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ABSTRACT: In this paper, a regularity criterion for the 3D Boussinesq equations is investigated. We prove that for some
T>0if fOT lluz]|? o dt < oo, where 3/ +2/8 < 1 and o > 3, then the solution (u, 6) can be extended smoothly beyond
t = T'. The derivative u can be replaced by any directional derivative of u.
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INTRODUCTION

In the paper we investigate the initial value problem
for the Boussinesq equations in R?

Oy — Ay +u - Vu + VII = 0z, (1a)
00 —vAO+u-VO =0, (1b)
V-u=0 (1c)
with the initial value
t=0: wu=ug(x), §="0(x). 2)

where w is the velocity, I1 is the pressure, 6 is the tem-
perature, u is the viscosity, v is called the molecular
diffusivity, and 2 = (0,0, 1)7.

The Boussinesq equations are of relevance in
studying a number of models coming from atmo-
spheric or oceanographic turbulence where rotation
and stratification play an important role'. The scalar
function # may for instance represent temperature
variation in a gravity field, and 6% the buoyancy
force. Fundamental mathematical issues such as the
global regularity of their solutions have generated
extensive research and many interesting results have
been obtained; see Refs. 2—4 for regularity criteria and
see Refs. 57 for blow up criteria.

If & = 0, then (1) reduce to the Navier-Stokes
equations. Besides their physical applications, the
Navier-Stokes equations are also mathematically sig-
nificant. Leray® and Hopf® constructed weak solu-
tions to the Navier-Stokes equations. The solution
is called the Leray-Hopf weak solution. From then
on, much effort has been devoted to establishing the
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global existence and uniqueness of smooth solutions
to the Navier-Stokes equations. Lots of regularity
criteria of the weak solutions have been proposed
and many interesting results have been established
(e.g., regularity criteria via the velocity '%!2, via the
derivative of the velocity in one or two direction 13-15
and via the pressure '~'%). Logarithmically improved
regularity criteria of weak solutions were established
in Refs. 19, 20.

The purpose of this paper is to establish the
regularity criteria of weak solutions to (1) and (2) via
the derivative of the velocity in one direction. We first
give the definition of a weak solution.

Definition 1 Let ug, 6y € L*(R?) with V - ug = 0.

Then (u, 0) is called a weak solution of (1) and (2) if

the following conditions are satisfied.

() u,0 € L*0,T; H'(R?)) N Cw(0,T; L2(R3))
with V - u = 0 in the sense of distribution.

(ii) Forany ¢, € C5°([0,T) x R3) with V- ¢ =0
and o(T,-) =0, ¥(T,-) = 0, there holds

T
/ / (—upr + pVu - Vo —u(u - V)p)drdt
0o Jrs

T
:/ / 92~<pdrdt+/ uop(0, ) dr,
0o JR3 R3

T
/ / (=03 + V0 - Voo — Ou - Vi) dr dt
0 R3

= 90’(/}(0? ) dr.
R3
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where r = (z,y, 2).
(iii) For almost all ¢y € [0, 7] including ¢y = 0 and
forallt > t,

t
lu(®)22 + 20 / IVu(r)|2» dr
to

t
< ||u(t0)|\2LQ—|—2/ / 0% - udrdr,
to JR3

t
10)]72 + 21// IVO(7)|172 dr < [|0(t0)]|7--
to

For simplicity, we take ¢4 = v = 1. Our main result is
as follows.

Theorem 1 Let ug, 0y € H*(R?) with V - ug = 0.
Assume that (u, 0) is a weak solution to (1) and (2) on
some interval [0, T]. If

T
@(T)E/O lua]|fadt < oo, 3)

where 3/a+ 2/ < 1, a > 3, then the solution (u, 6)
can be extended smoothly beyondt = T..

SOME USEFUL LEMMMAS

In order to prove our main result, we need the follow-
ing Lemma, which may be found in Refs. 21-23.

Lemma 1 Assume that i, A\, ¢ € R and satisfy

1 2 3 1 2
1<, A<o0o, —+—>1, 1+-=—-4—.
LASOo Tt Ty T U

Assume that f € HY(R3), f,, f, € LM(R®) and f, €

L*(R3). Then there exists a positive constant such that

1Fllze < CllFllZalfll a1 S

In particular, when A = 2, there exists a positive
constant C = C(v) such that

[fllzee < Cllfallzll fyll 2211 f2 M2 ©)

which holds for any f € H'(R3) and f, € L*(R?)
with 1 < p < oo.

Using Lemma 1, we obtain the following Lemma

(see also Ref. 22).

Lemma?2 Let 2 < q < 6 and assume that f €
HY(R3). Then there exists a positive constant C' =
C(q) such that

I fllze < CNAIE 10 FI 5 110y £11 5 0= F1I 5 -
(6)
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PROOF OF MAIN RESULT

For given initial data ug, 6y € H'(R?), the weak solu-
tion is the same as the local strong solution (u, 6) in a
local interval (0, T') as in the discussion of the Navier-
Stokes equations. Thus Theorem 1 is reduced to
establishing a priori estimates uniformly in (0, 7T) for
strong solutions. With the use of the a priori estimates,
the local strong solution (u,6) can be continuously
extended to t = T by a standard process to obtain
global regularity of the weak solution. Therefore, we
assume that the solution (u, 6) is sufficiently smooth
on (0,7).

Multiplying (1b) by 0 and integrating with respect
tor = (z,y, z) on R3, and using integration by parts,
we obtain

1d
2dt
Similarly, we get

1oz + IVO®)Z2 = 0. )

33Ol + Vel [ @2udr. @

Summing (7) and (8) and using Cauchy’s inequality,
we deduce that

5 g UL®IZz + 10ON7:) +Vu®) 72 +Vo®)72
< %(IIU(t)II%z +O®IZ2)- ©)

It follows from (9) and Gronwall’s inequality that

t
lu(®)lZ2 + 101172 +2/O (IVullZ +[VO]|Z2) dr
< C(|luollZz + 160]Z2).  (10)

Differentiating (1a) and (1b) with respect to z, we
obtain

Opu, — Auy +uy, - Vu+u - Vu, + VI, = (62),,
(11a)

00, — A0, +u,-VO+u-VO, =0. (11b)

Taking the inner product of w, with (11a) and using
integration by parts yields

1d

2dt

:—/ uz-Vu-uZdr—F/ (62), - u dr.
R3

R3

= ()17 + IVuz (B 72
(12)

Similarly, we get

1d
10O + 19003 =~ [ 0. 90-0.an
R3

(13)
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Combining (12) and (13) yields

1d 9 9
5 (@)1 + 10:(8)3:)
+ Vs @Ol + 190 (0)]3-

= —/ Uy - Vu - udr —|—/ (02), - u.dr
R3 R3

—/ u, - VO -0,dr
R3

SN+ L+ (14)

In what follows, we estimate the I;. By integra-
tion by parts and Holder’s inequality, we obtain

I < Cl[Vuel|p2[ue || o [Ju| oo,

where
1 1 1

It follows from the interpolating inequality that

1-3(3—1) 3(1-1)
luzllze < Clluzll."2 Va2 77

From (5), we get

1-3(3-1
< Ol el 4

”VUZHL2
< OV |52

-1
IVl e
1) 1-3(3-1)
=l 2

X |Vul falus .

I\VquLz + Clluz |72Vl 74 e[
where
2 2
q = = .
3-9(; -3 3(1-3)
When o > 3, we have 2¢ < 2 and application of

Young’s inequality yields

1 3
I < gl VuallZe + Cllus |72 (IVulze + us22),

15)
where
3 L 2
a 5
By Cauchy’s inequality, we have
1
< 5 (lusllZe + 116:1172). (16)
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From Hoélder’s inequality, we obtain

3 S C|IVO L2 10| 20 [Juz]| e

1_,

CIIWIILZHUZIILaII@ IILz V6.1

2a—6
||V9 132+ 1901257 s | 22 N0 35

||V9 72 + CUVOIZ + [zl )16 Hz” =,
A7)

Combining (14)—(17) yields
d 2 2 2 2
g lesllze +110:0172) + [ Vuallze + [1VO: |z

ClluzlZ + 10:172) IVullZs + [lusllze +1)
OOV + s [3)l10: 155

From Gronwall’s inequality, we get

t
HwﬁrW@ﬁﬁw/HWwé&
0

t
+/ V0.2 dr
0

< CelllwollZaHl00l1Z2) eOW [|1y0(|2,, + (|60 )14

CllluollZ= + [160]172 + ©(t) ™

-3
o . (18)
Multiplying (1a) by —Aw and integrating with

respect to = on R?, then using integration by parts,
we obtain

L Ivul2: + Auls

:/ u'Vu~Audrf/ (6
R3 R3

Similarly, we get

2dt

2) - Audr. (19)

th”W( 2+ AB|2 :/ wVO-Addr. (20)
RS

Collecting (19) and (20) yields

1d

5 g V@Il + [VOD)I72) + [1AullZe + A0

z/ u-Vu~AudT—/ (02) - Audr
R3 R3
+/ u-Veo-Addr
R?»
2N+ Jy+ Js. (1)

In what follows, we estimate the .J;. By (6) and
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Young’s inequality, we deduce that

J1 < O Vull3s
3 1
< Ol Vull 71V LVl L2 ||V 7.

1
< 1 IVLvulie + ClVulie | Vu.l

1
< 7 IVLvuli + CIVul: + [ Vu.lz:)

x | VulZ-, (22)

where V| = (0, 0y).
Using integration by parts and Cauchy’s inequality, we
have

1
T2 < S (IVullze + [ VOI[Z2). (23)

By (6) and Young’s inequality, we have
I3 < | Vul s | VO[5
< ClVull 221V LV ul| 2 [ Vue | 72
2 1
X [IVO 2V LV 12 VO]

1 3 1
< EIIVLVuIIiz + Ol Vull [V | ;2

2
5
L2

V0,

4
5
L2

6
AN,

< IV Vuls + V.6l
+ ClIVull = [V | | VOI32 V6- 1
< IVl + IV V6. + el
< (Vs + [V 2 + V6. [3). @24)

Combining (21)-(24) yields

d
7 UVu®lzz +1IVOD)I72) + [Aullzz + 12072
< C(IVulie + IVOIl7) (I Vull72

+ | Vus|e + VO ]|72 +1).  (25)
From (25), Gronwall’s inequality, (10), and (18), we
know that (u,0) € L>(0,T; H'(R?)). Thus (u,0)
can be extended smoothly beyond ¢ = 7. We have
completed the proof of Theorem 1.
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