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ABSTRACT: In this paper we consider the algebra (A, f, g), where f and g are m-ary and n-ary operations on the set A.
We define the concept of regular algebra and we prove that for a regular medial algebra (A, f, g) there exists a commutative

semigroup (A, +) such that the operations f and g have linear representations on (A, +). As a corollary, we show that for

a regular medial algebra (A, F') there exists a commutative semigroup (A, +) such that any operation f € F has a linear

representation on (A, +).
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INTRODUCTION

An algebra A = (A, F') (without nullary operations)
is called medial if it satisfies the identity of mediality,

C Tnm))

S Tpm)), (1)

g(f(xlla' "7xn1)7"'7f(m1m7~-
= f(g(x117'"7x1m)7'~'7g($n17”

for every n-ary f € F and m-ary g € F' '. The n-ary
operation f is called idempotent if f(z,...,z) =
for every z € A. The algebra A = (A, F) is called
idempotent if every operation f € F is idempotent.
An idempotent medial algebra is a mode?. In other
words, the algebra A is medial if it satisfies the
hyperidentity of mediality *. The medial property was
studied initially in Refs. 4,5. Note that a groupoid
is medial iff it satisfies the identity of mediality®,
ry.uv ~ zu.yv. Medial groupoids were studied
by many authors. Important results on some regular
medial groupoids can be found in Refs. 7-9.

Let g and f be m-ary and n-ary operations on
the set A. We say that the pair of operations (f, g)
is medial (entropic), if identity (1) holds in the algebra
A= (A, f,g) '°. Characterization of a medial pair of
binary quasigroup operations is done in Ref. 11 (also
see Ref. 12).

Let A = (A, F) be an algebra and let f € F.
We say that the element e is the unit for the operation
feFif

forevery x € A. The element e is a unit for the algebra
(A, F) if it is a unit for every operation f € F.

The element e is idempotent for the operation f
if f(e,...,e) = e. We say that the element e is
idempotent for the algebra (A, F') if it is idempotent
for the every operation f € F. 4

The sequence z;, . ..,z; will be denoted by z,

where 7 and j are natural numbers. For j < i, z/ is
the empty symbol. If 2,4, = ... = z;41 = x then
instead of x;ilf we will write (Z)*. For k < 0, (z)* is
the empty symbol.
Definition 1 Let (f, g) be a pair of m-ary and n-ary
operations of the algebra (A, F'). For any element e
of A, letay, ..., o, be mappings of A into A defined
by

o T f((é)i_l,x7 (é)m_i). 2)

We call «; the ith translation by e with respect to f.
An element e is called i-regular with respect to f if
«; is a bijection. An element e is called i-regular for
the pair operation (f, g) if it is i-regular with respect
to both the operations f and g. The element e is called
i-regular for the algebra (A, F') if it is an é-regular
element for every operation f € F.

There exist various algebraic characterizations of
different classes of n-ary operations (see for example
Refs. 13,14). In this paper we consider the medial
algebra (A, f,g) with m-ary operation f and n-ary
operation g where f # g. If f = g then the algebra
(4, f,g) is an n-ary medial groupoid. Characteriza-
tion of an n-ary medial groupoid is done by Evans in
Ref. 15. As a generalization of Evans’s results, we
have the following representation of a medial algebra,
which was obtained by Cho in Ref. 16.
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Theorem 1 Let (A, f, g) be a medial algebra with the
idempotent element e which is an i- and j-regular
element of (A, f,g) for fixed i and j (i # j). Then
there exists a commutative semigroup (A, +) with the
unit element e such that operations f, g € F have the
following linear representation

f(a:jln) =11 _|_ e +am$m7
g(x?) :ﬁlxl"i_""’_ﬁnxna

where of*, BT are pairwise commuting endomor-
phisms of (A,+), n = m > 2. Furthermore,
a;, o, Bi, B; are automorphisms of (A, +).

Corollary 1 Let (A, F') be a medial algebra with the
idempotent element e which is an i- and j-regular
element of (A, F) for fixed i and j (i # j). Then
there exists a commutative semigroup (A, +) with the
unit element e such that every operation f € F has
the linear representation

f(len) =MZ1+ + YmTm,

where vy are pairwise commuting endomorphisms of
(A,+), m > 2. Furthermore, ~;, v; are automor-
phisms.

Proof: Let fy € F be an m-ary fixed operation. Then
(A4, fo) is a medial algebra. Hence by Theorem 3.2 in
Ref. 15, there exists a commutative semigroup (A, +)
with the unit element e such that

fo(z") = c1xr + - + Qo
where af* are translations defined in (2), and
z+y=fol(e) " a; e, (@1 a5 ty, (@)™ ).

Now, for any f € F the algebra (A, fo, f) is a medial
algebra with the idempotent element e which is an
i- and j-regular element of the algebra (A, fo, f) for
fixed 7 and j (i # j). Hence by the previous theorem
and mediality of the pair operation ( fy, f) we have

Ni—1l =1, (=Nj—1—i =1 [=\m—j
fO@) ™y (@) (@) )
Ni—1l =1, (=\j—1—i _—1_ (=\xn—j
= fo((€)' ) O z, (€)’ z7O‘j y, (&)"7).
Hence there exists a commutative semigroup (A, +)
with the unit element e such that every operation f €

F' has the linear representation on the commutative
semigroup (A, +). O
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PRELIMINARY RESULTS

In Corollary 1 we have described the structure of
the medial algebra (A, F') containing an idempotent
element. The purpose of this section is to obtain
sufficient properties of finite medial algebras to enable
us to weaken considerably, in this finite case, the
assumptions we need for characterizing regular medial
algebras which do not contain an idempotent element.

Definition 2 Let f be an m-ary operation and J be
a non-empty subset of {1,2,...,m}. We will say
that the element e is J-regular with respect to the
operation f if e is a j-regular element with respect to
f forall j € J. The element e is a J-regular element
for the algebra (A, F) if e is a j-regular element with
respect to every f € F forall j € J.

Lemma 1 Let (A, f,g) be a finite medial algebra
with the m-ary operation [ and the n-ary operation
g and a J-regular element ¢ (J C {1,2,...,m} and
m < n) lf

flal") = g(ay) =,
then for each i € J, a; is a J-regular element of

(A, f,9).
Proof: Suppose i, j € J and x,y € A such that

F((@) " (@)™ ) = £((@;) v (@) ).

Then we have

with f((a;)"~ %@, (@)™ ). f((a;)""",y, (a;)™ ")
at the jth places. Hence by mediality we have
flglat), ... g((e) " a, ()" ™),..., g(a}))

= flg(a?),....9((& "y, (@"),... . g(ay)).

Hence

f((é)i_lmg((é)j_l, €, (é)”_j)’ (é)m—i)
= f((é)i_lv g((é)j_l, Y, (é)’”_j)7 (é>m—i).

Thus by considering the regularity of the element e we
have x = y. Similarly, if

g((@y) e, (a)" ") = gl(@;)" "y, ()",

then = y. Since A is finite, this concludes the
proof. (]
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Lemma?2 Let (A, f,g) be a finite medial algebra
with the m-ary operation f and the n-ary operation
g (m < n) Ifeisan i-regular (1 < i < m)
element of the algebra (A, f, g), then so are f((€)™)
and g(()").

Proof: Suppose x,y € A such that

g((F(@m™) =, (f((é)’”))"_i)
= g((f(@m™) "y, (F((&)™)" ),

and t1, to are elements of A satisfying

fle Lt @) =g((e) ' ta, ()" ") = e

By Lemma 1 t1,ts are i-regular elements for the
algebra (A, f, g). Hence if

F((E2)"
F((E2)"

then we have

g((F(@)™) " f((EB) " @, (B2)™ ),

F(@™)" )

() Ty, (B2) T,
(F(@™)" ).

173;17 (EQ)m_l) =,

Ly (B2)™) =y,

Hence by mediality we have

Fg(@ =1 b2, ("))~ g((@) ™ 21, ()" ),
(9((e)=1, 12, ()"=))™ )
Fa(@ 1 k2, (@) g((@) oy, (@77,

(9((6)z Lt (8)")™).

Since e is an i-regular element of (A, f, g), x1 = y1.
Hence « = y. Since A is finite, this implies f((&)™)
is an i-regular element with respect to the operation g.
Similarly, f((&)™) is an i-regular element with respect
to the operation f, and g((€)™) is an i-regular element
with respect to operations f and g. |

Lemma 3 Let (A, f,g) be a finite medial algebra
with the m-ary operation [ and the n-ary operation
g (m < n)and let

k) a"ﬂ

A1y ey Qi—1, Q3415 o 5y Ay - - -

be J-regular (J C {1,2,...,m}) elements of the
algebra (A, f,g) where J contains at least two el-
ements. Then, for every b € A, there are unique
r1,To € A such that

f(ai_l7 1ax2aa?+1) =b.

xlaaﬁl) :b7 g(ai_
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Proof: Suppose z1,y; € A such that

f(ai_lvxlaam—l) = f(ali_lvylaaﬁ-l)'
We will prove that x1 = y;. Let
g((an)? ', (@n)" ) = a1,
fork=1,...,i—1,74+1,...,m. Then we have
g(f(all ! ) A1y Zil) af( xlv z+1)
~-af(t11 1,(11, 1+1) "vf(al ) A1, i+1))
:g(f(allil as, i+1) '-af(al 791, z+ )7

"af(tl ! y 1, 1+1)

Hence by mediality, we have

ol anafy)).

flg(@)?= 1 t1, (@)™ ), ..., 9((a1)? =1, x1, (ay)" ™),
s (@) "t (@) Y)) =
Flg(@)? =4 t1, (@)™ ), ..., 9((@)? %, v, (@) ),
s 9((@n) T s (@)™ )).
Hence
f@) =t g((@a) =tz (@)™ "), @)™ "
(@)= (@), (@)""), (@)™ ).

Two applications of the ¢-regularity of a; yield z1 =
y1. Similarly, if
1a Y2, a’?—i—l)

g(ai_lv T2, G,;L_H) = g(ai_

then xo = ys. O
From the above lemmas we know that if the finite

medial algebra (A, f,g) (f is m-ary and g are n-ary

operations) contains an element e which is an ¢- and

j-regular element of (A4, f, g), then:

(i) f((8)™) and g((e)™) are also i- and j-regular
elements for (4, f, g);

(ii) there are unique elements ¢1,ts € A which are i-
and j-regular for (A, f, g) such that (for i < j)

f((é)"fl, f@m, (é)jfl”",tu (é)m’f) =e,

(iii) for every b € A, there are unique elements
1,22 € A such that

f((é)i_lv T1, (é)j_l_i7 t1, (é)m_j) =
g((é)iilv T2, (é)jiliiv la, (é)nij) =

where 1, o are the elements described in (ii).
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It is easy to prove that in the finite medial algebra
(A, f,g) the set of J-regular elements (where J C
{1,2,...,m} contains at least two elements) is closed
under the operations f, g. If the finite medial algebra
(A, f, g) contains at least one J-regular element, then
the algebra (A, f,g) contains a J-regular subset of
J-regular elements of the algebra (A, f,g) which is
closed under the operations f, g.

CHARACTERIZATION OF REGULAR
MEDIAL ALGEBRAS

We now discuss the structure of a medial algebra
(A, f,g) which does not contain an idempotent ele-
ment. We construct new operations f*,¢* on A in
terms of f, g, such that (f*, g*) is a medial pair op-
eration and the medial algebra (A, f*, g*) contains an
idempotent element. If certain regularity conditions
are assumed for (A, f, g) then this idempotent element
is also a J-regular element in (A, f*, ¢*) and hence
we are able to use Theorem 1 to describe the structure
of the pair operation (f*, g*).

Definition 3 Let f, g € F be m-ary and n-ary opera-
tions (m < n), J C {1,2,...,m} (where J contains
at least two elements) and

) a’ﬂ

A1y v ey Qi—1, Q54153 Amyy -+«

are fixed J-regular elements of the algebra (A, f, g).
The pair operation (f,g) is an (i, J)-regular pair
operation (where i € J) if for every z € A we have

flai™,

The pair operation ( f, g) is a J-regular pair operation
if (f,g) is (¢, J)-regular for every ¢ € J. The pair op-
eration (f, g) is a regular pair operation if a (f, g) is
J-regular pair operation for some J C {1,2,...,m}
(where J contains at least two elements).

An algebra (A, F) is called a regular algebra
if every pair operation of (A, F') is a regular pair
operation. The equality (3) is a co-identity in the sense
of Ref. 17.

x?"“ﬁl) :g(ag_laxaa?—kl)' (3)

Lemma 4 Let (A, f,g) be a medial algebra with m-
ary operation f and n-ary operation g, let m be a
permutation of {1, ..., m}, and let p be permutations
of {1,2,...,n}. Then the algebra (A, f*, g*) defined
by the operations

fr(@t") = fa71"),

is a medial algebra.
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Proof: For x;; € A, since (A4, f,g) is a medial
algebra, we have

g (f @), f @)
= 9(f @), FT)
=g(f(z ﬁﬁ?) o F@mpr))
=g (f*(@1}), ..., flam?).
Similarly, f* and g* commute with themselves. [

Lemma 5 Let (A, f,g) be a regular medial algebra
with m-ary operation f and n-ary operation g and
let e,t € A be i- and j-regular elements of (A, f,g)
(i,j € J C{1,2,...,m} and i < j) such that

Then the algebra (A, f*,
defined by

Fr@) = f(@)' 7 fa), (e 1t (o)),
g (1) = g((e) ™! g(a?), (€)1 2, ()" )

is a medial algebra with e as an idempotent element.

g*) with operations on A,

Proof: In view of Lemma 4, it is sufficient to prove
this for+ = 1 and j = 2.

g (f ($11 )y £ (@RT"))

= g(g(.f (liﬂn)’ R f*(xZT))7tv (é)n72)'

)i FR (@)

(@17),, ()" 72), ., F(f(2) 8, ()" 72))
(@17), - F(2), o((B)"), (9((@)™)™ )
(11), .- g(zim), 9((O)"), (g((e)™)™ ).

Since (A, f, g) is a regular algebra, we have
g((®)™) = f(O™),
g((@") = f((e)™).

Hence by mediality we have

s [ E)
o 9(@iy), f

! FO™), (F((@m™)™?)
= f(f(g(aii).t, @™ 7).

Fg(@ti). b (8)"72)).
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Since (A, f, g) is a regular algebra, we have

Flg(ai),t, (@™ 72) = g(g(=1i), t, ()" 72),
Flalaim) t.(e)™~2) = glg(atim), b, (&)"72).

Hence by mediality we have

g(f” (1"11 )y [R(@Rt)

= fla(g(t1),t, ()" %), ..., glg(2im). t. (8)"72))
= f(g"(@11),- - 9" (zTh).

Hence

=g
=g(f(g*(x11),...,g" (=), ¢, (e)" 2
= f(f(g" (@), ... g" (i), t. (&)™)
= g @), gt (@)

since (A, f, g) is aregular algebra. Hence (f*, g*) is a
medial pair operation. Similarly, f* and g* commute
with themselves. Hence (A, f*, g*) is a medial alge-
bra. It is clear that f*((e)™) = g*((e)™) =e. O

Lemma 6 Let (A, f,g) be a regular medial algebra
with m-ary operation f and n-ary operation g. Then
there is a commutative semigroup (A, +) such that

f@?) =plarzr + ...+ mTm),
g(ay) =

Y(x1+. . . FamTm+Bmt1Tma1+ -« -+ Bnn),
where of*, 57 are pairwise commuting endomor-
phisms of (A,+) and ¢, 1 are bijections on the set
Afor2 <m<n.

Proof: Let J C {1,2,...,m}, 4,j € J and e be
an i- and j-regular element in (A, f,g). Then by
the results of the preceding section, there is an -, j-
regular element ¢ such that

f(@'- 1J”((é)’") @ (") =e,
9@ (@), (@17t (") =,

since (4, f, g) is aregular algebra. Furthermore, for k
either ¢ or j, and any b € A, the equations

@ F((@ e @™, @7t (™)

)
=,
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have unique solutions. Hence e is an -, j-regular
element with respect to the pair operation (f*, g*) on
A defined by

Fr@) = f(e) " fla), (e =1t (™),

g (@1) = g((@) ", g(a}), (€)', 1, ()" ).
Hence by Lemma 5 the pair operation (f*, g*) is

medial with e as an idempotent -, j-regular element.

Thus by Theorem 1 there is a commutative semigroup
(A, +) with the unit element e such that

f*(x?ln) — Oél-rl _|_ e
g*(x’iL) — ﬁlxl + e
where «of’, 87" are commuting endomorphisms of

(A,4). But (4, f,g) is a regular algebra a;; = f;
fort: =1,2,...m. Hence

+ T,
+ ﬂ’ﬂx’nn

g*(a1)

=171+ + T + B 1Tm1 -+ BuTn.
Again, by the results of the previous section, the
mappings

e~hir = f((e) e (@)t (e,

o= g((@) e (e T (@),

are bijections on the set A. Thus f(z7*) = @ f*(z7")

and g(z7) = g™ (7). 0

Lemma 7 Let (A,+) be a commutative semigroup
with a unit element and let ©1, ..., o, be bijections
on the set A such that

o1zt A Tim) o Pm(Tma e+ Tm)

= 1@t Tma) ot (@ m e+ T
“)

Then there is an automorphism 1 of (A, +) and fixed
elements ci such that for each i, we have

©iT = NT + C;,
forall x € A.

Proof: Let (A, +) be a commutative semigroup with
a unit element e. In (4), for fixed ¢ and all j except
j = 1, putz;; = @; ‘e and let all other x,, be unit
elements except x1; and x;1. Then we have

P1T1; + PiTi1 = P1T51 + PiT14-
Hence if x1; = cpl_le then

©iTi1 = P17 + Pip; e

www.scienceasia.org
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for all z;; € A. Since ¢1,; are permutations on
(A, +) for all z € A we have

pit = o1z + k;,

where k; is a fixed regular element of (A, +). Substi-
tuting for the ; in the equation (4) and cancelling the
k;, which we may do since they are regular elements,
we get

1 (2114 A T1m) 4+ 01 (Em1 4+ T

=p1(z11+ A Tm1)+ o1 (T1mt e F Tm)-
(5)

In (5) let z;; = gol_le where ¢ # 1,2 and let all other
x;; be the unit element e except x11,x12. Then, we
have

o1(x11 + 212) + pre = Y1211 + Y1212,

for all £11,x12. Hence if 11 = x5 = gpfle, then

p1(p1 e+ @) le) +pre=e.

It means that (e has an additive inverse and hence is
a regular element. Now we define a bijection 77 on A
by

p1T =MnT + P16,
for all z € A. It follows immediately that 7 is an
automorphism of (A4, +). Hence

pix = 1T+ ki = nx + pr1e + k; = nx + ¢4,

where ¢; = ¢ie + k; as the sum of two regular
elements is a regular element. ]

Theorem 2 Let (A, f, g) be a regular medial algebra
with m-ary operation f and n-ary operation g (m <
n). Then there is a commutative semigroup (A,+)
with a unit element such that

f(x;n) =711 +"'+’7mxm+dl7
g(z]) =Mz + -+ Az, + do

where dy,ds are fixed regular elements in (A,+)
and ~*, AT are commuting automorphisms of the
semigroup (A, +) (J C {1,2,...,m}).

Proof: Let (A4, f,g) be a regular medial algebra.
By Lemma 6 we know that there is a commutative
semigroup with a unit element e such that

f(x?ln) = 90(0111'1 + -+ aman)v

www.scienceasia.org
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where of*, 57 are pairwise commuting endomor-
phisms of (A, +), and ¢, v are bijections on the set A,
and o; = B; fori = 1,2,...,m. Since the operation
f is medial we have

plarplazn + -+ amim)
+ 4 Oém,@(alwml + -+ Oémxmm,))
= gD(Oq(p(Oélmll + -+ Oémxml)

+--- 4+ OémQD<a1.Z'1m + -+ amxmm))

Hence

al@afl(alalxn + - o Ty)
+ .+ amsoagl(amoqﬂfml s amamxmm)
= alcpafl(alalxu + 4 a1 Ta)
4+t am/Qpa;l(amalxlm + o 4 OO Tmm ),
since ¢ is a bijection. Let x; = ozigoajl and
;025 = Y;5. Then by substitution and since

Qai,...,0, are commuting endomorphisms of the
commutative semigroup (A, +), we have

X1+ yim) o X (Yma 0 Y
- X1(Z/11 +--- +y'rn1) +--- +Xm(y1m +--- +y'mm)~
Hence by the preceding lemma, there is an automor-

phism 7 of the semigroup (A, +) and regular elements
C1,...,Cnp such that

Xil = ozigpai_lz =nx + ¢,
pr = ozi_lnozix + ozi_laici,
pr =ox + dy,

where 0 = o Yoy is an automorphism of the
semigroup (A, +) and d; = o; 'a;c; is a fixed regular

element in (A, +). Hence

f(xT) =7Z1+  + VmTm + dy

where v; = oqy; is an automorphism of the semigroup
(A, +). Similarly,

g(x]) =Mz + -+ Ay, + do.

It is easy to check that 7", AT are commuting auto-
morphisms of the semigroup (A4, +). O

Corollary 2 Let (A, F) be a regular medial algebra.
Then there exists a commutative semigroup (A,+)
such that every operation f € F has the represen-
tation

f(l‘?l):’}/1$1+"'+’yml‘m+d,
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where d is a fixed regular element in (A,+) and

Viyee

,VYm are commuting automorphisms of the

semigroup (A, +).

Corollary 3 If (Q, f) is a medial n-ary quasigroup,
then there exists an abelian group (Q, +) such that

f@™) =aix1+ -+ oy + d,

where the «;’s are pairwise commuting automor-
phisms of the group (Q,+) and d € Q .
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