we denote S as a unit square
in R2. For any set T in R2, we define the diameter
of T by diam(T) = sup{d(p,q) | p,q € T}, where
d(p,q) is the Euclidean distance between p and q.

Existence of the solution

To prove the existence of the solution, the problem
was evaluated in a more general sense as follows.
The original problem asks for the diameter optimiz-
ing partition {S;} of a closed unit square in R?, and
the authors show the existence of such optimizing
partitions and that each one may be considered to
be composed of convex polygons®. In this work,
we allow S's to overlap and then show later that it
suffices to consider only convex polygonal S/s with
disjoint interiors.

Since diam(C) = diam(C), where C is a closure
of C in R?, it is necessary to focus on covering by
closed sets as in the following definition.

Definition 1 Let S be a unit square and C; € S for
i=1,2,...,nbeclosed subsets. ¢ ={C;,C,...,C,}
is called the closed covering set of a square S if

U?=1 G =S.

Theorem 1 shows that the solutions to the gen-
eralized problem are still virtually unchanged.

Theorem 1 For a given natural number n, there
exists a closed covering with the minimum diameter
of the square.

Proof: Let € be a family of closed covering sets of a
square. For ¥ € ¢, such that 4 = {C;,C,,...,C,},
Diam(<%) = 0, there exists inﬁg;€ biam(% ), denoted
by a. Next, we will find 6, with diameter a.

When a € { Diam(%) | € € ¢} it is clear that
there exists 6, such that Diam(%),) = a.

When a ¢ {Diam(¥¢) | € € ¢} there
is a sequence of covers {%,} such that
a = limy_,, Diam(%). By the compactness
argument under the Hausdorff metric, there exists
a subsequence {Cy ,}~ , converging to a covering
set € in €. Clearly, diam(%¢) = a, a contradiction.
Hence this case is impossible. Hence there exists
a closed covering of a square with a minimum
diameter. O

Theorem 1 shows that we can cover the square
with any closed sets. However, it suffices to cover a
square by convex sets by the following arguments.
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Let #2(C;) be the convex hull of C;. Note that
diam(C;) = diam(s#(C;)), and for any convex set
K, diam(K) = diam(K). Hence we can focus on
the closed convex C/s. In this case, C; may be
overlapped by the adjacent set C;. If the interior of
C; and C; are not disjoint, it is possible to construct
a cover of a smaller diameter by replacing C; by

i—1
c\Je
j=1

When any two closed convex sets have disjoint
interiors, they may overlap only at their boundaries.
By convexity, the overlapped boundaries should be
straight lines.

By the previous arguments, we can consider the
covering problem with partitioning a square into
convex polygonal pieces, which is similar to the
original problem by Guy and Selfridge®.

We define the optimal diameter to be consistent
to the previous studies®. The rigorous definition of
optimal diameter and numerical optimal diameter is
defined as follows.

Definition 2 For a closed unit square S, we denote
the family IT of all partition 7 of S into n disjoint
subset S; such that US; = S. The optimal diameter
d, is defined by

dy = inf max lee;;i d(BQ), ¢))
where P and Q are points in S;, and d(P,Q) is the
Euclidean distance between P and Q. Such © € II
attaining the optimal diameter is said to be the
optimal partition.

We denote the optimal diameter numerically
computed from the frameworks in the previous
study’ and in this paper by D,,.

Problem transformation

Based upon the original problem by Guy and Self-
ridge®, we consider each partition as an embedded
planar graph with straight edges. Our main con-
cern is to generate all the possible graphs satisfying
the condition of being necessary optimal partitions.
Furthermore, we found that it suffices to consider
only the graphs with vertices of degree 3. This is
because each vertex of a degree greater than three
may be viewed as a bunch of vertices of degree 3
with extra edges of length zero, while a vertex of
degree 2 can be ignored since each face is convex.

We define the generation of the graph of degree
3 vertices corresponding to the partitioning of the
square as follows.
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Definition 3 A straight line planar graph 7 is said
to be a combinatorial pattern if 7 satisfies: (i) =
is a 3-regular graph, (ii) m does not have a loop
or multiple edges, (iii) the internal edges form a
connected graph.

If 7, and 7, are combinatorial patterns, then 7r; and

7, are distinct if they are not isomorphic.

The overview process for transforming a prob-
lem has been presented in our previous work’, and
in brief is as follows.

(i) Construct a condition to enumerate the number
of vertices and edges by Euler’s formula and the
condition of 3-regular graphs.

(ii) Join the vertices with edges of every possible
case that leads to a combinatorial pattern.

(iii) Optimize each combinatorial pattern.

Notation

Let S be a unit square on the plane; 7= be a combina-
torial pattern; and ¥, & and & be the set of vertices,
edges and faces, respectively. Let ¥;, ¥,, ¥; and ¥,
be the set of vertices on the top, left, bottom and
right sides of the square, respectively; and similarly
for ;. Let ¥, and %, be the set of vertices and faces
that are not adjacent to any side of the square. The
cardinality of ¥; and &; are denoted by V; and F;.

For faces in &, the faces are designated from
the upper right corner proceeding anticlockwise by
fi1,f12,--+ fip,-  They are designated by starting
at the upper left corner in the same manner by
fo1,f225 -+ fop,-  The third and fourth sides are
designated similarly. We also obtain fi5 = fy,
for, = f31, far, = fa1, far, = f11- A face in the graph
7 is considered as a vertex in the dual graph 7*. The
notation f;; also represents a vertex in 7*. If a face f;
is adjacent to f;, we write f; ~ f;, otherwise f; % f;.
In the dual graph construction, if f; connects to fj,
then f; ~ f;, otherwise f; # f;. Fig. 1 illustrates the
usage of provided notation.

THE PROPOSED ALGORITHM

Definition 4 Let 7t be a combinatorial pattern. The
dual graph ©t* of 7 is called the dual combinatorial
pattern.

Triangulation process

Suppose that 7 is a combinatorial pattern. Since 7 is
a 3-regular graph, the dual graph 7* of 7 is a planar
graph composed of triangular faces. Hence we need
to triangulate a set of vertices of a dual graph m*.
Let &, be a sequence of outer vertices, Z;,
be a set of interior vertices, # be a set of current
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™
fasfa. fp fu=f
Va2 * 0 P
4 fo2 » p f1
o d 02 @
faa=fal  fao fiz= [y

U31 3 U32

Fig. 1 An example of a pattern 7 (left) and its dual graph
m* (right). In this example, ¥; = {v1, V12}, Y5 = {Va1, Va2 }»
Vs = {vs1, Va2l Y4 = {var, vaol, % = {vor, - Voro} and
fi1 > fiz, fir = faz, f11 = for but fi; # fop. The numbers
1-4 in the left panel represent the side of the square.

triangles initially set to be empty, and & be a set of
prohibiting connections.

The following algorithm is a recursive pro-
cess:

(i) Join the vertices Z,,; sequentially.
(ii) Triangulation Process:  Consider %,
90ut'

A. If &, # @, then

1. construct a triangle whose vertices are
from two consecutive vertices (f,fg) in
a sequence Z,,, and a vertex f, in Z;,;
2. add a triangle f,fgf, to F,, delete f,
from Z;,, and add edge f,fp to Z;
3. insert fg between f, and fg in Foy;
4. go back to (ii).
B. If |Z,u| = 3, then
1. construct a triangle by three consecutive
vertices fi, fim, fip I Foy that satisfy
at least one of the following conditions:
i#Zjorj#kori#k;
2. add a triangle f;fj, fxp t0 Fa;
3. delete fj, from Z;
4. go back to (ii).
(iii) If |Z,ul = 3 and &;, = @, then the process is
complete.

We note that the condition of & will be con-
trolled in every step of the triangulation process.
The prohibited condition will be provided in the
next section. Fig. 2 illustrates the mentioned algo-
rithm.

The main process of this work is to generate all
the possible dual combinatorial patterns. After all
the dual combinatorial patterns are obtained, they
are converted back to the respective combinatorial
patterns and each pattern is optimized. To clarify,
the overall process is summarized in the following

and
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((L) fu=tu fis fofu=fu fu=fa fis fi2 fu=fufu=afis fo fu=fu

_'f fis .“ fa3 fia
I 01 — fou — Jor ‘
i fi2 fn.z fr | ﬂ:z fi
fa=Tfa oo fos Pa=TSu fr=far foo f fu=fufa=fafe fu _f.:u = fu
Fin = {for, for} Fin = {fo2}
Fo (f11soes frs, for, oo, Forsooes fom, far, s fuz) Four = (f11: for, fr2, - f13)

(l)) fua= fa ‘flz Si2 fu=fu fu=fa fis fro fu=fufu=fa fis fi2 J:u =fu

J13 J13 Sz
fa —>fz; - )
fa2 fa2 fr2

Js=1Tfa fa fs fa="Tn fa=fu fo fu fu=fufe=fafe fa .fzm =fn

Fa = {fufifiz} Fin={fo2}
‘7:1NM - (.fl)', f“]‘ .h’)* aeey fJS)

Fig. 2 Illustration of the triangulation algorithm:
(@) Z, #3; b) |F,ul = 3.

steps.

(i) Consider the number of faces on each side by
doing an integer partition. To clarify this, we
find the possible integer solutions of

F0+F1+F2+F3+F4:n+4, (2)

where the condition of Fy,...,F, is determined
in the next section. The solution of
(2) is written as (Fg,Fy,F,,F5,F,). By
fixing F,, the following solutions are the
same by rotating and flipping the square:

(F07F1’F27F3:F4) = (FO:F29F3:F49F1) =
(Fo,F3,F4,F1,Fy) = (Fo,Fy,F1,Fy, F3), and
(F01F13F2:F33F4) = (FO)FB’FZ)FI’F4) =

(Fo, Fy, Fy, Fy, F3) = (Fo, Fy, F4, F3, Fy).

(ii) For each solution (Fy,F,,F,,F5,F,) from (i),
choose a representation of each face to be a
vertex in the dual graph, and consider a set of
gout) gim gA and gproh'

(ili) Triangulate a set &;, U %, by the stated algo-
rithm. The results are called dual combinatorial
patterns. Each prohibited connection will be
denoted by an element {f;, f;} in & if f ~ fj
is not allowed.

(iv) Convert the dual combinatorial patterns to
combinatorial patterns.

(v) Optimize each combinatorial pattern.

To speed up the generating process, and so
avoid generating isomorphic patterns, the symmet-
rical patterns were considered as follows.

Definition 5 Let T = (F,,F,,F,,Fs,F,) be a solu-
tion of (2). T is symmetric with respect to X-axis
if F{ = F5. T is symmetric with respect to Y-axis
if Fy = F,. T is diagonal symmetric if F; = F, and
F3=F,or F{=F,and F, = F,.
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We conclude that if T; is symmetric with respect
to T,, the graphs generated from T; will be isomor-
phic to those generated from T,.

Optimization process

For each vertex (P, Q) in a combinatorial pattern,
we denote the coordinates by P(x;, y;) and Q(x;, y;)
and define

FCxiyisxj,y5) = \/(Xi—xj)z'i‘()’i—.)’j)z-

Then f is a convex function. When the domain of f
is convex, minimizing f is of the type called convex
programming. For each face in a combinatorial pat-
tern, the maximum max fi (x;, ¥;, x;j, y;), 7 € IT over
all possible pairs of vertices is also convex. Hence
the maximum (d,,,) of these max fi(x;, ¥, X;, ;)
over all faces of 7 is convex.

METHODS TO ELIMINATE THE UNNECESSARY
PARTITIONS

Although the proposed algorithm can generate all
the possible combinatorial patterns, some of the
generated patterns do not turn out to be the optimal
partition. Those patterns are called unnecessary
partitions. In this section, we provide the neces-
sary conditions of a combinatorial pattern to be
the optimal partition, which can help to eliminate
the unnecessary combinatorial patterns. Note that
the lemmas and theorems were constructed using
the proved results of an earlier report by Guy and
Selfridge®.

Theorems to eliminate unnecessary partitions

For a unit square S, we define A, B, C and D as
vertices of the unit square, starting from the lower
left corner and going anticlockwise. Hence A is at
(0,0).

Lemma 1 (Ref. 7) A subdivided partition has a
smaller or equal diameter than the original partition.

By Lemma 1, d, is a non-increasing sequence. The
following lemma and theorems show the necessary
condition of being an optimal partition or combina-
torial pattern.

Lemma 2 For n = 4, if the optimal partition has
the combinatorial pattern m, then 7 has at least one
vertex on each side.

Proof: Suppose that there is a side which does
not contain a vertex. Without loss of generality,
assume that the side is AD. Since |A_D | =1, a piece
containing AD has diameter of at least 1. However,
d, = v/2/2 < 1, a contradiction. |
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A
Fig. 3 The situation f;; = fo; ~ f3;.

Theorem 2 For n = 9, if the optimal partition has
the combinatorial pattern 7, then (i) © has at least
two vertices on each side and (ii) 7 has at lease one
interior piece.

Proof: (i) The proof is similar to that in Lemma 2 but
using dy = 5/11. (ii) Suppose that 7 has no interior
piece. Choose a point R(%, %) in the square S. Hence
there is a piece f;;. Since f;; is placed on the ith side,
d(R,X) = 1/2 > dg such that X is a point on the ith
side that belongs to f;;. Thus 7 does not give the
optimal diameter. a

Theorem 3 (Ref. 7) For n = 4, the combinatorial
pattern 7 of an optimal partition may not satisfy
either of the following conditions: (i) there is no edge
from ¥ to ¥; for i # j; (ii) there is no interior vertex
incident to two vertices from opposite boundaries.

We denote a set satisfying Theorem 3(i) by &, which
we put in the set 2.

Theorem 4 For n = 9, the combinatorial pattern 7
of an optimal partition may not satisfy the conditions:
(i) there are two adjacent faces from opposite bound-
aries; (ii)there is no face adjacent to both f;; and fs;
or both fy; and fy;.

Proof: (i) Without loss of generality, suppose that
there is a face in &; and a face in &; that are
adjacent. Denote a point on the first side which
belongs to f;; and a point on the third side which
belongs to f3; as v; and v,, respectively. Hence there
is x € f1;Nf3; such that d(v;, x)+d(x,v,) > 1. Hence
the length of segment v;x or XV, should be greater
or equal to 1/2 which means that dg =5/11 < 1/2.

(ii) Suppose that fy; is a face satisfying f;; =~
foi = f31- Note that f;; and f3; are laid on the
corners of a square which is shown in Fig. 3. The
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[ fi2 fin I fi2 fi1
fod fa f2 f.ln Ja
f31 f32 fu fa fa2 fn

Fig. 4 The initial combinatorial pattern of the solution
(1,3,3,3,3) (left); the corresponding initial triangulating
data (right).

points A and C are on the boundary of the square
which is the vertex of f;; and f;;, respectively. We
note that d(A,C) = v/2. By the assumption that
fi1 = for = f3 and the segment AC meets fi;, fo;
and f3;, there are x € f;; N fy; and y € f3; N fi;
such that d(C, x)+d(x, y)+d(y,A) > d(A,C) = v2.
Hence one of the segments Cx, Xy, or yA has length
greater or equal to +/2/3. This contradicts that
dy=5/11 < V/2/3. O
Hence we may define a partition or a combinato-
rial pattern to be unnecessary if it does not satisfy
Lemma 2, Theorem 2, Theorem 3, or Theorem 4.

COMBINATORIAL PATTERNS ENUMERATION

To enumerate combinatorial patterns efficiently, we
do not generate some of unnecessary patterns as
they do not lead to optimal partitions. We put
those unnecessary conditions in #. We enumerate
patterns for n =9 to 11 as follows.

Enumeration of the case n =9

Equation (2) is written in the form
F0+F1+F2+F3+F4=13. (3)

From Theorem 2, we have the conditions F, = 1 and
F{,F,,F5,F, 2 3. Hence the only solution of (3) is
(1,3,3,3,3). We consider the initial triangulation
data in Fig. 4.

From Theorem 4, we must avoid the situation

fin ~ for ~ fz1 and fo, ~ for ~ f41. Using a tree-
diagram and the symmetry, the only condition we

have is (fo; % f11) A (for # fa1)-

Since the solution (1,3,3,3,3) is symmetric
with respect to the X-axis and Y-axis and is also
diagonally symmetric, it suffices to consider the

Condition (f01 7(’ fll) A (f01 7(’ le) together Wlth
the condition from Theorem 3. Hence we have to
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To1 Ti2 T fa fi2 fu
f2 Q 14 12 fo fa2
Jou
31 f32 Ju 31 Js2 Jn

Fig. 5 The initial combinatorial pattern of the solution
(2,3,3,3,3) (left); the corresponding initial triangulating
data (right).

triangulate:

gout = {fll:fIZJf21>f22:f31’f32>f41:f42};
Fin = {fo1},
2 = {{for, fuu}, for, f21}}U 0.

Enumeration of the case n = 10

Equation (2) is written in the form
Fo+F,+F,+F;+F,=14. )]

The lower bound condition is similar to the n =9
case. The solutions of (4) are (1,3,3,4,3) and
(2,3,3,3,3). Enumeration of (1,3, 3,4, 3) is similar
to the case of (1,3,3,3,3) for n = 9 without the
symmetry with respect to the Y-axis. We therefore
consider the solution (2,3, 3, 3, 3) by the initial tri-
angulation data shown in Fig. 5.

In this case, f;; was fixed with the conditions
(for # fi) A(for # fa1)s (For # f21) A (for # f31)s
(fo1r # f31) A (for # far) and (for # f11) A(for # fa)s

followed by that for f,, in a similar manner. By

the multiplication principle, this gives 16 conditions.

Because (2,3, 3,3,3) is symmetric with respect to

the X-axis and Y -axis, and is diagonally symmetric,

the condition is reduced to the following condi-

tions:

@ (for # fi) A(for # f21) and (fop # fr1) A (foz #
f21 ):

(D) (for # fi) Afor # f1) and (foo 2 fr11) A (foz #
f41 ):

(i) (for # fi1) A(for # f21) and (fop # f31) A(for #
far).

Thus we have to triangulate: Foww =

{f11, fi2, fo1, oo, fa1s faoo fars fazks Fin = {for, oo}

and a set & will be considered by the above

condition individually.
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fa fiz fu
faos Jaz

Js1 [ Ju

(D)
fa fiz fu fa fi2 fu fa fiz fin
12 13
fosl f for M2 fo " f12 fo v o ¥ i
for 02 f I foz

T a1 fa f32 fu o fa fan

2) 3) 243
fa Ji2 fun fa Sz fu fa (flz )

° 0 for
[t o1 fi o fo fiz fat fo2 ” fao

,ﬁZ J03

a1 I 11 I f32 fu fa o fx fn

4) ®)] (4+5)
Ja fiz fu f fi2 fu fa1 fiz i
d > fi ° fi
fa2 a Z f2 fo ::; foz § f12 foo 2 " . fi

1 [ fu fa o fa fn fa o fx fa
6) 6.1) (6.2)

Fig. 6 Initial triangulating data for the solution

(3,3,3,3,3) whenn=11.

Enumeration of the case n =11

Equation (2) is rewritten as
F0+F1+F2+F3+F4=15, (5)

with the conditions F, = 1 and Fy,F,,F5,F, = 3.
The solutions of (5) are (1,3,3,3,5), (1,3,3,4,4),
(1,3,4,3,4), (2,3,3,3,4) and (3,3,3,3,3). The
enumeration of the first four solutions are combi-
nations of the case given above for n = 10 without
any symmetric cases. Hence we specify the solution
for (3,3,3,3,3).

If Fy = 3, the initial triangulating data will be
larger. Hence we consider whether each corner is
either a quadrilateral or an n-gon, where n = 5. If
a combinatorial pattern 7 consists of a quadrilat-
eral at a corner, the dual combinatorial pattern 7*
consists of a triangle with the same corner. Along
this part, we focus on the enumeration of the dual
combinatorial pattern. The figures of dual combina-
torial patterns are shown in Fig. 6 which indicates
the initial triangulating data. The data in Fig. 6 are
similar to the cases for n =9 and 10 and were hence
generated by considering the following cases.
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Case 1: every corner of the combinatorial pat-
tern is a quadrilateral. For a quadrilateral Q at the
corner of a combinatorial pattern 7, there exists
edges from two consecutive sides that are adjacent
to Vo, € ¥, for some k. Since v, is a vertex of degree
3, there is an edge from v, that is laid outside Q.
Hence the fi5f5, faaf32, f3af4o and fi5fs edges
exist in the dual graph. The initial triangulation data
is shown in Fig. 6 in case 1 with & = 0.

Case 2: only three corners of the combinatorial
pattern are quadrilateral. In the dual graph, without
loss of generality, suppose that fsy % fs,. Thus a
triangle f4,f5,f41 does not exist and an edge from
f41 exists. If we consider the combinatorial pattern,
the piece containing f,; is consecutive to the piece
containing f;,. From theorems 2 and 4, there exists
an internal piece consecutive to faces f,; and fs,.
That is, there is fy; € &, such that f35 ~ fo; ~ fa1.
The initial triangulation data is shown in case 2 of
Fig. 6 with & = 0.

Case 3: only two consecutive corners of the
combinatorial pattern are quadrilateral. Now, sup-
pose that fs5 % f4o and fo, # f35. We can consider
case 2 together with case 3 by supposing that two
consecutive corners are quadrilateral. To avoid
overlapping with case 1, we suppose that one corner
is not quadrilateral and put no condition on the re-
maining corner. Without loss of generality, suppose
that two upper corners are quadrilateral and the
lower left corner is not a quadrilateral. The initial
triangulation data is shown in the case 243 of Fig. 6
with Z = 0.

Case 4: only two opposite corners of the com-
binatorial pattern are quadrilateral. Without loss
of generality, suppose that the upper left and lower
right corner are quadrilateral. Hence we have f;, ~
fop and fuy ~ f35. As with case 2, suppose that there
is fo1 € F, such that f5; ~ fy; ~ f35. We can leave
the condition of the upper right corner and employ
the condition f5 % f4-

Case 5: only one corner is quadrilateral in a
combinatorial pattern. Suppose that there exists a
triangle f3,f41f42 in a dual combinatorial pattern.
As with case 2, there exists fy;, fo2, fo3 € Fp such
that fio ~ for ~ far, fa1 ~ foo ~ fs2 and fy; ~
foz ~ f42, which is shown in case 5 of Fig. 6. In
the dual combinatorial pattern, however, we can
combine cases 4 and 5 by determining one corner
as a triangle, omitting the occurrence of triangle
in the two opposite corners, and put no condition
on the remaining corner. The initial triangulation
data is shown in case 445 of Fig. 6 with & =

{{fo2> f11}, {fos, fa1}} U 0.
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Case 6: every corner in a combinatorial pattern
is not quadrilateral. Because we determined that
each corner is not quadrilateral, there are edges
from the corner point of the dual combinatorial
pattern, i.e., face fi1, fo1, f31, and f4;, as shown in
case 6 of Fig. 6. Define points a, b, ¢ and d as in
Fig. 6 case 6. Since we have three interior points,
there are two possible cases as follows.

Subcase 6.1 a and b coincide, and ¢ and d
coincide. In subcase 6.1 of Fig.6, we denote
the merged point from a and b as f;, and the
merged point from ¢ and d as f,;. Let fy3 be the
remaining internal vertex. Hence we triangulate
the data shown in subcase 6.1 of Fig. 6 with & =
{{for, fa1} {fors fan b {fozs frads {fozs far )

Subcase 6.2: ¢ and d coincide, but a and b
do not coincide. Firstly, we show that the initial
triangulation data in this case appears in the sub-
case 6.2 of Fig. 6, i.e., a ~ f3, and b ~ f3,. Denote
a vertex f,; as with subcase 6.1 and let a and b
be fy, and fy3, respectively. It suffices to construct
a triangle fo,f31f30 and fosfsafs1 by the following
arguments. Note that the edge fs;f3, must be
contained in a triangle. From Theorem 4, fy;, fo,
f41 and f,4, may not be the vertex of this triangle.
To ovoid overlapping with the previous subcase, f,
must be the other vertex of that triangle. For a
triangle with respect to f5,f4;, a similar argument
was applied for the vertex f;. Hence, in this case,
we will triangulate with the initial triangulation
data obtained in subcase 6.2 of Fig. 6 with &# =

{{fOI)f?)l}: {f01’f41}s {f02;f11}: {f03’f21}}'
COMPUTATIONAL EXPERIMENTS

We implemented the provided framework using
MATHEMATICA 9.0 with NMinimize, an optimiza-
tion tool for finding the global minimum of a func-
tion. We let d,, denote the optimal diameter shown
in the original results®, and D,, the optimal diameter
obtained from our proposed algorithm. In the com-
putations we used a default setting for which the
working precision was equal to 16. Note that the
optimization in this work is convex programming.
In the case for n = 11, we can generate 4642
distinct combinatorial patterns that satisfy our con-
ditions. Fig. 7 shows the optimized results from
the combinatorial patterns for each n. From the
experiments, dy = 0.454545, Dy = 0.454545, d;, =
0.436467, D;, = 0.436467. In the case of Dy,
the experimental result yields D;; = 0.416777 such
that 0.388730 < D;; < 0.416778, which fits to the
bound®. The results show that our results agree
with their results in the cases of n =9 and 10, and
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Fig. 7 The combinatorial pattern (left) and the optimized
results (right). Results of n =9 (top), 10 (middle), 11
(bottom).

Dy, in this study also agrees with the prediction of
Guy and Selfridge®.
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