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ABSTRACT : We determine the general solution of then-dimensional mixed-type additive and quadratic functional
equation,2f(

∑n
i=1 xi) +

∑
16i,j6n,i6=j f(xi − xj) = (n + 1)

∑n
i=1 f(xi) + (n − 1)

∑n
i=1 f(−xi), wheren > 1,

and investigate its general stability.
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INTRODUCTION

A functional equation is an equation in which the
unknowns are functions. One widely studied func-
tional equation is the additive functional equation,
f(x+y) = f(x)+f(y), for which it has been proved
that the only continuous solution on a Banach space
is a linear function (see, for example, pp. 36–7 of
Ref. 1). In 1940, Ulam posed the following question
concerning the stability of homomorphisms (see Ch. 6
of Ref. 2). Let G1 be a group and letG2 be a metric
group with metricd. Givenε > 0, does there exist a
δ > 0 such that iff : G1 → G2 satisfies the inequality

d (f(xy), f(x)f(y)) < δ ∀x, y ∈ G1,

then there exists a homomorphismH : G1 → G2 with

d (f(x),H(x)) < ε ∀x ∈ G1?

If the answer to the above question is affirmative, the
functional equation for the homomorphisms will be
calledstable.

In 1941, Hyers3 gave the first affirmative answer
to the question of Ulam for the case whereG1 and
G2 are Banach spaces. Assume thatE1 andE2 are
Banach spaces. If a functionf : E1 → E2 satisfies the
inequality‖f(x + y)− f(x)− f(y)‖ 6 ε for some
ε > 0 for all x, y ∈ E1, then the limit

a(x) = lim
n→∞

2−nf(2nx)

exists for eachx ∈ E1 anda : E1 → E2 is the unique
additive function such that‖f(x)− a(x)‖ 6 ε for any
x ∈ E1. Moreover, iff(tx) is continuous int for each
fixedx ∈ E1, thena is linear.

A generalization of Hyers’ theorem was given
by Aoki4. Later, Rassias5 published the following
stability theorem. If a functionf : E1 → E2 between
Banach spaces satisfies the inequality

‖f(x + y)− f(x)− f(y)‖ 6 θ (‖x‖p + ‖y‖p)

for someθ > 0, 0 6 p < 1 for all x, y ∈ E1, then
there exists an additive functiona : E1 → E2 such
that

‖f(x)− a(x)‖ 6
2θ

2− 2p
‖x‖p

for anyx ∈ E1. Moreover, iff(tx) is continuous in
t for each fixedx ∈ E1, thena is linear. Since then,
the stability problem of several functional equations
have been extensively investigated by a number of
authors6–8.

For real vector spacesX andY , a functionf :
X → Y will be calledadditiveif

f(x + y) = f(x) + f(y) ∀x, y ∈ X (1)

and will be calledquadraticif

f(x + y) + f(x− y) = 2f(x) + 2f(y) ∀x, y ∈ X.
(2)

We will thus call a functionf : X → Y mixed-
type additive and quadraticif there exists an additive
function a : X → Y and a quadratic functionq :
X → Y such that

f(x) = a(x) + q(x) ∀x ∈ X.

Mixed-type functional equations have recently been
studied by quite a few researchers8,9.
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In this paper, we will study the general solution of
an n-dimensional mixed-type additive and quadratic
functional equation and then investigate its general
stability.

THE GENERAL SOLUTION

Theorem 1 Letn > 1 be an integer, and letX andY
be vector spaces. A functionf : X → Y satisfies the
functional equation

2f

(
n∑

i=1

xi

)
+
∑

16i,j6n
i 6=j

f(xi − xj)

= (n + 1)
n∑

i=1

f(xi) + (n− 1)
n∑

i=1

f(−xi) (3)

for all x1, x2, . . . , xn ∈ X if and only if there exist an
additive functiona : X → Y and a quadratic function
q : X → Y such that

f(x) = a(x) + q(x) ∀x ∈ X. (4)

Proof: Suppose a functionf : X → Y satisfies (3).
Putting (x1, x2, . . . , xn) = (0, . . . , 0) in (3), we get
f(0) = 0. Setting(x1, x2, . . . , xn) = (x, y, 0, . . . , 0)
in (3) yields

2f(x + y) + f(x− y) + f(y − x)
+ (n− 2) (f(x) + f(y) + f(−x) + f(−y))

= (n+1) (f(x) + f(y))+(n−1) (f(−x) + f(−y)) ,

which simplifies to

2f(x + y) + f(x− y) + f(y − x)
= 3f(x) + 3f(y) + f(−x) + f(−y) (5)

for all x, y ∈ X. We define the even part and the odd
part of functionf by

fe(x) =
f(x) + f(−x)

2
, fo(x) =

f(x)− f(−x)
2

.

Replacingx andy with −x and−y in (5),

2f(−x− y) + f(−x + y) + f(−y + x)
= 3f(−x) + 3f(−y) + f(x) + f(y). (6)

Taking half the sum and half the difference of (5)
and (6), we immediately see thatfe and fo satisfy
the classical quadratic functional equation and the
additive functional equation, respectively, i.e.,

2fe(x + y) + 2fe(x− y) = 4fe(x) + 4fe(y),
2fo(x + y) = 2fo(x) + 2fo(y).

Now assume that there exist an additive function
a : X → Y and a quadratic functionq : X → Y
such thatf(x) = a(x) + q(x) for all x ∈ X. Then
it follows that q(x) = B(x, x) for some biadditive
mappingB : X2 → Y (see pp. 89–91 of Ref.1).
We want to show thatf satisfies (3). Considering the
left-hand side of (3) we obtain

2f

(
n∑

i=1

xi

)
+
∑

16i,j6n
i 6=j

f(xi − xj)

= 2a

(
n∑

i=1

xi

)
+ 2B

(
n∑

i=1

xi,
n∑

i=1

xi

)
+
∑

16i,j6n
i 6=j

a(xi − xj) +
∑

16i,j6n
i 6=j

B(xi − xj , xi − xj).

(7)

By the additivity ofa,

a

(
n∑

i=1

xi

)
=

n∑
i=1

a(xi). (8)

Sincea(−x) = −a(x) for all x ∈ X,

∑
16i,j6n

i 6=j

a(xi − xj) = 0. (9)

SinceB(x, x) is symmetric and biadditive,

B

(
n∑

i=1

xi,
n∑

i=1

xi

)
=

n∑
i=1

n∑
j=1

B(xi, xj) (10)

and

∑
16i,j6n

i 6=j

B(xi − xj , xi − xj)

=
∑

16i,j6n
i 6=j

(B(xi, xi)− 2B(xi, xj) + B(xj , xj))

= 2(n− 1)
n∑

i=1

B(xi, xi)− 2
∑

16i,j6n
i 6=j

B(xi, xj)

= 2n
n∑

i=1

B(xi, xi)− 2
n∑

i=1

n∑
j=1

B(xi, xj). (11)
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Substituting (8), (9), (10) and (11) in (7), we obtain

2f

(
n∑

i=1

xi

)
+
∑

16i,j6n
i 6=j

f(xi − xj)

= 2
n∑

i=1

a(xi) + 2n
n∑

i=1

B(xi, xi)

= (n + 1)
n∑

i=1

(a(xi) + B(xi, xi))

+ (n− 1)
n∑

i=1

(a(−xi) + B(−xi,−xi))

= (n + 1)
n∑

i=1

f(xi) + (n− 1)
n∑

i=1

f(−xi).

which completes the proof. �

GENERAL STABILITY

In this section, the stability of (3) will be observed.
We define

Df(x1, . . . , xn) = 2f

(
n∑

i=1

xi

)
+
∑

16i,j6n
i 6=j

f(xi − xj)

− (n + 1)
n∑

i=1

f(xi)− (n− 1)
n∑

i=1

f(−xi). (12)

Theorem 2 Let X be a real vector space. LetY
be a Banach space and letn > 1 be an integer.
Let φ : Xn → [0,∞) be an even function with
respect to each independent variable. Defineϕ(x) =
φ(x, x, 0, . . . , 0) for all x ∈ X. Define the following
two conditions:
(i)
∑∞

i=0 2−iϕ(2ix) converges for allx ∈ X and
lims→∞ 2−sφ(2sx1, . . . , 2sxn) = 0, for all xi ∈ X,
with i = 1, . . . , n.
(ii)

∑∞
i=0 4iϕ(2−ix) converges for allx ∈ X, and

lims→∞ 4sφ(2−sx1, . . . , 2−sxn) = 0, for all xi ∈ X,
with i = 1, . . . , n.
If a functionf : X → Y satisfies

‖Df(x1, x2, . . . , xn)‖ 6 φ(x1, x2, . . . , xn) (13)

for all x1, x2, . . . , xn ∈ X, then there exists a unique
functionT : X → Y that satisfies(3) and, for all
x ∈ X,

‖f(x)− T (x)‖

6

(
1 + σ

12

)
ϕ(0)+

1
2

∞∑
i=(1−σ)/2

(
1 + 21+σi

41+σi

)
ϕ(2σix)

(14)

whereσ = 1 if condition (i) holds andσ = −1 if
condition (ii) holds. The functionT is given by

T (x) = lim
s→∞

4−σsfe(2σsx) + 2−σsfo(2σsx)

for all x ∈ X.

Proof: Putting (x1, . . . , xn) = (0, . . . , 0) in (13)
yields

‖f(0)‖ 6
ϕ(0)

(n + 2)(n− 1)
. (15)

First, we will prove the case when a functionφ
satisfies condition (i). We put(x1, x2, . . . , xn) =
(x, x, 0, . . . , 0) in (13) to obtain that∥∥∥∥f(2x)− 3f(x)− f(−x)− A

2
f(0)

∥∥∥∥ 6
ϕ(x)

2
,

(16)
whereA = n2 + n− 8. Replacingx by−x in (16)∥∥∥∥f(−2x)− 3f(−x)− f(x)− A

2
f(0)

∥∥∥∥ 6
ϕ(−x)

2

=
ϕ(x)

2
.

(17)

We apply the triangle inequality with (16) and (17) to
get that∥∥∥∥fe(2x)− 4fe(x)− A

2
f(0)

∥∥∥∥ 6
ϕ(x)

2
(18)

and

‖fo(2x)− 2fo(x)‖ 6
ϕ(x)

2
. (19)

Define a functionge : X → Y by ge(x) = fe(x) +
Af(0)/6 for all x ∈ X. Note that∥∥ge(x)− 4−1ge(2x)

∥∥ 6
ϕ(x)

8
. (20)

Then for each positive integers, we obtain∥∥ge(x)− 4−sge(2sx)
∥∥

=

∥∥∥∥∥
s−1∑
i=0

(
4−ige(2ix)− 4−(i+1)ge(2(i+1)x)

)∥∥∥∥∥
6

s−1∑
i=0

4−i
∥∥ge(2ix)− 4−1ge(2 · 2ix)

∥∥
6

1
8

s−1∑
i=0

4−iϕ(2ix).

Similarly, for each positive integers,

∥∥fo(x)− 2−sfo(2sx)
∥∥ 6

1
4

s−1∑
i=0

2−iϕ(2ix).
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Consider the sequence{4−sge(2sx)}∞s=0. For every
positive integert, we have∥∥∥4−sge(2sx)− 4−(s+t)ge(2s+tx)

∥∥∥
= 4−s

∥∥ge(2sx)− 4−tge(2t · 2sx)
∥∥

6
4−s

8

t−1∑
i=0

4−iϕ(2i · 2sx)

6
1
8

∞∑
i=0

4−(i+s)ϕ(2i+sx).

From condition (i), the convergence of∑∞
i=0 2−iϕ(2ix) implies that

∑∞
i=0 4−(i+s)ϕ(2i+sx)

approaches zero ass → ∞. Therefore,
{4−sge(2sx)}∞s=0 is a Cauchy sequence in the
Banach spaceY . We can now define a function
Te : X → Y by

Te(x) = lim
s→∞

4−sge(2sx) = lim
s→∞

4−sfe(2sx)

for all x ∈ X. Thus,

‖ge(x)− Te(x)‖ 6
1
8

∞∑
i=0

4−iϕ(2ix).

From the definition ofge(x) and (15), one finds that

‖fe(x)− Te(x)‖ =
∥∥∥∥ge(x)− A

6
f(0)− Te(x)

∥∥∥∥
6 ‖ge(x)− Te(x)‖+

∥∥∥∥A

6
f(0)

∥∥∥∥
6

1
8

∞∑
i=0

4−iϕ(2ix) +
ϕ(0)

6
.

In a similar manner, we can prove that
{2−sfo(2sx)}∞s=0 converges in the Banach spaceY .
Define a functionTo : X → Y by

To(x) = lim
s→∞

2−sfo(2sx)

for all x ∈ X. Thus,

‖fo(x)− To(x)‖ 6
1
4

∞∑
i=0

2−iϕ(2ix).

Define a functionT : X → Y by

T (x) = Te(x) + To(x)

for all x ∈ X. Then we obtain

‖f(x)− T (x)‖ 6 ‖fe(x)− Te(x)‖+‖fo(x)− To(x)‖

6
1
8

∞∑
i=0

4−iϕ(2ix) +
1
4

∞∑
i=0

2−iϕ(2ix) +
ϕ(0)

6

(21)

for all x ∈ X. Next, we will show thatT satis-
fies (3). Define the even part and the odd part of
Df by Dfe(x1, . . . , xn) = 1

2 (Df[1] + Df[−1]) and
Dfo(x1, . . . , xn) = 1

2 (Df[1] −Df[−1]) wheref[q] ≡
f(qx1, . . . , qxn). Then for a positive integers and for
all x1, x2, . . . , xn ∈ X, we get

‖Dfe(2sx1, . . . , 2sxn)‖ = 1
2

∥∥Df[2s]

∥∥+ 1
2

∥∥Df[−2s]

∥∥
6 φ(2sx1, 2sx2 . . . , 2sxn).

Dividing the above inequality by4s and taking the
limit ass →∞, we then haveDTe(x1, x2, . . . , xn) =
0 for all x1, x2, . . . , xn ∈ X. Similarly, we can show
thatDTo(x1, x2, . . . , xn) = 0. HenceT = Te + To

satisfies (3).
Next we will prove thatT is unique. Suppose that

there exists another functionT ′ : X → Y such that
T ′ satisfies (3) and (14). Since we already proved in
Theorem 1thatTe andTo satisfy the quadratic and the
additive functional equations, respectively, we have
that Te(rx) = r2Te(x) and To(rx) = rTo(x) for
every r ∈ Q and for everyx ∈ X (see pp. 35–6,
100–1 in Ref.1). By the definition ofT and the
triangle inequality, one gets that‖T (x)− T ′(x)‖ 6
‖Te(x)− T ′e(x)‖ + ‖To(x)− T ′o(x)‖. For any posi-
tive integers and for eachx ∈ X,

‖Te(x)− T ′e(x)‖
= 4−s ‖Te(2sx)− T ′e(2

sx)‖
6 4−s ‖fe(2sx)− Te(2sx)‖

+ 4−s ‖fe(2sx)− T ′e(2
sx)‖

6
1
4

∞∑
i=0

4−(i+s)ϕ(2i+sx) + 4−s ϕ(0)
3

.

We now take the limit ass → ∞. Since∑∞
i=0 4−iϕ(2ix) converges,

∑∞
i=0 4−(i+s)ϕ(2i+sx)

tends to zero ass → ∞. Then we can conclude that
Te(x) = T ′e(x) for all x ∈ X. Similarly, To(x) and
T ′o(x) are proved to be equal for allx ∈ X. Hence
T (x) = T ′(x) for all x ∈ X.

For the case when condition (ii) holds, the proof
is similar. Condition (ii) implies thatϕ(0) = 0. Thus
f(0) = 0. Starting by setting(x1, x2, . . . , xn) =
(x
2 , x

2 , 0, . . . , 0) in (13),∥∥∥∥f(x)− 3f
(x

2

)
− f

(
−x

2

)∥∥∥∥ 6
ϕ(2−1x)

2
.

It follows from the definitions offe andfo that∥∥∥fe(x)− 4fe

(x

2

)∥∥∥ 6
ϕ(2−1x)

2
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and ∥∥∥fo(x)− 2fo

(x

2

)∥∥∥ 6
ϕ(2−1x)

2
.

The previous two inequalities can be extended to

∥∥fe(x)− 4sfe(2−sx)
∥∥ 6

1
8

s∑
i=1

4iϕ(2−ix)

and

∥∥fo(x)− 2sfo(2−sx)
∥∥ 6

1
4

s∑
i=1

2iϕ(2−ix)

for a positive integers and for allx ∈ X. The rest of
the proof can be carried out in a similar fashion.�

Corollary 1 If a function f : X → Y satisfies
‖Df(x1, x2, . . . , xn)‖ 6 ε, for all x1, x2, . . . , xn ∈
X for someε > 0, then there exists a unique function
T : X → Y that satisfies(3) and, for all x ∈ X,
‖f(x)− T (x)‖ 6 5

6ε.

Proof: From Theorem 2, let φ(x1, x2, . . . , xn) = ε
for all x1, x2, . . . , xn ∈ X. Consequently,ϕ(x) = ε
for all x ∈ X. Being in accordance with condition (i),
it follows from the theorem that there exists a unique
functionT : X → Y such that

‖f(x)− T (x)‖ 6 ‖fe(x)− Te(x)‖+ ‖fo(x)− To(x)‖

6
1
8

∞∑
i=0

4−iε +
1
4

∞∑
i=0

2−iε +
ε

6
=

5
6
ε

for all x ∈ X. �

Corollary 2 If a functionf : X → Y satisfies

‖Df(x1, . . . , xn)‖ 6 ε
n∑

i=1

‖xi‖p

for all x1, . . . , xn ∈ X for someε > 0 wherep ∈
(0, 1)∪ (2,∞), then there exists a unique functionT :
X → Y that satisfies(3) and

‖f(x)− T (x)‖ 6
2ε |3− 2p|

|4− 2p| |2− 2p|
‖x‖p

for all x ∈ X.

Proof: According toTheorem 2, let φ(x1, . . . , xn) =
ε
∑n

i=1 ‖xi‖p for all x1, x2, . . . , xn ∈ X. Then we
obtain thatϕ(x) = 2ε ‖x‖p for all x ∈ X and
ϕ(0) = 0. If p < 1, then condition (i) holds. Applying

Theorem 2, we get that

‖f(x)− T (x)‖ 6
1
8

∞∑
i=0

4−i · 2ε
∥∥2ix

∥∥p

+
1
4

∞∑
i=0

2−i · 2ε
∥∥2ix

∥∥p

=
ε ‖x‖p

4− 2p
+

ε ‖x‖p

2− 2p

=
2ε(3− 2p)

(4− 2p)(2− 2p)
‖x‖p

for all x ∈ X. If p > 2, then condition (ii) holds and
we obtain a similar result. �
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