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ABSTRACT: In this paper, we study the global existence of solutions for the compressible Navier-Stokes equations with a
non-autonomous external force and a heat source in H4. Under suitable assumptions, we obtain the large-time behaviour of
solutions in H4.
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INTRODUCTION

In this paper, we are concerned with the global ex-
istence and large-time behaviour of solutions to the
following 1-d compressible Navier-Stokes equations
with a non-autonomous external force and a heat
source in Lagrangian coordinates:

ut = vx, (1)

vt = σx + f

(∫ x

0

udy, t

)
, (2)

et = σvx − qx + g

(∫ x

0

udy, t

)
, (3)

where x ∈ [0, 1], u denotes the specific volume (i.e.,
u = 1/ρ), v the velocity, θ the absolute temperature,
σ the stress, e the internal energy, and q the heat flux.
The functions f, g are non-autonomous external force
and the heat source.

In this paper, we only investigate the polytropic
viscous ideal gas, i.e.,

e = cvθ, σ = −p+ µ
vx
u
, q = −κθx

u
, p = −Rθ

u
,

(4)
where the coefficients cv, µ, κ,R are positive con-
stants.

We consider a typical initial boundary value prob-
lem for (1)–(4) in the reference domain Q := Ω ×
[0,+∞) = [0, 1] × [0,+∞) under the Dirichlet-
Neumann boundary conditions for the fluid unknowns

v(0, t) = v(1, t) = 0, q(0, t) = q(1, t) = 0, t > 0,
(5)

and initial conditions

t = 0 : u = u0(x), v = v0(x), θ = θ0(x). (6)

In recent years, many mathematicans have paid
attention to the Navier-Stokes equations. Firstly, we
recall some previous work concerning the related
results. When the temperature θ is a constant, i.e.,
the system only contains (1)–(2), for f = 0 and
g = 0, Kanel1, Itaya2, Kazhikhov3, Kazhikhov
and Nikolaev4, 5, Kazhikhov and Shelukhin6, etc.,
have studied the global existence and uniqueness of
the uniformly boundary, global-in-time solution under
various initial conditions and the equation of state and
so on. For f 6= 0 and g = 0, Mucha7 considered
the compressible barotropic Navier-Stokes system in
monodimensional case with a Neumann boundary
condition given on a free boundary and proved the
global existence with uniform boundedness for large
initial data and a positive force. Moreover, when
t→∞, the author obtained the solutions tended to the
stationary solution. Zhang and Fang8 studied a free
boundary problem for compressible Navier-Stokes
equations with density-dependent viscosity. Under
certain assumptions imposed on the initial data, the
authors obtained the global existence and uniqueness
of the weak solution and showed that it converged
to a stationary one as time tends to infinity. Later
on, Qin and Zhao9 obtained the global existence and
asymptotic behaviour of solutions in Hi(i = 1, 2) to
an initial boundary value problem in a bounded region.
When the temperature θ is not a constant, Qin et al10

proved the regularity and continuous dependence on
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initial data in Hi(i = 1, 2, 4) for large initial data
and then showed the large-time behaviour of solutions
in Hi(i = 2, 4) for small initial data to the Cauchy
problem. Zheng and Qin11 obtained the existence of
maximal attractor for the problem for f ≡ 0, g ≡ 0.
For more results, we can refer to Refs. 12–14.

For system (1)–(6), Qin and Yu15 proved the
global existence and large-time behaviour of solutions
in Hi(i = 1, 2) in a bounded region. But the global
existence and large-time behaviour of solutions in H4

are still open. So in this paper, we study the global
existence and large-time behaviour of solutions inH4.

The aim of this paper is to establish the global
existence and large-time behaviour of solutions to the
system (1)–(6). We shall firstly establish the global
existence in H4, and then we shall prove large-time
behaviour of solutions in H4.

In this paper, we assume for any x ∈ Ω∫ 1

0

u0(x) dx := u0, 0 < C−1
0 6 u0(x) 6 C0,

(7)
where C0 is a positive constant. Moreover, we
suppose that for any u(x, ·) ∈ L∞(R+, L1(Ω))

with ξ(x, t) =
∫ x

0
u(y, t) dy and f̂(x, t) =∫ t

0
f(
∫ x

0
u(y, s) dy, s) ds, the non-autonomous exter-

nal force f = f(ξ(x, t), t) and heat source g =
g(ξ(x, t), t) satisfy the following conditions:

f ∈ L∞(R+, L2(Ω)) ∩ L2(R+, L∞(Ω))

∩ L1(R+, L1(Ω)), (8)

f̂ ∈ L1(R+, L2(Ω)),

fξ ∈ L2(R+, L2(Ω)) ∩ L∞(R+, L2(Ω)), (9)

ft, fξξ ∈ L2(R+, L2(Ω)) ∩ L∞(R+, L2(Ω)),
(10)

fξt, ftt, fξξξ ∈ L2(R+, L2(Ω)),
(11)

g > 0, g ∈ L∞(R+, L2(Ω)) ∩ L2(R+, L2(Ω))

∩ L1(R+, L∞(Ω)),
(12)

gξ, gt, gξξ ∈ L2(R+, L2(Ω))

∩ L∞(R+, L2(Ω)),
(13)

gξt, gtt, gξξξ ∈ L2(R+, L2(Ω)).
(14)

The notation in this paper will be as follows. Lq , 1 6
q 6 +∞, Wm,q , m ∈ N , H1 = W 1,2, H1

0 = W 1,2
0

denote the usual (Sobolev) spaces on Ω. In addition,
‖ · ‖B denotes the norm in the space B; we also put

‖·‖ = ‖·‖L2(Ω). Subscripts t and x denote the (partial)
derivatives with respect to t and x, respectively. We
use Ci, (i = 1, 2, 3, 4) to denote the generic positive
constants depending on the ‖(u0, v0, θ0)‖Hi×Hi×Hi ,
minx∈[0,1] v0(x), minx∈[0,1] θ0(x), but not depending
on t. We denote v3x := vxxx and v3xt := vxxxt.

Our result in this paper reads as follows.

Theorem 1 Let (8)–(14) hold. Suppose that
(u0, v0, θ0) ∈ H4(0, 1) × H4

0 (0, 1) × H4(0, 1) with
u0 > 0 and θ0 > 0 for any x ∈ [0, 1], and
that the compatibility conditions hold. Then there
exists a unique global solution (u(t), v(t), θ(t)) ∈
L∞([0,+∞), H4(0, 1)×H4

0 (0, 1)×H4(0, 1)) to the
problem (1)–(6) verifying that for any t > 0,

‖u(t)− u‖2H4 + ‖ut(t)‖2H3 + ‖utt(t)‖2H1

+ ‖v(t)‖2H4 + ‖vtt(t)‖2 + ‖θ(t)− θ‖2H4

+ ‖θt(t)‖2H2 + ‖θtt(t)‖2 +

∫ t

0

(‖u− u‖2H4 + ‖v‖2H5

+ ‖vt‖2H3 + ‖vtt‖2H1 + ‖θ − θ‖2H5 + ‖θt‖3H3

+ ‖θtt‖2H1)(s) ds 6 C4, (15)∫ t

0

(‖ut‖2H4 + ‖utt‖2H2 + ‖u3t‖2)(s) ds 6 C4.

(16)

Moreover, as t→ +∞, we have

‖u(t)− u‖H4 → 0, ‖v(t)‖H4 → 0,

(17)

‖θ(t)− θ‖H4 → 0,

where u =
∫ 1

0
u(x, t) dx =

∫ 1

0
u0 dx, θ =∫ 1

0
θ(x, t) dx.

Corollary 1 The global solution (u(t), v(t), θ(t)) ob-
tained in Theorem 1 is in fact a classical solution and
as t→ +∞, we have

‖(u(t)− u, v(t), θ(t)− θ)‖(C3+1/2)3 → 0.

Remark 1 Theorem 1 also holds for the boundary
conditions

v(0, t) = v(1, t) = 0, θ(0, t) = θ(1, t) = T0 > 0

where θ > 0 can be replaced by T0 = const.

GLOBAL EXISTENCE IN
H4(0, 1) × H4

0(0, 1) × H4(0, 1)

In this section, we shall establish the global existence
in H4(0, 1)×H4

0 (0, 1)×H4(0, 1).
First we give the global existence of solutions

in H1(0, 1) × H1
0 (0, 1) × H1(0, 1) and H2(0, 1) ×

H2
0 (0, 1)×H2(0, 1) established in Ref. 15.
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Lemma 1 Under the assumptions (8)–(14), for any
(u0, v0, θ0) ∈ H1(0, 1) × H1

0 (0, 1) × H1(0, 1) with
u0 > 0 and θ0 > 0 for any x ∈ [0, 1], and
that the compatibility conditions hold. Then the
problem (1)–(6) admits a unique global solution
(u(t), v(t), θ(t)) ∈ H1(0, 1) × H1

0 (0, 1) × H1(0, 1)
such that

0 < C−1
1 6 u(x, t) 6 C1,

(18)

0 < C−1
1 6 θ(x, t) 6 C1, ∀(x, t) ∈ Q,

‖u(t)‖2H1 + ‖v(t)‖2H1 + ‖θ(t)‖2H1 +

∫ t

0

(‖ux‖2

+ ‖vx‖2 + ‖vt‖2 + ‖vxx‖2 + ‖θx‖2 + ‖θt‖2

+ ‖θxx‖2)(s) ds 6 C1, ∀ t > 0. (19)

Lemma 2 Under the assumptions (8)–(14), for any
(u0, v0, θ0) ∈ H2(0, 1) × H2

0 (0, 1) × H2(0, 1) with
u0 > 0 and θ0 > 0 for any x ∈ [0, 1], and
that the compatibility conditions hold. Then the
problem (1)–(6) admits a unique global solution
(u(t), v(t), θ(t)) ∈ H2(0, 1) × H2

0 (0, 1) × H2(0, 1)
such that

‖u(t)‖2H2 + ‖v(t)‖2H2 + ‖θ(t)‖2H2 +

∫ t

0

(‖ux‖2H1

+ ‖vx‖2H2 + ‖vt‖2H1 + ‖θx‖2H2 + ‖θt‖2H1)(s) ds

6 C1, ∀ t > 0. (20)

Now we are ready to establish the global existence
in H4(0, 1)×H4

0 (0, 1)×H4(0, 1).

Lemma 3 Under the assumptions in Theorem 1, for
any (u0, v0, θ0) ∈ H4(0, 1) × H4

0 (0, 1) × H4(0, 1),
the following estimates hold

‖vxt(x, 0)‖+ ‖θxt(x, 0)‖ 6 C3, (21)
‖vtt(x, 0)‖+ ‖θtt(x, 0)‖+ ‖vxxt(x, 0)‖

+ ‖θxxt(x, 0)‖ 6 C4, (22)

‖vtt(t)‖2 +

∫ t

0

‖vxtt(s)‖2 ds

6 C4 + C4

∫ t

0

‖θxxt(s)‖2 ds, (23)

‖θtt(t)‖2 +

∫ t

0

‖θxtt(s)‖2 ds

6 C4ε
−3 + C2ε

−1

∫ t

0

‖θxxt(s)‖2 ds

+ C1ε

∫ t

0

(‖vxtt‖2 + ‖vxxt‖2)(s) ds. (24)

Proof : By Lemma 1 and Lemma 2, we derive from
(2)

‖vt(t)‖ 6 C1(‖ux(t)‖+ ‖θx(t)‖+ ‖vxx(t)‖
+ ‖vx(t)‖L∞‖ux(t)‖+ ‖f(t)‖)

6 C2(‖vx(t)‖H1 + ‖ηx(t)‖+ ‖θx(t)‖
+ ‖f(t)‖). (25)

Differentiating (2) with respect to x and using
Lemma 1 and Lemma 2, we deduce

‖vxt(t)‖ 6 C2(‖vx(t)‖H2 + ‖ux(t)‖H1

+ ‖θx(t)‖H1) + C1‖fξ(t)‖ (26)

or

‖v3x(t)‖ 6 C2(‖v(t)‖H2 + ‖ux(t)‖H1 + ‖vxt(t)‖
+ ‖θx(t)‖H1) + C1‖fξ(t)‖. (27)

Similarly, differentiating (2) with respect to x twice,
using Lemma 1 and Lemma 2 and the interpolation
inequality, we arrive at

‖vxxt(t)‖ 6 C2(‖ux(t)‖H2 + ‖θx(t)‖H2 + ‖fξ(t)‖
+ ‖vx(t)‖H3 + ‖fξξ(t)‖) (28)

or

‖v4x(t)‖ 6 C2(‖ux(t)‖H2 + ‖vx(t)‖H2

+ ‖θx(t)‖H2 + ‖vxxt(t)‖+ ‖fξ(t)‖
+ ‖fξξ(t)‖). (29)

We easily deduce from (3) and Lemma 1 and Lemma 2
that

‖θt(t)‖ 6 C1(‖θx(t)‖H1 + ‖vx(t)‖H1 + ‖g(t)‖).
(30)

We differentiate (3) with respect to x, and use
Lemma 1 and Lemma 2 to get

‖θxt(t)‖ 6 C2(‖ux(t)‖H1 + ‖vx(t)‖H1 + ‖θx(t)‖H2

+ ‖gξ(t)‖) (31)

or

‖θ3x(t)‖ 6 C2(‖ux(t)‖H1 + ‖θx(t)‖H1 + ‖θxt(t)‖
+ ‖vx(t)‖H1 + ‖gξ(t)‖). (32)

Differentiating (3) with respect to x twice, using
Lemma 1 and Lemma 2 and the embedding theorem,
we derive

‖θxxt(t)‖ 6 C2(‖ux(t)‖H2 + ‖vx(t)‖H2 + ‖gξ(t)‖
+ ‖gξξ(t)‖+ ‖θx(t)‖H3), (33)
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or

‖θ4x(t)‖ 6 C2(‖ux(t)‖H2 + ‖vx(t)‖H2 + ‖θx(t)‖H2

+ ‖θxxt(t)‖+ ‖gξξ(t)‖+ ‖gξ(t)‖).
(34)

Differentiating (3) with respect to t, by (26), (28) and
(30)–(31), we see that

‖vtt(t)‖ 6 C2(‖vx(t)‖H1 + ‖ux(t)‖+ ‖θt(t)‖
+ ‖θxt(t)‖+ ‖vxt(t)‖+ ‖vxxt(t)‖
+ ‖fξ(t)‖+ ‖ft(t)‖) (35)

6 C2(‖ux(t)‖H2 + ‖vx(t)‖H3 + ‖θx(t)‖H2)

+ C2(‖g(t)‖+ ‖gξ(t)‖+ ‖fξ(t)‖
+ ‖fξξ(t)‖+ ‖ft(t)‖). (36)

Similarly, we have

‖θtt(t)‖ 6 C2(‖vx(t)‖+ ‖ux(t)‖+ ‖θt(t)‖
+ ‖θxt(t)‖+ ‖vxt(t)‖+ ‖θx(t)‖H2

+ ‖θxxt(t)‖+ ‖gξ(t)‖+ ‖gt(t)‖)
(37)

6 C2(‖ux(t)‖H2 + ‖vx(t)‖H3 + ‖θx(t)‖H2)

+ C2(‖g(t)‖+ ‖gξ(t)‖+ ‖fξ(t)‖
+ ‖gξξ(t)‖+ ‖gt(t)‖). (38)

Thus estimates (21)–(22) follow from (19), (26), (28),
(31), (33), (35), (38) and (8)–(14).
Differentiating (2) with respect to t twice, multiplying
the result by vtt in L2(0, 1), performing an integra-
tion by parts and using Young’s inequality and using
Lemma 1 and Lemma 2, we deduce

1

2

d

dt
‖vtt(t)‖2 + ‖vxtt‖2

6 C2(‖vx(t)‖2 + ‖θt(t)‖2 + ‖θxt(t)‖2 + ‖vxt(t)‖2

+ ‖θtt(t)‖2) + C1(‖fξξ(t)‖2 + ‖fξt(t)‖2

+ ‖ftt(t)‖2). (39)

Thus by (10)–(11), Lemma 1 and Lemma 2,

‖vtt(t)‖2 +

∫ t

0

‖vxtt(s)‖2 ds

6 C4 + C2

∫ t

0

‖θtt(s)‖2 ds

which, along with (27), gives (23).
Differentiating (3) with respect to t twice, multiplying
the resulting equation by θtt in L2(0, 1), integrating

by parts and using Young’s inequality, we have

1

2

d

dt

∫ 1

0

θ2
tt dx

= −
∫ 1

0

(
κθx
u

)
tt

θxtt dx

+

∫ 1

0

(
−Rθ

u
+ µ

vx
u

)
tt

vxθtt dx

+ 2

∫ 1

0

(
−Rθ

u
+ µ

vx
u

)
t

vxtθtt dx

+

∫ 1

0

(
−Rθ

u
+ µ

vx
u

)
vxttθtt dx

+

∫ 1

0

(gξξv
2 + 2gξtv + gξvt + gtt)θtt dx

:=

5∑
i=1

Ai. (40)

Using Lemma 1 and Lemma 2 and the interpola-
tion inequality, we get for any ε > 0

A1 6 − (2C1)−1‖θxtt(t)‖2 + C2(‖vx(t)‖2H1

+ ‖θt(t)‖2 + ‖θxt(t)‖2 + ‖vxt(t)‖2

+ ‖θtt(t)‖2 + ‖θxxt(t)‖2), (41)

A2 6 ε‖vxtt(t)‖2 + C2ε
−1(‖θtt(t)‖2 + ‖vx(t)‖2H1

+ ‖θt(t)‖2 + ‖vxt(t)‖2 + ‖θxt(t)‖2), (42)

A3 6 C2‖vxt(t)‖
1
2 ‖vxxt(t)‖

1
2 (‖vx(t)‖

+ ‖θt(t)‖+ ‖vxt(t)‖)‖θtt(t)‖,

which gives∫ t

0

A3 ds 6 ε sup
06s6t

‖θtt(s)‖2 + ε

∫ t

0

‖vxxt(s)‖2 ds

+ C2ε
−3. (43)

Analogously,

A4 6 ε‖vxtt(t)‖2 + C2ε
−1‖θtt(t)‖2, (44)

A5 6 ε‖θttx(t)‖2 + C2ε
−1(‖gξξ(t)‖2 + ‖gξt(t)‖2

+ ‖gξ(t)‖2 + ‖vxt(t)‖2 + ‖gtt(t)‖2) (45)

Integrating (40) over (0, t), using (41)–(45), (13)–(14)
and Lemma 1 and Lemma 2, we obtain

‖θtt(t)‖2 +

∫ t

0

‖θxtt(s)‖2 ds

6 C1ε

(
sup

06s6t
‖θtt(s)‖2 +

∫ t

0

(‖vxxt‖2

+ ‖vxtt‖2)(s) ds

)
+ C4ε

−3 + C2ε
−1

∫ t

0

(‖θtt(s)‖2

+ ‖θxxt‖2)(s) ds,
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which, taking ε small enough and using (37) and
Lemma 1, implies (24). The proof is now com-
plete. �

Lemma 4 Under the assumptions in Theorem 1, for
any (u0, v0, θ0) ∈ H4(0, 1) × H4

0 (0, 1) × H4(0, 1),
the following estimates hold for any ε > 0

‖vxt(t)‖2 +

∫ t

0

‖vxxt(s)‖2 ds 6 C3ε
−6

+ C1ε
2

∫ t

0

(‖θxxt‖2 + ‖vxtt‖2)(s) ds, (46)

‖θxt(t)‖2 +

∫ t

0

‖θxxt(s)‖2 ds 6 C3ε
−6

+ C1ε
2

∫ t

0

(‖vxxt‖2 + ‖θxtt‖2)(s) ds. (47)

Proof : Differentiating (2) with respect to t and x, mul-
tiplying the result by vtx inL2(0, 1) and integrating by
parts, we see that

1

2

d

dt
‖vxt(t)‖2 = σtxvxt|x=1

x=0 −
∫ 1

0

σxtvxxt dx

+

∫ 1

0

(fξξvu+ fξtu+ fξvx)vxt dx

=

3∑
i=1

Di. (48)

By Lemma 1, Lemma 2 and the interpolation inequal-
ity and Young’s inequality, we get for any ε > 0

D1 6 C1(‖θxt(t)‖L∞ + ‖θx(t)vx(t)‖L∞

+ ‖θt(t)vx(t)‖L∞ + ‖θ(t)vxx(t)‖L∞

+ ‖θ(t)ux(t)vx(t)‖L∞ + ‖vxxt(t)‖L∞

+ ‖vxx(t)vx(t)‖L∞ + ‖vxt(t)ux(t)‖L∞

+ ‖v2
x(t)ux(t)‖L∞)‖vxt(t)‖L∞

6 C2

(
‖vx(t)‖H2 + ‖θt(t)‖+ ‖θxt(t)‖+ ‖vxt‖

+ ‖θxt‖
1
2 ‖θxxt(t)‖

1
2 + ‖vxxt‖

1
2 ‖v3xt(t)‖

1
2

+ ‖vxt‖
1
2 ‖vxxt(t)‖

1
2

)
‖vxt‖

1
2 ‖vxxt(t)‖

1
2

6 ε2‖vxxt(t)‖2 + ε2(‖θxxt(t)‖2 + ‖v3xt(t)‖2)

+ C2ε
−6(‖vxt(t)‖2 + ‖vx(t)‖2H2

+ ‖θt(t)‖2H1), (49)

D2 6 −
1

(2C1)
‖vxxt(t)‖2 + C2(‖vx(t)‖2H1

+ ‖θt(t)‖2H1 + ‖vxt(t)‖2 + ‖ux(t)‖2),
(50)

D3 6 ε‖vxxt(t)‖2 + Cε‖vxt(t)‖2

+ Cε(‖fξξ(t)‖2 + ‖fξt(t)‖2 + ‖fξ(t)‖2),

which, together with (10)–(11), (48)–(50) and (19)–
(20), gives

‖vxt(t)‖2 +

∫ t

0

‖vxxt(s)‖2 ds

6 C1ε
2

∫ t

0

(‖θxxt‖2 + ‖v3xt(t)‖2)(s) ds

+ C3ε
−6. (51)

Differentiating (2) with respect to x and t, and using
(19)–(20), we derive

‖v3xt(t)‖ 6 C1‖vxxt(t)‖+ C2(‖vxx(t)‖H1

+ ‖θx(t)‖H1 + ‖ux(t)‖H1 + ‖θt(t)‖H2

+ ‖fξξ(t)‖+ ‖fξt(t)‖+ ‖fξ(t)‖).
(52)

Then (46) follows from (10)–(11), (51)–(52), and
(19)–(20).

Differentiating (3) with respect to x and t, multi-
plying the resulting equation by θxt in L2(0, 1), and
integrating by parts, we arrive at

1

2

d

dt

∫ 1

0

θ2
xt dx :=

4∑
i=1

Ei. (53)

where

E1 =

(
κθx
η

)
xt

θxt

∣∣∣∣x=1

x=0

,

E2 = −
∫ 1

0

(
κθx
η

)
xt

θxxt dx,

E3 = −
∫ 1

0

(σvx)xtθxt dx, E4 =

∫ 1

0

gxtθxt dx.

From (19)–(20) and the interpolation inequality and
Young’s inequality, we derive for any ε > 0

E1 6 ε
2(‖θxxt(t)‖2 + ‖θ3xt(t)‖2)

+ C2ε
−6(‖vx(t)‖2H2 + ‖θx(t)‖2H2

+ ‖θt(t)‖2H1), (54)

E2 6 −
1

2C1
‖θxxt(t)‖2 + C2(‖vx(t)‖2H1

+ ‖θx(t)‖2H2 + ‖θt(t)‖2H1 + ‖ux(t)‖2H1),
(55)

E3 6 ε
2‖vxxt(t)‖2 + C2ε

−2(‖vx(t)‖2H2

+ ‖θt(t)‖2H1 + ‖vxt(t)‖2), (56)

www.scienceasia.org

http://www.scienceasia.org/2013.html
www.scienceasia.org


ScienceAsia 39 (2013) 199

E4 6 ε
2‖θxxt(t)‖2 + C2ε

−2(‖gξξ(t)‖2 + ‖gξt(t)‖2

+ ‖gξ(t)‖2). (57)

Differentiating (3) with respect to x and t, using the
interpolation inequalities and Young’s inequality and
Lemma 1, Lemma 2 and Lemma 3, we conclude

‖θ3xt(t)‖ 6 C2(‖ux(t)‖H1 + ‖vx(t)‖H2

+ ‖θx(t)‖H2 + ‖θt(t)‖H2 + ‖θtt(t)‖H1

+ ‖vxt(t)‖H1 + ‖gξξ(t)‖+ ‖gξt(t)‖
+ ‖gξ(t)‖). (58)

Integrating (53) with respect to t over (0, t) and using
(54)–(58), (13)–(14) and (19)–(20), we can get (47).
The proof is now complete. �

Lemma 5 Under the assumptions in Theorem 1, for
any (u0, v0, θ0) ∈ H4(0, 1) × H4

0 (0, 1) × H4(0, 1),
the following estimates hold for any t > 0

‖vtt(t)‖2 + ‖vxt(t)‖2 + ‖θtt(t)‖2 + ‖θxt(t)‖2

+

∫ t

0

(‖vxxt‖2 + ‖vxtt‖2 + ‖θxtt‖2

+ ‖θxxt‖2)(s) ds 6 C4, (59)

‖u3x(t)‖2H1 + ‖uxx(t)‖2W 1,∞ +

∫ t

0

(‖u3x‖2H1

+ ‖uxx‖2W 1,∞)(s) ds 6 C4, (60)

‖v3x(t)‖2H1 + ‖vxx(t)‖2W 1,∞ + ‖θ3x(t)‖2

+ ‖θxx‖2W 1,∞ + ‖u4x(t)‖2 + ‖vxxt(t)‖2

+ ‖θxxt(t)‖2 +

∫ t

0

(‖vtt‖2 + ‖θtt‖2 + ‖vxx‖2W 2,∞

+ ‖θxx‖2W 2,∞ + ‖θxxt‖2H1 + ‖vxxt‖2H1

+ ‖θxt‖2W 1,∞ + ‖vxt‖2W 1,∞

+ ‖u3xt‖2H1)(s) ds 6 C4, (61)∫ t

0

(‖v4x‖2H1 + ‖θ4x‖2H1)(s) ds 6 C4. (62)

Proof : We add up (46) and (47) and take ε > so small
to get

‖vxt(t)‖2 + ‖θxt(t)‖2 +

∫ t

0

(‖vxxt‖2

+ ‖θxxt‖2)(s) ds 6 C3ε
−6 + C2ε

2

∫ t

0

(‖vxtt‖2

+ ‖θttx‖2)(s) ds. (63)

Multiplying (23) and (24) by ε and ε
3
2 , respectively,

then adding the result to (63), picking ε small enough
and using (19)–(20), we get (59).

Differentiating (2) with respect to x twice and
using (1), we deduce

µ
(u3x

u

)
t

+R
θu3x

u2
= K1(x, t), (64)

where

K1(x, t) = vxxt + µ
v3xux
u2

+ µ
uxxvxx
u2

+Kx

− 2µ
uxxvxux
u3

+ 2
θuxxux
u3

− θxuxx
u2

,

(65)

K(x, t) = R
θxx
u
− 2R

θxux
u2

+ 2R
θu2

x

u3
+ 2µ

vxxux
u2

− 2µ
vxu

2
x

u3
− fξu.

From the interpolation inequalities, Young’s inequal-
ity, (19)–(20) and Lemma 3, we derive

‖K1(t)‖ 6 C2(‖θx(t)‖H2 + ‖ux(t)‖H1 + ‖vx(t)‖H2

+ ‖fξξ(t)‖+ ‖fξ(t)‖), (66)

which, combined with (9)–(10), (19)–(20) and (59),
gives ∫ t

0

‖K1(s)‖2 ds 6 C1, ∀t > 0. (67)

Now multiplying (64) by u3x/u and integrating the
result over (0, 1), we see that

d

dt

∥∥∥u3x

u
(t)
∥∥∥2

+ C−1
1

∥∥∥u3x

u
(t)
∥∥∥2

6 C1‖K1(t)‖2,
(68)

which, together with (67), implies

‖u3x(t)‖2 +

∫ t

0

‖u3x(s)‖2 ds 6 C4, ∀t > 0. (69)

By (27), (29), (32), (34), (59) and (19)–(20), and
using the interpolation inequality, we obtain for any
t > 0,

‖v3x(t)‖2 + ‖θ3x(t)‖2 + ‖vxx(t)‖2L∞

+ ‖θxx(t)‖2L∞ +

∫ t

0

(‖v4x‖2H1 + ‖θ3x‖2H1

+ ‖vxx‖2W 1,∞ + ‖θxx‖2W 1,∞)(s) ds 6 C4. (70)

Differentiating (2)–(3) with respect to t, using (32),
(59) and (19)–(20), we deduce that for any t > 0,

‖vxxt(t)‖ 6 C1‖vtt(t)‖+ C2(‖vx(t)‖H1 + ‖vxt(t)‖
+ ‖θt(t)‖H1 + ‖ux(t)‖H1 + ‖fξ(t)‖
+ ‖ft(t)‖) 6 C4, (71)

‖θxxt(t)‖ 6 C1‖θtt(t)‖+ C2(‖vx(t)‖H1 + ‖vxt(t)‖
+ ‖θt(t)‖H1 + ‖θx(t)‖H1 + ‖gξ(t)‖
+ ‖gt(t)‖) 6 C4 (72)
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which, together with (29), (34), (59) and (19)–(20),
yields

‖v4x(t)‖2 + ‖θ4x(t)‖2 +

∫ t

0

(‖θxxt‖2 + ‖θ4x‖2

+ ‖vxxt‖2 + ‖v4x‖2)(s) ds 6 C4, ∀ t > 0. (73)

Performing the interpolation inequality, (70) and (73),
we get for any t > 0,

‖v3x(t)‖2L∞ + ‖θ3x(t)‖2L∞

+

∫ t

0

(‖v3x‖2L∞ + ‖θ3x‖2L∞)(s) ds 6 C4. (74)

We infer from (36), (38) and (74) that for any t > 0,∫ t

0

(‖vtt‖2 + ‖θtt‖2)(s) ds 6 C4, (75)

which, along with (52) and (58)–(59), gives∫ t

0

(‖v3xt‖2 + ‖θ3xt‖2)(s) ds 6 C4, ∀t > 0. (76)

Differentiating (64) with respect to x, we arrive at

µ
(u4x

u

)
t

+R
θu4x

u2
= K2(x, t) (77)

with

K2(x, t) = K1x −R
θxu3x

u2
+ 2R

θu3xux
u3

+ µ
(u3xux

u2

)
t
.

Using the embedding theorem, (19)–(20) and (59), we
derive that for any t > 0

‖K2(t)‖ 6 C1‖vxxt(t)‖+ C4(‖θx(t)‖H3

+ ‖ux(t)‖H2 + ‖vx(t)‖H3 + ‖f3ξ(t)‖
+ ‖fξξ(t)‖+ ‖fξ(t)‖),

which, together with (9)–(11), (19)–(20), (59) and
(73), implies∫ t

0

‖K2(s)‖2 ds 6 C4, ∀t > 0. (78)

Multiplying (77) by u4x/u in L2(0, 1), we have

d

dt

∥∥∥u4x

u
(t)
∥∥∥2

+ C−1
1

∥∥∥u4x

u
(t)
∥∥∥2

6 C1‖K2(t)‖2,
(79)

which, along with (78), gives

‖u4x(t)‖2 +

∫ t

0

‖u4x(s)‖2 ds 6 C4, ∀ t > 0.

(80)

Differentiating (19) with respect to x three times,
using (19)–(20) and the interpolation inequalities, we
infer

‖v5x(t)‖ 6 C1‖v3xt(t)‖+ C2(‖ux(t)‖H3

+ ‖vx(t)‖H3 + ‖θx(t)‖H3 + ‖f3ξ(t)‖
+ ‖fξξ(t)‖+ ‖fξ(t)‖),

which, together with (1), (9)–(11), (76) and (80),
yields∫ t

0

(‖v5x‖2 +‖u3xt‖2H1)(s) ds 6 C4, ∀t > 0. (81)

Similarly, from (3), we derive

‖θ5x(t)‖ 6 C4(‖ux(t)‖H3 + ‖vx(t)‖H3 + ‖θx(t)‖H3

+ ‖θxxt(t)‖H1 + ‖g3ξ(t)‖+ ‖gξξ(t)‖
+ ‖gξ(t)‖). (82)

From (13)–(14), (80), (73) and (76), we conclude for
any t > 0 ∫ t

0

‖θ5x(s)‖2 ds 6 C4, (83)

which, together with (81) and (83), gives∫ t

0

(‖vxx‖2W 2,∞ +‖θxx‖2W 2,∞)(s) ds 6 C4, ∀ t > 0.

(84)
Finally, using all the previous estimates and the inter-
polation inequality, we can easily derive the desired
estimates (60)–(62). The proof is complete. �

LARGE-TIME BEHAVIOUR IN
H4(0, 1) × H4

0(0, 1) × H4(0, 1)

In this section, we shall derive the large-time be-
haviour in H4(0, 1)×H4

0 (0, 1)×H4(0, 1). To begin
with, we need a differential inequality in next lemma.

Lemma 6 Let T be given with 0 < T 6 +∞.
Suppose that y and h are nonnegative continuous
functions defined on [0, T ] and satisfy the following
conditions:

dy

dt
6 A1y

2(t) +A2 + h(t),∫ T

0

y(s) ds 6 A3,

∫ T

0

h(s) ds 6 A4,

where A1, A2, A3, A4 are given nonnegative con-
stants. Then for any r > 0, with 0 < r < T ,

y(t+ r) 6

(
A3

r
+A2r +A4

)
· eA1A3 .
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Furthermore, if T = +∞, then

lim
t→+∞

y(t) = 0.

Proof : See, e.g., Ref. 16. �

Lemma 7 Under the assumptions in Lemma 1, we
have

lim
t→+∞

‖u(t)− u‖H1 = 0, lim
t→+∞

‖v(t)‖H1 = 0,

(85)

lim
t→+∞

‖θ(t)− θ‖H1 = 0

where u =
∫ 1

0
udx and θ =

∫ 1

0
θ(y, t) dy.

Proof : See, e.g., Ref. 15. �

Lemma 8 Under the assumptions in Lemma 2, we
have

lim
t→+∞

‖u(t)− u‖H2 = 0, lim
t→+∞

‖v(t)‖H2 = 0,

(86)

lim
t→+∞

‖θ(t)− θ‖H2 = 0

where u =
∫ 1

0
u0 dx and θ =

∫ 1

0
θ(y, t) dy.

Proof : See, e.g., Ref. 15. �

Lemma 9 Under the assumptions in Theorem 1, we
have

lim
t→+∞

‖u(t)− u‖H4 = 0, (87)

where u =
∫ 1

0
u0 dx.

Proof : In (68), we have deduced

d

dt

∥∥∥∥u3x

η
(t)

∥∥∥∥2

+ C−1
1

∥∥∥∥u3x

η
(t)

∥∥∥∥2

6 ‖K1(t)‖2

where

‖K1(t)‖ 6 C2(‖θx(t)‖H2 + ‖ux(t)‖H1 + ‖vx(t)‖H2

+ ‖fξξ(t)‖+ ‖fξ(t)‖).

Using (19)–(20) and Lemma 6, we get

lim
t→+∞

‖u3x(t)‖2 = 0. (88)

Recalling (78)–(79) and Lemma 6, we obtain

lim
t→+∞

‖u4x(t)‖2 = 0,

which, together with (85), (88) and Poincaré’s in-
equality, yields (87). The proof is complete. �

Lemma 10 Under the assumptions in Theorem 1, we
have

lim
t→+∞

‖v(t)‖H4 = 0. (89)

Proof : Differentiating (2) with respect to x and t,
multiplying the result by vxt in L2(0, 1) and using
(19)–(20) and Lemma 5, we derive for any ε > 0,

d

dt
‖vxt(t)‖2 + ‖vxxt(t)‖2

6 ε(‖v3xt(t)‖2 + ‖θxxt(t)‖2) + C4(‖vx(t)‖2H2

+ ‖θt(t)‖2H1 + ‖vxt(t)‖2 + ‖ux(t)‖2 + ‖fξξ(t)‖2

+ ‖fξt(t)‖2 + ‖fξ(t)‖2). (90)

Using (90), (9)–(11), (19)–(20), Lemma 5 and
Lemma 6, we obtain

lim
t→+∞

‖vxt(t)‖2 = 0. (91)

Now we claim that

lim
t→+∞

‖fξ(t)‖2 = 0. (92)

In fact,

d

dt
‖fξ(t)‖2 = 2

∫ 1

0

fξ
dfξ
dt

dx

6 C2(‖fξ(t)‖2 + ‖fξt(t)‖2 + ‖fξξ(t)‖2),

which, together with (9)–(11) and Lemma 6, gives
(92).
Similarly, we can get

lim
t→+∞

‖gξ(t)‖2 = 0, lim
t→+∞

‖gt(t)‖2 = 0,

(93)

lim
t→+∞

‖fξξ(t)‖2 = 0, lim
t→+∞

‖gξξ(t)‖2 = 0.

Using (26), (85)–(86) and (91)–(92), we have

lim
t→+∞

‖v3x(t)‖ = 0. (94)

By (19)–(20) and Lemma 5, and using the interpola-
tion inequality, we obtain

‖pxxt(t)‖ 6 C2(‖vx(t)‖H2 + ‖ux(t)‖H2 + ‖θt(t)‖H2

+ ‖θx(t)‖H2). (95)

Differentiating (2) with respect to t once and x twice,
multiplying the resulting by vxxt in L2(0, 1) and using
Young’s inequality and (19)–(20), we derive

d

dt
‖vxxt(t)‖2 + ‖v3xt(t)‖2

6 C1‖pxxt(t)‖2 + C2(‖vxt(t)‖2H2 + ‖vx(t)‖2H2

+ ‖ux(t)‖2H2 + ‖f3ξ(t)‖2 + ‖fξξt(t)‖2 + ‖fξξ(t)‖2

+ ‖fξt(t)‖2 + ‖fξ(t)‖2),

www.scienceasia.org

http://www.scienceasia.org/2013.html
www.scienceasia.org


202 ScienceAsia 39 (2013)

which, together with (19)–(20), (9)–(11), Lemma 5
and Lemma 6, gives

lim
t→+∞

‖vxxt(t)‖2 = 0. (96)

Differentiating (3) with respect to x and t, multiplying
the result by θxt in L2(0, 1) and using (19)–(20) and
Lemma 5, we deduce for any ε > 0

d

dt
‖θxt(t)‖2 + ‖θxxt(t)‖2

6 ε(‖θ3xt(t)‖2 + ‖vxxt(t)‖2) + Cε(‖vx(t)‖2H2

+ ‖θx(t)‖2H2 + ‖θt(t)‖2H1 + ‖ux(t)‖2H1 + ‖vxt(t)‖2

+ ‖gξξ(t)‖2 + ‖gξt(t)‖2 + ‖gξ(t)‖2),

which, combined with (13)–(14), Lemma 5 and
Lemma 6, implies

lim
t→+∞

‖θxt(t)‖2 = 0. (97)

By (32), (97) and (85)–(86), we see that

lim
t→+∞

‖θ3x(t)‖ = 0. (98)

Thus by (29), (85)–(86), (96), (93) and (98), we get

lim
t→+∞

‖v4x(t)‖ = 0,

which, together with (94) and (85)–(86), yields (89).
The proof is now complete. �

Lemma 11 Under the assumptions in Theorem 1, we
have

lim
t→+∞

‖θ(t)− θ‖H4 = 0, (99)

where θ =
∫ 1

0
θ(x, t) dx.

Proof : In Ref. 15, we have deduced

lim
t→+∞

‖θt(t)‖2 = 0. (100)

In Lemma 1, we have obtained for any ε > 0

d

dt
‖θtt(t)‖2 + ‖θxxt(t)‖2

6 ε(‖θxtt(t)‖2 + ‖vxtt(t)‖2) + C2(‖vx(t)‖2H1

+ ‖θtt(t)‖2 + ‖θt(t)‖2H1 + ‖vxt(t)‖2 + ‖θxt(t)‖2

+ ‖gξξ(t)‖2 + ‖gξt(t)‖2 + ‖gξ(t)‖2 + ‖vxt(t)‖2

+ ‖gtt(t)‖2),

which, together with (13)–(14), (19)–(20), Lemma 5
and Lemma 6, gives

lim
t→+∞

‖θtt(t)‖2 = 0. (101)

We infer from (3) that

‖θxxt(t)‖ 6 C2(‖θtt(t)‖+ ‖vx(t)‖H2 + ‖ux(t)‖H1

+ ‖θt(t)‖+ ‖θxt(t)‖+ ‖θx(t)‖H2

+ ‖gξ(t)‖+ ‖gt(t)‖)

whence, by (37), (93), (88)–(89), (97), (100) and (85)–
(86),

lim
t→+∞

‖θxxt(t)‖ = 0,

which, combined with (85)–(86) and (34), yields

lim
t→+∞

‖θ4x(t)‖ = 0. (102)

Thus (99) follows from (98) and (102). The proof is
complete. �

PROOF OF THEOREM 1

Combining Lemma 5, Lemma 9, Lemma 10 and
Lemma 11, we can complete the proof of Theorem 1.
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