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ABSTRACT : In this paper, we examine the superconvergence property of iterates of numerical solutions to both Fredholm
integral equations of the second kind and to nonlinear Hammerstein equations. The iterates are obtained by applying a class
of multiwavelets developed by Alpert.
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INTRODUCTION

In this paper, we present the results on super-
convergence of the iterated variants of the numerical
solutions obtained by the wavelet degenerate kernel
method. The use of wavelets in the degenerate ker-
nel method plays a critical role in obtaining this su-
perconvergence which is the convergence that con-
verges faster than generally expected. Superconver-
gence of the iterated variants for the Galerkin method
as well as the collocation method has been studied ex-
tensively in recent years1–3. We remark that, as the
method of Alpert is the Galerkin method, we expect
that there would be a superconvergence when this so-
lution is iterated. In this paper, we take advantage of
the orthonormality of the wavelet basis, resulting in
a least-squares approximation of the kernel, to obtain
the superconvergence in theL2 norm of the wavelet
degenerate kernel method. Fredholm equations of the
second kind with smooth as well as weakly singular
kernels will be treated. Finally, the results obtained in
relation to the Fredholm equations will be extended to
a class of nonlinear Hammerstein equations with ker-
nels having similar characteristics.

Multiwavelet bases and Fredholm equations

Making use of the multiresolution analysis de-
veloped by Mallet4 and Meyer5, Alpert6 constructed
the following multiwavelet bases forL2[0, 1]. For
a positive integerk, and form ∈ N (whereN =
{0, 1, 2, . . .}) we define the spaceSk

m of piecewise

polynomials bySk
m = {f : the restriction off to the

interval (2−mn, 2−m(n + 1)) is a polynomial of de-
gree less thank, forn = 0, . . . , 2m−1, andf vanishes
elsewhere}. We haveSk

m ∈ Sk
m+1 and the dimension

of Sk
m is 2mk. For m ∈ N, we denote byRk

m the
orthogonal complement ofSk

m in Sk
m+1:

Sk
m ⊕Rk

m = Sk
m+1, Rk

m ⊥ Sk
m.

It is clear that

Sk
m = Sk

0 ⊕Rk
0 ⊕Rk

1 ⊕ · · · ⊕Rk
m−1. (1)

Now if we find an orthogonal basis{hi}k
i=1 for Rk

0 ,
then sinceRk

0 ⊥ Sk
0 , the firstkmoments ofh1, . . . , hk

vanish:∫ 1

0

hj(x)xi dx = 0, i = 0, 1, 2, . . . , k − 1.

The wavelet basis of Alpert is constructed by defining
orthogonal systems

hk
j,m(x) = 2m/2hj(2mx− n), j = 1, . . . , k.

The detailed construction ofh1, . . . , hk is found in
Ref. 6. From this, we obtain

Rk
0 = linear span{hi : i = 1, . . . , k},

and, in general,

Rk
m = linear span{hn

j,m : n = 0, . . . , 2m − 1}. (2)
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We define spaceSk by

Sk =
∞⋃

m=0

Sk
m, (3)

so that Sk is dense inL2[0, 1]. Moreover, if
{u1, . . . , uk} is an orthonormal basis forSk

0 , then it
follows from (1)–(3) that

Bk ≡ {uj} ∪ {hn
j,m} (4)

in which j = 1, . . . , k, m ∈ N, n = 0, . . . , 2m − 1,
form an orthonormal system forL2[0, 1]. Bk is re-
ferred to as the multiwavelet basis of orderk for
L2[0, 1]. For each positive integerk andm ∈ N, the
orthogonal projectionQk

mf of f ∈ L2[0, 1] ontoSk
m

is given by

(Qk
mf)(x) =

k∑
j=1

2m−1∑
n=0

〈
f, un

j,m

〉
un

j,m(x), (5)

where{un
j,m} is an orthonormal basis forSk

m. Here
we assume that the bases forSk

0 , R
k
0 , . . . , R

k
m−1 are

rearranged to form the basis{un
j,m}. The power of

approximation of the multiwavelets is given in the fol-
lowing theorem6.

Theorem 1 Suppose that the functionf : [0, 1] → R
is k times continuously differentiable,f ∈ Ck[0, 1].
Then∥∥Qk

mf − f
∥∥

2
6 2−mk 2

4kk!
sup

x∈[0,1]

|f (k)(x)|.

We are now interested in applying the multiwavelet
basis forL2[0, 1] to obtain approximate solutions of
the Fredholm integral equation of the second kind.
The equation can be written as

f(x)−
∫ 1

0

κ(x, t)f(t) dt = g(x), x ∈ [0, 1] (6)

or
f −Kf = g (7)

where

(Kf)(x) =
∫ 1

0

κ(x, t)f(t) dt, x ∈ [0, 1],

for κ ∈ L2([0, 1] × [0, 1]), g ∈ L2[0, 1] andf is the
function to be determined for allf ∈ L2[0, 1]. As
stated in the introduction, an application of the multi-
wavelet basis to the integral equation produces a linear
system consisting of a sparse matrix.

There are several numerical methods that one
can choose to approximate the solution of (6). The
Galerkin method and the collocation method are two
of the most widely used numerical schemes7,8. On
the other hand, the degenerate kernel method consists
of approximating the kernelκ in the integral operator
K of (7) by a tensor product of univariate functions.
In particular, we are interested in using multiwavelets
for these univariate functions. Let{b1, b2, . . .} de-
note the orthonormal basis forL2[0, 1] comprising of
the multiwavelet elements (see (4)). We remark that
the statements in this and the next section concerning
the superconvergence of the iterated degenerate kernel
method remains valid as long as the set{b1, b2, . . .} is
an orthonormal basis. More on this point can be found
in Ref. 9. However, the sparsity of the resulting matrix
is normally lost without the assumption of wavelets
with vanishing moments.

The use of the degenerate kernel method has
not been widely recognized in solving the Fredholm
equations of the second kind because of its higher
computational cost compared with the collocation
method. However, the use of a wavelet basis makes
the method more attractive. Moreover, the degener-
ate kernel method provides an error estimate that de-
pends on the order to which the kernel is approxi-
mated, while the collocation method as well as the
Galerkin method requires certain smoothness condi-
tions of the solution to guarantee the optimal conver-
gence rate. A priori error estimation of this type is
difficult to handle as one usually has no knowledge
about the solution in the case of many practical prob-
lems. We assume that thebi’s are enumerated so that
{bi}2

mk
i=1 forms the basis forSk

m, (see (5)). Now for
κ ∈ L2([0, 1]× [0, 1]), we have

κ(x, t) =
∞∑

i=1

∞∑
j=1

κijbi(x)bj(t), (8)

where

κij =
∫ 1

0

∫ 1

0

κ(x, t)bi(x)bj(t) dxdt, i, j = 1, 2, . . . .

We approximate the integral operatorK by the finite
rank operatorKn defined by

(Knf)(x) =
∫ 1

0

∞∑
i=1

∞∑
j=1

(κijbi(x)bj(t)) f(t) dt,

(9)
with x ∈ [0, 1], f ∈ L2[0, 1] andn = 2mk. Clearly,∥∥K −Kn

∥∥
2
→ 0 asn→∞.
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An approximate solution is found by solving

fn −Knfn = g. (10)

Specifically, to solve (10) forfn, notice that (10) can
be written as

fn(x)−
n∑

i=1

bi(x)
∫ 1

0

n∑
j=1

κijbj(t)fn(t) dt = g(x).

Hence, if we put

ci ≡
∫ 1

0

n∑
j=1

κijbj(t)fn(t) dt, (11)

then

fn(x) = g(x) +
n∑

i=1

cibi(x). (12)

Substituting the form offn in (12) into (11), we obtain

ci −
n∑

j=1

cjκij =
∫ 1

0

n∑
j=1

κijbj(t)gn(t) dt, (13)

for eachi = 1, 2, . . . , n. The system (13) may be
solved numerically forci from which we obtainfn

using (12). Assuming that(I −K)−1 exists, whereI
is the identity operator, we obtain the error estimate,

f − fn = Kf −Knfn

= (K −Kn)f +Kn(f − fn)

and hence

f − fn = (I −Kn)−1(K −Kn)f.

From this it follows that∥∥f −fn

∥∥
2

6
∥∥(I−K)−1

∥∥
2

∥∥K−Kn

∥∥
2

∥∥f∥∥
2
. (14)

By Theorem 1,‖Kf−Knf‖2 = O(2−mk) and there-
fore ∥∥f − fn

∥∥
2

= O(2−mk). (15)

Observe that the rate of convergence of the relative er-
ror of the approximation depends upon the order of
approximation ofK byKn, but not upon the smooth-
ness off (see (14)). This is not the case for the projec-
tion methods that include the collocation and Galerkin
methods as special cases7.

What Alpert observed at this point is that a
large majority ofκij can be neglected, resulting in a
sparse matrix for the linear system. This observation
carries over to the present method, as the matrix of
the Galerkin method and that of the degenerate kernel
method coincide. More precisely, he defines the no-
tion of the separation from the diagonal of a support
of bi ⊗ bj as follows:

Definition 1 We say that a rectangular region[t, t +
a]× [s, s+ b] ⊂ R2 is separated from the diagonal if
a+ max(a, b) 6 s− t or b+ max(a, b) 6 t− s.

For the logarithmic kernelκ(t, s) = log |t−s|, the im-
portance of this definition is manifested in the bound-
ary integral formulation of Laplace’s equation. We
state Lemma 2.2 from Ref. 6:

Lemma 1 Suppose thatκ(t, s) = log |t − s| is given
and Bk is the multiwavelet basis of orderk for
L2[0, 1]. Denote the supports ofbi(t) and bj(s) in
Bk by [x0, x0 + a] andIj = [y0, y0 + b], respectively,
and assume that they are separated from the diagonal.
Then

|κij | 6
√
ab

2k · 3k−1
. (16)

For a smooth kernel, we have the following (Lemma
2.31 from Ref. 6):

Lemma 2 Suppose thatκ(t, s) = f(t, s) log |t− s|+
g(t, s) and κ(t, s) : D × D → C whereD is the
closed disc of radius32 centred att = 1

2 . Also, f
andg are analytic in a domain containingD ×D →
C2 andBk is the multiwavelet basis of orderk for
L2[0, 1]. Denote the supports ofbi(t) andbj(s) in Bk

byIi = [x0, x0+a] andIj = [y0, y0+b], respectively,
and assume that they are separated from the diagonal.
Then

|κij | 6
(
k

8
+

3
16

)
1

3k−1
sup

t,s∈∂D
|f(t, s)|

+

√
ab

7 · 8k
sup

t,s∈∂D
|g(t, s)|.

Regarding the number of the basis elements which
have their supports near the diagonal, we recall
Lemma 2.41 of Ref. 6:

Lemma 3 Suppose thatI1, I2, . . . , In are the non-
increasing intervals of support of the firstn func-
tions of the basisBk. Of then2 rectangular regions
Ii × Ij , we denote the number separated from the di-
agonal byS(n) and the number near the diagonal by
N(n) = n2 − S(n). ThenN(n) = O(n log n).

We now define the iterated variants offn by

f I
n = g +Kfn. (17)

In the case that a numerical solution of (6) is ob-
tained by the Galerkin or collocation method, it is well
known that under suitable conditions the correspond-
ing iterated variants converge tof in theL∞ norm at
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a faster rate than the original numerical solution con-
verges tof . With a sufficiently smooth kernel1,10, the
rate of convergence of the iterated variants is twice
as fast as that of the original convergence, a phe-
nomenon commonly known as superconvergence. We
point out that it is somewhat more involved to get a
superconvergence of the iterated collocation variants
than that of the iterated Galerkin method1,2. In the
case of Fredholm integral equations of the second kind
with weakly singular kernels, a certain enhancement
in the convergence rate was also obtained for the iter-
ated variants3. We also remark that many results on
the superconvergence of the iterates for the Fredholm
equations have been generalized to a class of nonlin-
ear Hammerstein equations2,3. In this paper, we ob-
tain a superconvergence of the iterated degenerate ker-
nel method using the wavelets of Alpert. The success
of the method hinges heavily upon the orthonormality
of the wavelet basis. Namely, we show that the best
L2 approximation for the kernelκ plays an important
role. In the next section, we consider the Fredholm
equations of the second kind, and in the final section,
we consider a class of nonlinear Hammerstein equa-
tions.

THE ITERATED VARIANTS FOR FREDHOLM
INTEGRAL EQUATIONS

We let W k
2 = W k

2 [0, 1], wherek is a non-
negative integer, denote the Sobolev space of func-
tions defined over[0, 1]. In other words,f ∈ W k

2 if
and only iff (j) ∈ L2 = L2[0, 1] for j = 0, 1, . . . , k,
wheref (j) denotes thejth distributional derivative of
f . The spaceW k

2 is equipped with the norm

‖f‖k,2 =
k∑

j=0

∥∥f (j)
∥∥

2
.

The Sobolev spaceW k
2 ([0, 1] × [0, 1]) of bivariate

functions is defined similarly:f ∈W k
2 ([0, 1]× [0, 1])

if ∂(l)f/∂(i)x∂(j)t ∈ L2([0, 1] × [0, 1]) for i + j = l
andl = 0, 1, . . . , k. Theorem 1 can be easily extended
to obtain anL2 estimate ofQk

mf for f ∈W k
2 .

Theorem 2 Supposef ∈ W k
2 . ThenQk

mf of (5) ap-
proximatesf in theL2 norm as follows:∥∥Qk

mf − f
∥∥

2
6 C2−mk

∥∥f (k)
∥∥

2
, (18)

whereC is a constant independent ofm andk.

Proof: Recall thatSk
m denotes the space of splines of

degreek with knots at2−mn, n = 0, 1, . . . , 2m − 1.
Then it is well known (see p. 230 of Ref. 11) that

inf
g∈Sk

m

∥∥f − g
∥∥

2
6 C2−mk

∥∥f (k)
∥∥

2
.

Now, noting thatQk
mf is the bestL2 approximation

of f in Sk
m, we obtain the desired result. �

From (8), (9), and the orthonormality of{b1, b2, . . .},
the kernel defined in (9) is the least-squares approxi-
mation ofκ(x, t):

∫ 1

0

∫ 1

0

∣∣∣∣∣∣κ(x, t)−
n∑

i=1

n∑
j=1

κijbi(x)bj(t)

∣∣∣∣∣∣
2

dxdt =

min
aij∈R

∫ 1

0

∫ 1

0

∣∣∣∣∣∣κ(x, t)−
n∑

i=1

n∑
j=1

aijbi(x)bj(t)

∣∣∣∣∣∣
2

dxdt.

We are now ready to state and prove the main theo-
rem of this section, which provides an estimate for the
order of convergence of the iterated variants.

Theorem 3 Let f andfn be the solutions of (7) and
(10), respectively. Assume thatf ∈ W k

2 ([0, 1]),
κ(x, t) ∈ W k

2 ([0, 1] × [0, 1]) and ψx(u, s) ≡
κ(x, u)fn(s) ∈W k

2 ([0, 1]× [0, 1]) for eachx ∈ [0, 1],
where0 < l < k and that‖ψx‖2 is uniformly bounded
for x ∈ [0, 1]. Then∥∥f − f I

n

∥∥
2

= O(2−2mk).

Proof: Note first that

f − f I
n = K(f − fn). (19)

UsingKf = Kg +K2f andKfn = KKnfn +Kg,
we obtain

Kf̂n = Kn(Kf−Kfn)+K̂n(Kf−Kfn)+KK̂nfn

in which we have introduced the notation̂Kn ≡ K −
Kn, f̂n ≡ f − fn. Since‖K̂n‖2 → 0 asn → ∞ and
(I − K)−1 exists by assumption, we conclude (fol-
lowing Ref. 7) that(I −K)−1 exists and is uniformly
bounded for sufficiently largen. Therefore,

Kf̂n = (I −Kn)−1{K̂n(Kf −Kfn) +KK̂nfn}.

Taking the norm on both sides,∥∥Kf̂n

∥∥
2

6 {
∥∥K̂n

∥∥
2

∥∥K∥∥
2

∥∥f̂n

∥∥
2

+
∥∥KK̂nfn

∥∥
2
}

×
∥∥(I −Kn)−1

∥∥
2
. (20)

Since
f̂n = (I −Kn)−1K̂nf, (21)

and from equations (19)–(21),∥∥f − f I
n

∥∥
2

=
∥∥Kf̂n

∥∥
2

6 C{
∥∥K̂n

∥∥
2

∥∥f̂n

∥∥
2

+
∥∥KK̂nfn

∥∥
2
}

6 C{
∥∥K̂n

∥∥2

2
+
∥∥KK̂nfn

∥∥
2
}. (22)
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From (22), using Theorem 2, we obtain∥∥f − f I
n

∥∥
2

= O(2−2km) +O(
∥∥KK̂nfn

∥∥
2
). (23)

It remains to estimate the order of convergence
of ‖KK̂nfn‖2. We note that ‖KK̂nfn‖2 6
‖KK̂nfn‖∞ for someC > 0, and that

|KK̂nfn(t)| =
∣∣∣∣∫ 1

0

κ(t, u)
∫ 1

0

κ̂n(u, s)fn(s) dsdu
∣∣∣∣

=
∣∣∣∣∫ 1

0

∫ 1

0

κ(t, u)κ̂n(u, s)fn(s) dsdu
∣∣∣∣

whereκ̂n(u, s) ≡ κ(u, s)− κn(u, s). Letϕn(u, s) =∑n
i=1

∑n
j=1 bijbi(u)bj(s) be any element that is a

tensor product of multiwavelets{bi}n
i=1 with n =

2mk. Then sinceκn is the least-squares approxima-
tion of κ, ∫ 1

0

∫ 1

0

ϕn(u, s)κ̂n(u, s) dsdu = 0,

and therefore,

|KK̂nfn(t)| =
∣∣∣∣∫ 1

0

∫ 1

0

[ψt(u, s)− ϕn]κ̂n dsdu
∣∣∣∣ .

Applying the Cauchy-Schwartz inequality,

|KK̂nfn(t)| 6
∥∥ψt − ϕn

∥∥
2

∥∥κ̂n

∥∥
2
.

In the above inequality, the second‖ · ‖2 denotes the
L2 norm defined on the space of bivariate functions
W k

2 ([0, 1] × [0, 1]). Noting that‖κ̂n‖2 = O(2−mk)
and selectingϕn so that‖ψt − ϕn‖2 = O(2−mk) is
satisfied, equation (23) proves the desired result.�

HAMMERSTEIN EQUATIONS

In this section, we generalize the results of the
previous section to a class of Hammerstein equations.
The Hammerstein equations arise naturally in connec-
tion with Laplace’s equation in two-dimensional space
having a certain type of nonlinear boundary condi-
tions. The Hammerstein equation can be written as

f(x)−
∫ 1

0

κ(x, t)ψ(t, f(t)) dt = g(x), 0 6 x 6 1.

(24)
We assume the following conditions:limt→τ ‖κt −
κτ‖∞ = 0, τ ∈ [0, 1], whereκa(b) ≡ κ(a, b);

M = sup
06s61

∫ 1

0

|κ(t, s)|dt <∞;

g ∈ C[0, 1]; ψ(t, s) is continuous int ∈ [0, 1] and
Lipschitz continuous inx ∈ (−∞,∞), i.e., there

exists a constantC1 > 0 for which |ψ(t, x1) −
ψ(t, x2)| 6 C1|x1 − x2|, for all x1, x2 ∈ (−∞,∞);
the partial derivativeψ(a,b) of ψ with respect to
the second variable exists and is Lipschitz continu-
ous, i.e., there exists a constantC2 > 0 such that
|ψ(0,1)(t, x1) − ψ(0,1)(t, x2)| 6 C2|x1 − x2|, for
all x1, x2 ∈ (−∞,∞); for f ∈ C[0, 1], we have
ψ(·, f(·)), ψ(0,1)(·, f(·)) ∈ C[0, 1].

The degenerate kernel method for Hammer-
stein equations was first established by Kaneko and
Xu12. We define

KΨf(x) ≡
∫ 1

0

κ(x, t)ψ(t, f(t)) dt

so that (24) can be written as

f −KΨf = g. (25)

By analogy to equation (9), we approximate the oper-
atorKΨ by

(KnΨf)(x) =
∫ 1

0

∞∑
i=1

∞∑
j=1

κijbi(x)bj(t)ψ(t, f(t)) dt

(26)
with x ∈ [0, 1], where{bi}∞i=1 is an orthonormal ba-
sis forL2[0, 1] as defined earlier. Letfn denote the
solution of the equation,

fn −KnΨfn = g. (27)

The iterated solutionf I
n is now defined by

f I
n = g +KΨfn. (28)

If we let

ci ≡
n∑

j=1

∫ 1

0

κijbj(t)ψ(t, fn(t)) dt, (29)

fn can be written as

fn(x) = g(x) +
n∑

i=1

cibi(x). (30)

Substituting (30) into (29), we obtain the followingn
nonlinear equations inn unknownsc1, . . . , cn,

ci =
n∑

j=1

∫ 1

0

κijbjψ

(
t, g(t) +

n∑
l=1

clbl(t)

)
dt,

(31)
for 1 6 i 6 n. The Fŕechet derivative ofKΨ at
ϕ0 ∈ C[a, b] is denoted and defined by

(KΨ)′(ϕ0)(ϕ)(x) =
∫ 1

0

κ(x, t)ψ2(t, ϕ0(t))ϕ(t) dt

www.scienceasia.org



244 ScienceAsia34 (2008)

for ϕ ∈ C[a, b], whereψ2 denotes the partial deriva-
tive of ψ with respect to the second variable. The fol-
lowing theorem describes the superconvergence off I

n

to f .

Theorem 4 Assume thatf and fn are solutions of
equations (24) and (27), respectively. Assume also
that in (24),κ(x, t), ηt(u, s) ∈ W k

2 ([0, 1] × [0, 1]),
where ηt(u, s) ≡ κt(t, u)ψ(s, fn(s)). Finally as-
sume that1 is not an eigenvalue of(KΨ)′(f). Then
‖f − f I

n‖2 = O(2−2mk).

Proof: From (25) and (28),

f − f I
n = KΨf −KΨfn. (32)

Now,

KΨf −KΨfn

= KΨ(g +KΨf)−KΨ(g +KnΨfn)
= Kθ(n)(KΨf −KnΨfn)

whereKθ(n) ≡ (KΨ)′{θ(n)(g + KnΨfn) + (1 −
θ(n))(g + KΨf)} for some0 6 θ(n) 6 1. Since
K is compact,(KΨ)′(f) is also compact. Also, since
the solutionsfn of the degenerate kernel method con-
verge to the solutionf of the Hammerstein equation12,
{Kθ(n)} converges to(KΨ)′(f) in the operator norm.
From this, since1 is not an eigenvalue of(KΨ)′(f),
using theorem 10.1 of Ref. 13 we show that(I −
Kθ(n))−1 exists and is uniformly bounded for suffi-
ciently largen. Hence, we obtain

KΨf−KΨfn = (I−Kθ(n))−1Kθ(n)(K−Kn)Ψfn.
(33)

Combining (32) and (33), and taking the norm on both
sides, we obtain∥∥f − f I

n

∥∥
2

6 c
∥∥Kθ(n)(K −Kn)Ψfn

∥∥
2

for some constantc independent ofn. Using the as-
sumptions onκ andηt and arguing as in the proof of
Theorem 3, we obtain the desired result. �
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