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ABSTRACT: A piecewise rational cubic function in the form of a cubic/quadratic has been extended to a rational bi-

cubic blended function to visualize 3D convex data. It involves twelve shape parameters in each rectangular mesh for its

representation. Simple data-dependent constraints are imposed on four shape parameters to conserve convexity of convex
data. The remaining shape parameters are left up to the user for modification of convex surfaces. Several numerical examples
are presented to show the visually pleasing convexity preserving surfaces as compared to existing interpolants.
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INTRODUCTION

Data visualization is the study of visual display of
data. The goal of visualization is to leverage ex-
isting scientific methods by providing new scientific
insight through visual methods. Large amount of
data is transformed into graphs and figures either
to complete underlying information from geography,
metrology, mining, basic sciences, medicine or to
communicate human imagination like aerospace in-
dustries, architecture, fine arts, advertising, education
by visualization tools. For visualization of data, there
are three shape features of data named as positivity,
monotonicity and convexity. These shape features are
necessary to be conserved to understand the meaning
of underlying physical phenomenon and to transform
the idea of designer to reality. The objective of the
present study is to visualize the 3D convex data and
conserve its inherited shape features. The significance
of the convexity preserving interpolation problems in
industry cannot be denied. A crumpled surface is an
unwanted characteristic. Human aesthetic sense de-
mands convexity preserving nice and smooth surfaces
without wiggles. A number of examples can be listed
in this area.

(i) Designing well shaped smooth surfaces arise in
manufacturing the TV-screens. In order to accom-
plish with the demands of the customer, as flat
as possible TV-screens are most appreciated. In
the surface designing sense we can say that the
screens must preserve the convexity !.

(i) Convexity plays significant role in the modelling
of cars in automobile industry, aero-plane and
ship design because human aesthetic sense always
demands curves and surfaces without undulations.
A great deal of research on data visualization

and shape preserving has been done. Some rational

cubic? and rational quadratic functions have been
extended to rational bi-cubic blended?® and rational
bi-quadratic blended* interpolants to visualize the 3D
convex data in rectangular mesh case. The rational
bi-cubic blended function is simpler, easy to com-
pute and implement and computational economical
because it conserves the shape of 3D convex data with
fewer constraints imposed on shape parameters as
compared to rational bi-cubic or bi-quartic functions.
These rational schemes have common characteristics
in a way that local and no extra knots are inserted
in the interval where interpolants lost the inherited
shape properties. In contrast, firstly, a piecewise cu-
bic Bernstein-Bézier polynomial function®, quadratic
spline interpolation®, a piecewise quadratic polyno-
mial’, and cubic Hermite interpolation® have been
used to solve the problem of interpolating mono-
tone and convex data in the sense of monotonicity
and convexity preserving schemes which were very
economical but the methods generally inserted extra
knots in the interval to visualize and conserve the

shape of data. Secondly, Costantini® developed a

global scheme for preservation of convex surfaces on

rectangular grid. The scheme!® has some research
gaps like the degree of interpolant in some rectangular
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patches which was too large, and the resulting surfaces

were not visually pleasing and smooth. Casciola and

Romani'! have extended NURBS to rational interpo-

lating spline with tension parameters for rectangular

grid case. Carnicer, Garcia-Esnaola and Pefia'? anal-
ysed the convexity preserving properties of rational

Bézier and NURBS curves from a geometric point of

view, and also characterized totally positive systems of

functions in terms of geometric convexity preserving
properties of the rational curves.

Dodd, McAllister and Roulier'* have developed
quadratic splines to conserve the convexity of surface
in rectangular case. The scheme guaranteed the shape
along the boundary of each rectangular grid but it does
not conserve the shape in the interior of the grids.
The scheme produced undesirable flat spots due to
vanishing of second order mixed partial derivatives on
the boundary of the rectangles.

In this work, a C'* piecewise rational cubic func-
tion with three shape parameters® is extended to
rational bi-cubic blended function. It addresses the
problem of constructing convexity preserving surfaces
through 3D convex data in rectangular case. It im-
proves on existing interpolants in following way:

(1) In Ref. 4, the degree of smoothness of convex
surface interpolant is C° while in this study the
degree of smoothness is C.

(i) The present scheme is uniformly valid for the
data with derivatives or without derivatives. In
contrast, the schemes developed in Ref. 14 did
not maintain the shape of data when data are given
with derivatives at knots.

(iii) There is no need of extra knots in the interval
for conservation of convex surfaces. In contrast,
the schemes ™% achieve the required shape of data
by inserting extra knots in the interval where the
functions lose convexity.

(iv) The present scheme is tested through several
numerical examples and it is found to be local
in comparison with global schemes®, time saving
and computational economical due to second de-
gree of denominator in rational function in com-
parison the function® has cubic denominator and
produces smooth and visually pleasing surfaces

than existing schemes*.

REVIEW OF RATIONAL CUBIC FUNCTION

In this section, a piecewise rational cubic function? in
(cubic/quadratic) form is proposed which is different
from rational cubic functions®. We choose this func-
tion due to low computational cost because the second
order derivative of the functions® for the calculation
of convexity, become a rational function of degree 7
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while the second order derivative of proposed function
provides a rational function of degree 5.

Let {(ti, fi), i =10,1,2,.. .,n} be the given
set of data points such as tg < ] < t3 < ... <
t,. The piecewise rational cubic function with
three shape parameters?, in each subinterval [t;, t; 1],
1=0,1,2,...,n — 1 can be defined as

ey

where

Pi(t) = a; fi(1 —w)?
+ [fi(2a; + b + &) + a;hid;|w(l — w)?
+ [fi+1(ai +b; +2¢;) — cihidiJrl}wQ(l —w)
+ ¢ fiw?®,

Qi(t) = ai(1 = w)® + (a; +bi + ¢ )w(l = w) + ciw?,

when w = (f;—t’), h; = t;41 —t; and a;, b; and ¢; are
positive shape parameters. A piecewise rational cubic
function (1) has attained C! continuity by using the

following conditions:

Ri(t;) = fi,
Ri(t;) = d,

Ri(tit1) = fir1,

2
Ri(tit1) = dit1,

where d; denote the derivative values that are used
for smoothness of required curve and calculated by
arithmetic mean method and R/(¢) denotes the first
order derivative with respect to t. A piecewise rational
cubic function (1) becomes a standard cubic Hermite
spline when we set the values of shape parameters
as a; = 1, b; = 0 and ¢; = 1. The following result
developed in Ref. 2 as

Theorem 1 (Ref. 2) A piecewise rational cubic func-
tion (1) conserves the convexity of convex data, if in
each subinterval [t;,t;11],1 = 0,1,2,...,n — 1, the
shape parameters satisfy the following conditions

a; > O7 ci >0
Ci(diJrl - Ai) ai(Ai - di) }
b; > max< 0, ) )
{ (A —di) 7 (dig1 — D)
where A\; = erth The above result can be rear-
ranged as
a; >0, ¢ >0

b; =r; + maX{O, cildips = Ai) ai(Ai —di) }

(Ai—d;) 7 (dig1 —Ay)

for some r; > 0.
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Table 1 2D convex data set.

1 1 2 3 4 5 6
t; -8 -7 2.2 7 10 12
fi 4.5 4 3.55 4 4.5 5

4.8

46

4.4

42

38

36

3.4

32

Fig. 1 Cubic Hermite spline curve.

Example 1 A convex data set is taken in Table 1.
Fig. 1 is generated by cubic Hermite spline scheme
Ref. 15 that does not conserve the convexity. Fig. 2
is generated by using Piecewise Cubic Hermite Inter-
polating Polynomial (PCHIP, Built-in MATLAB pro-
gram) to conserve the convexity of same data but the
visual model is not smooth at some data points. On the
other hand, Fig. 3 and Fig. 4 are generated by rational
cubic function (1) using Theorem 1 to conserve the
convexity. The effect of shape parameters can be
seen by noting the difference in C'' smoothness of
these convexity preserving curves in Fig. 2, Fig. 3, and
Fig. 4.

RATIONAL BI-CUBIC BLENDED SPLINE
FUNCTION

This section introduces a C'! rational bi-cubic blended
function with shape parameters for 3D convex data
modelling and preserves the convexity of surfaces

4.5¢

35 I I I I I I I I
-8 -6 -4 -2 0 2 4 6 8 10 12

Fig. 2 PCHIP curve.
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Fig. 3 Convexity-preserving C' curve using rational cubic
function with a; = ¢; = 0.6 and r; = 0.01.
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t
Fig. 4 Convexity-preserving C' curve using rational cubic
function with a; = ¢; = 1.0 and r; = 0.1.

of 3D convex data. The rational bi-cubic blended
function is suitable to arrange the data over rectan-
gular mesh [, &;] X [o,01] such that £ = ¢y < t; <
o <th=&Gand o=y < up <...< Uy =o01.
The rational bi-cubic blended function over each
patch [tiati+1] X [uj,uj_H], 1= O7 1, 2, e — 1,
7=0,1,2,...,m — 1 is defined as

B0 = o) m )

+mwmmm[m“w}

R(t,ujt1)
— [mo(w) m1 (w)] {Fifj Fifjﬂ m% 3)

mo(w) = (1 —w)*(1 + 2w),
1—

no(¢) = (1=9)*(1+2¢), ni(y) = >3 - 2¢)
are called Hermite blending functions with w = t;fi,

U—uj4 7
¢ = =L where h; = tit1 —ti, hj = ujp1 — .
J
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The R(t, Uj), R(t, Uj_;,_l), R(ti, u) and R(ti_;,_l, u)
are four boundary rational cubic curves of rectangular
patch which can be defined as

Z?:o(l —w)* W

R(t’uj) = sl(w)

“4)
with
Bo = aijFij,
1= (2a;; +b;j+cij)Fij+ ai,jhiFij;
Bo = (aij +bij+2¢ij)Fiy1;— cijhiFly 5,
B3 = Cz‘7jFi+1,j,
s1(w) = a;;(1—w)?+ ¢ jw
+(a;; +b;j +cij)w(l —w);
Yol —w) iy,

R(t,ujy1) = s2(w) )

2

with
Yo = aij+1Fi 41,
Y1 = (2ai 41 + bijj41 + Cija1) Fij
+ ai7j+1hiFit,j+17
Yo = (@i j+1 +bij+1 + 2¢i j41) Figi1,+1
- Ci,j+1hiFit+1,j+17
Y3 = Ci,j+1Fi+1,j+17
so(w) = a; j4+1(1— w)? + ci7j+1w2
+ (@i 41+ bij+1 + cijr)w(l —w);
Yool —¥)*iis,

R(ti, u) = 33(1)[})

(6)
with
do = G ;I j,
01 = (215 +bij + i ) Fi j + ai by FY,
09 = (i j + bij +2¢ ) Fiji1 — éi7jiLjFi1fj+17
53 - 6’L,jF’i,j+1a
s3(4) = i j (1 — ) ++¢ ;4
+ (i j + big + )01 — )
S0 (1 — )3ty
84(¢)

R(tiy1,u) = (7
with
Xo = G j+1Fiy1 5,
X1 = (285,511 +bijn
+¢ij41)Fi; + &i,j+1iLjF;fy17j7
X2 = (Gij+1 + Ei,j+1 +26; j+1)Fit1,5+1

A 7 u
= Cijjrrhi Fil s
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X3 = Cit1,Fit1,541,
s54(1) = @i jp1 (1 — )% + & 5410
+ (@i j41 + bijr1 + G 1)V (1 — ).

Here F, and F}"; are the approximations of the
partial derivatives at given data points F'(i,7),
i=0,1,2,....n,5=0,1,2,....m

3D CONVEX SURFACE INTERPOLATION

In this section, we discuss the 3D convex modelling
in the view of convexity preserving surface using ra-
tional bi-cubic blended function (3) with twelve shape
parameters. Let {(ti, uj, Fyj), 1=0,1,2,..
0, 1,2,...,m} be given 3D convex data. It is ar-
ranged on rectangular grid [t;, t;11] X [uj, uj41], 1 =
0,1,2,...,n—1,7=0,1,2,...,m — 1 such that

5] =

t t
iy <Fiiy

u u
i Fy < Fiji
Aij < Aiji

Ai’j < F;fj < Ai’j+1,

Aij < Aigi
t
Ai,j < Fi,j < Ai+1,j7

where
P 2o W ek L X A W LN 2SS AN
iy = n ) iy = = .
0 hj
The free parameters are
Qi gy Qi 41, i, Qig1,5 >0 (®)
Cijs Cij+1s Cirjy Cix1,j > 0. 9

According to the result developed in Ref. 11, the
rational bi-cubic blended surface patch inherits all the
properties of network of boundary curves. Hence the
rational bi-cubic blended function (3) to visualize the
3D convex data and conserves the convexity of convex
data if the four boundary curves R(t,u;), R(t,u;j11),
R(t;,u), and R(t;11,u) are defined in equations (4)—
(7) are convex. The boundary curve R(¢, u;) is convex
if R"(t,u;) >0, ie,

DD ¢ e L3t

R//(tv Uj) = hi(sl(w))3 >0

(10
with
& = 2a3; [(am‘ +cij)(Aij = Fj)

+ bi,j(Ai,j - Fth) - Ci,j(Fit-i-l,j - Ai,j)} s
12}
§2 = &o +6a;,; {Cij (Fii1;—Dig)

+2a¢5,5(Aij — Fz‘t,j)} ;

& =&+ 24 {5@,]»(&,]» —Fi;)+ C@J‘Fz‘fj} 7
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§3 =& +6c; 5 [af‘j (A

+ 2ai7jci7j(th+1,j - Ai,j)} )

t
€4 =& +2c7 [5ai7j(sz+17j —Aij)+ aiijit“vj} ’
& = 267 [(am‘ + i) (Fiy

-4y )

—A)

+bi(Fiia = aij(Aij— Fz't,j)] )

and 22:0(1 — w)PTkWkE > 0 if & > 0 for

k=0,...,5 Thus & > 0 if
b, _>max{0 Cij(Fiiry = Big) aii(Aiy — Ff,j)}
N (Aij = FLy) 7 (Fhyy—Aiy)

or equivalently, for some r; ; > 0,

Ci»j(Fit-',-l,j —Aij)
(Aij—Fl) 7

2¥)

biJ‘ =14, + max {O,

az‘j(Ai,j—Ff,j)} an
(Ffj—Aij)

Similarly, the boundary curve R(t,u;41) is convex, if
R//(t, Uj+1) > 0, i.e.,

Zk o1 —w)> Pk

R'(t,uj41) = (52 () >0 (12)
with
o =2a7 4, [(ai,j+1 +ciji)(Digar — F )
+ i1 (Dij1r — Ff i)
= i1 (Fipn o1 — Diger)|s
G=Co+2al 44 [50i,j+1(Ai,j+1 —Fij1)
+cij J+1}
G2 = Co+6ai ;i1 [Cij+l(Fz‘t+1,j+1 —Ajjt1)
+2aij41¢i,5+1(Dij1 — FZJ-H)}?
(3 = (5 +6¢; 541 [ ; J+1(Az‘,j+1 - Fit,j-i-l)
+ 2ai,j+lci,j+1(F¢t+1,j+1 - Ai,j+1)] )
G1=0C5+ 2612,j+1 [5ai,j+1(Fit+1,j+1 =4 j41)
+ai 1 Fiyy ]-‘rl}
(s =26} 141 [<ai,j+1 + i) (Fiyn g — Dijien)

—Aijt1)

—a;j11(Aijr1— Fi,j-&—l)} )

+ b; 7J+1( i+1,5+1

35

and 22:0(1 — w)PkWkG > 0, if ¢ > 0 for
k=0,...,5 Thus {; > 0if

Cija1(Fipq jy1 — Dija)
(Aijyr—Fli) 7
aijy1(Aijr1 — Ff i) }
b

(th+1,j+1 - Ai,jH)

bi)jJrl > maX{O,

or equivalently, for some s; ; > 0,

Cijt1(Fiyrjo1 — Dijt1)
biji1 = sij +maX{07 d . ’ ;
! ! (Aijr1—Ffjp0)
aiji1(Aijrr —Ff i) }
(Ffiy o1 — Dij1)
(13)

Similarly, the boundary curve R(t;,u) is convex, if
R (t;,u) > 0,1ie.,

Soho(1— )5 =Rk \

R"(t;,u) = < >0 (14
hj(s3(¥))?
with
No =202 [(ds; +65)(Aiy — FY)

+big(Aiy - Fiuj) —Cii(Filjn — Ai,j)} :
s
[ Flyn = Aig)
ﬂ
- F)
Fy— )}7

A= A5 +267; [5@,]‘(1’&“ —A; )+ di,jFijH]a

)\1*)\0+2a

Y

”)JFCZJF}
A2 = Ao+ 64,5 |¢
—|—2a”c”(
)\3*)\5—#6@]{ A

(

+2a, ;¢ 5

A5 = 2¢7 [(dz‘,j + ) (Fyn — Auy)

b (B = D) = ai(Aiy — F?‘.)}

2}

and Zi:o(l — )Rk N, > 0, if A\, > 0 for
k=0,...,5 Thus Ay > 0 if

. G (Fr = A
bi,j > max{O, 7'7](AZ,J+1 l,])’

(A — F)
aij(Aij — F) }
(F1 — D)
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or equivalently, for some 7; ; > 0,

i

A Gig(F iy — A
bi,j = f'l’] + maX{O, J(A 7]+1 “ 7])
(A — FY)

by I

(B — Qi)

Finally, the boundary curve R(t;41,u) is convex, if
R//(tzurl, u) > 0,1i.e.,

11 22:0(1 - @[})Sik"/}kﬂk
R'(t;11,u) = = 0 (16
(tit1,u) o (52(0)) > (16)

with

po = 2y {(&m,j t+ei1,5) (Aisry = Fif )
+ Bi+1,j(Ai+l,j - Fﬁu,j)
= Ciy15(Ffn ji1 — Ai+17j)} ;

pn = pio + 243, [(5@i+1,j(5i+1,j = Fitay)
+@+1,ij+1,;‘)},

pi2 = o + 6di41,; [5114 (Fir a1 — Airay)
+ 205415641, (Aigry — Fﬁ%l,j)] ;

p3 = 5 +6Ciy1 {&i,l,j Ay = Fa )
+2G541,5Ci1,5 (B j1 — Az‘ﬂ,j)} ;

pa = s + 26, {5di+1,j(F;fH,j+1 —Ais1y)
+&i+17jFi7j~1,j+1}7

ps = 267, [(&i+1,j +eir1g) (Fi e — Bigy)
+ Bz‘+1,j(Fz‘1fH,j+1 - Ai+17j>
— &i+1,j(Ai+1~,j - Fz'lfkl,j)} )

and S5 o(1 — ¥)>F¢kpu, > 0, if pup > 0 for

k=0,...,5. Thus py > 01if, for some 5; ; > 0,

« . éi+1,j(Fi7f-1,j+1 - AiHJ)
bi+17j = Si7j+max{0, = "
(Ai+1,j - Fi-l—l,j)

Qit1,5 Qi1 — Fiq ;) } a7

)

(Fﬁrl,jﬂ - Ai+1,j)

Theorem 2 The rational bi-cubic blended function
(3) conserves the convexity of surfaces through 3D
convex data, if in each rectangular patch [t;,t;11] ¥
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Table 2 A 3D convex data generated from function (18).

t/u —4 —1.5 0 1.5 4
—4 —798 547 =396 —2.39 1.01
-15 =527 =272 -1.05 1.22 14.90
0 -298 —-0.27 2 6.98 59.59
1.5 2.06 5.48 10.46 27.56 254.67
4 55.59 69.28 113.2 30479  3043.6

[uj,ujy1],=0,1,2,...,n—1,7=0,1,2,...,m—1,
the shape parameters are satisfying (11), (13), (15),
and (17).

Proof: The result follows immediately from the above
discussion. m|

Algorithm 1

(i) Given a 3D convex data set {(tq;,uj,Fm), 1=
0,1,2,...,n;7 :0,1,2,...,m}.

(i) Approximate the partial derivatives Flfj, F,
1=0,1,2,...,n,5=0,1,2,...,m at given data
points using arithmetic mean method for 3D data
proposed in Ref. 3.

(iii) Choose any positive value for free shape pa-
rameters A5, Q5415 &1‘_’]‘, di—‘—l,js Ci,j> Cij+1»
Ci,j» Ci+1,; and calculate the values of constrained

shape parameters b; ;, b; ji1, I;i,j, biy1,; using
Theorem 2.

(iv) Calculate the rational boundaries R(t,u;),
R(t,uj41), R(t;,u) and R(tj41,w) defined in
equation (4)—(7) for the rectangular patches.

(v) Put all calculated values from (i), (ii), (iii), and
(iv) in the rational bi-cubic blended function (3)
to conserve the inherited shape characteristic of
3D convex data.

DEMONSTRATION

This section deals to examples for demonstration of
the developed convex surface scheme for 3D convex
data.

Example 2 The 3D convex data set taken in Table 2
is produced from the following function

F(t,u) =t+u+e +et (18)
Fig. 5 is produced using bi-cubic Hermite spline
Ref. 15 that does not conserve the convex surface. To
remove this flaw, Fig. 6 depicts the convex surface
everywhere in the domain using developed rational
bi-cubic blended interpolant with shape parameters
aiyj = ai,j = Ci,j = éi,j = 0.25.
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Fig. 6 Convex surface generated by developed rational bi-
cubic blended spline function with 7; ; = 7 ; = s;; =
33,5 = 0.01, and zz-view.
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Table 3 A 3D convex data generated from function (19).

t/u 2 4 6 10 12

2 101.47  100.78  100.38 99.86 99.68
4 1443.1 1442.4 1442.0 1441.5 1441.3
6 7689.6  7688.9  7688.5 7688.0  7687.8
10 1.16e5 1.16e5 1.16e5 1.16e5 1.16e5
12 591e5 591e5 591e5 591e5  5091e5

IIIIIIIII
"'II%IIIIIII%%”II
it
i

Fig. 7 Non convex surface generated by bi-cubic Hermite
spline, and xz-view.

Example 3 A 3D convex data set in Table 3 is taken
from following mathematical function

F(t,u) = 3¢’ + 5t* —logu (19)

Fig. 7 can be drawn using bi-cubic Hermite spline
Ref. 15. It depicts non-convex surface at some knots.
On other hand, Fig. 8 can be produced using devel-
oped convex rational bi-cubic blended scheme. It
conserves the convexity everywhere in the domain
with values of shape parameters a; ; = a;; = ¢;; =
¢i; = 0.6.
Example 4 A 3D convex data set in Table 4 is taken
from following mathematical function Ref. 3
F(t,u) = t* 4+ u? (20)

Fig. 9 can be drawn using bi-cubic Hermite spline
Ref. 15. It depicts non-convexity preserving surface at
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Fig. 8 Convex surface produced by proposed rational bi-
cubic blended spline function with 7; ; = 7 ; = s;; =
3;,; = 0.1, and xz-view.

Table 4 A 3D convex data set.

t/u —4 -2 0 2 4

—4 512 272 256 272 512
-2 272 32 16 32 272
0 256 16 0 16 256
2 272 32 16 32 272
4 512 272 256 272 512

some knots. On other hand, Fig. 10 can be produced
using developed convex rational bi-cubic blended
scheme. It preserves the convexity everywhere in the
domain with values of shape parameters a; ; = a; ; =
Cij = éiﬂ' =0.5.

CONCLUSIONS

In this paper, we have extended a C' piecewise
rational cubic function? to rational bi-cubic blended
function to conserve the convexity preserving of sur-
faces through 3D convex data. The proposed scheme
is suitable for such problems in which only data points
are given, in contrast the schemes'>'* imposed a set
of constraints on derivatives and data points, to obtain
the convexity preserving surfaces. The developed sur-
face scheme has been demonstrated through several
numerical examples and observed that the scheme
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Fig. 9 Non convexity-preserving surface using bi-cubic
Hermite spline, and xz-view.

Fig. 10 Convexity-preserving surface using rational bi-
cubic blended spline function with r; ; = 7;; = s;; =
33,7 = 0.001, and xz-view.
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is not only local and computationally economical
but also visually pleasant as compared to existing
schemes®*. The proposed surface scheme is unique
in its representation and it works well for both uniform
and non-uniform space data.
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