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ABSTRACT : In this paper, we examine the superconvergence property of iterates of numerical solutions to both Fredholm
integral equations of the second kind and to nonlinear Hammerstein equations. The iterates are obtained by applying a class
of multiwavelets developed by Alpert.
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INTRODUCTION polynomials byS% = {f : the restriction off to the
. interval (2=™n,27™(n + 1)) is a polynomial of de-
In this paper, we present the results on SUPeRree less thah, forn = 0, ..., 2™ —1, andf vanishes

convergence of the iterated variants of the ”Umeric@lsewheré. We haveSk, € Sk, and the dimension
solutions obtained by the wavelet degenerate kermng} gk is 9mk. Form € N. we denote byR: the

method. The use of wavelets in the degenerate kedrthogonal complement ¢f* in S,’;H:
nel method plays a critical role in obtaining this su-
perconvergence which is the convergence that con- Sk &R
verges faster than generally expected. Superconver-

gence of the iterated variants for the Galerkin method is clear that

as well as the collocation method has been studied ex-

tensively in recent yeats®. We remark that, as the Sk=SteRtoRY®---®RE_|. (1)
method of Alpert is the Galerkin method, we expect

that there would be a superconvergence when this sow if we find an orthogonal basigh; }r_, for R,
lution is iterated. In this paper, we take advantage dhen sinceRj L S§, the firstk moments oty . .., hy,
the orthonormality of the wavelet basis, resulting irvanish:

a least-squares approximation of the kernel, to obtain 1

the superconvergence in tlig norm of the wavelet hj(x)xi de=0, i=0,1,2,...,k—1.
degenerate kernel method. Fredholm equations of the Jo

second k|.nd with smooth as well as weakly S'.ngu"'."ﬁ'he wavelet basis of Alpert is constructed by defining
kernels will be treated. Finally, the results obtained i

'drthogonal systems
relation to the Fredholm equations will be extended to g y

a class qf nor_wlir]ear Hammerlst(_ain equations with ker- hf,m(l") _ 2m/2hj(2mx —n), j=1,...,k
nels having similar characteristics.

k :Sk Rk J_Sk

m m—+1» m m*

The detailed construction dfy, ..., Ay is found in
Multiwavelet bases and Fredholm equations Ref. 6. From this, we obtain
Making use of the multiresolution analysis de- RE = linear spafh; :i=1,... k},

veloped by Mallet and Meye?, Alpert® constructed

the following multiwavelet bases fof,[0,1]. For and, in general,

a positive integerk, and form € N (whereN =

{0,1,2,...}) we define the spacs®, of piecewise R’ = linear spafh},, :n=0,...,2" —1}. (2)
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We define spacs” by

St = D Sy
m=0

so that S* is dense inLy[0,1]. Moreover, if
{uy,...,us} is an orthonormal basis fo$¥, then it
follows from (1)—(3) that

3

By = {u;} U{hj,} 4)
inwhichj = 1,....,k,m € N,n =0,...,2" — 1,
form an orthonormal system fat;[0,1]. By is re-

ferred to as the multiwavelet basis of orderfor
L,[0,1]. For each positive integdrandm < N, the
orthogonal projectior®, f of f € L»[0,1] onto S,
is given by

k o2m—1

=3 (frufn) wh(@),
j=1 n=0

where{u/,,} is an orthonormal basis fos%,. Here
we assume that the bases &}, R, ..., Rt | are
rearranged to form the bas{s,, }. The power of

®)
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There are several numerical methods that one
can choose to approximate the solution of (6). The
Galerkin method and the collocation method are two
of the most widely used numerical scherhgs On
the other hand, the degenerate kernel method consists
of approximating the kernel in the integral operator
K of (7) by a tensor product of univariate functions.
In particular, we are interested in using multiwavelets
for these univariate functions. Ldby,bo,...} de-
note the orthonormal basis fdr,[0, 1] comprising of
the multiwavelet elements (see (4)). We remark that
the statements in this and the next section concerning
the superconvergence of the iterated degenerate kernel
method remains valid as long as the fgt, bo, . . .} is
an orthonormal basis. More on this point can be found
in Ref. 9. However, the sparsity of the resulting matrix
is normally lost without the assumption of wavelets
with vanishing moments.

The use of the degenerate kernel method has
not been widely recognized in solving the Fredholm
equations of the second kind because of its higher
computational cost compared with the collocation
method. However, the use of a wavelet basis makes
the method more attractive. Moreover, the degener-

approximation of the multiwavelets is given in the fol-ate kernel method provides an error estimate that de-

lowing theorerf.

Theorem 1 Suppose that the functigh: [0,1] — R
is k times continuously differentiabld, € C*[0,1].
Then

sup | f® (2)].

k —mk
HQ f fHZ = 4’%' ve[0.1]

We are now interested in applying the multiwavele
basis forLs[0, 1] to obtain approximate solutions of
the Fredholm integral equation of the second kind.

The equation can be written as

1
fa) - / s (1) dt = g(x), z€[0,1] (6)
or
f-Kf=yg (7)
where
(K f)(x) = / w0 () e,z e [0,1],
0

for k € Lo([0,1] x
function to be determined for alf € L0, 1].

[0,1]), g € L2[0,1] and f is the
As

pends on the order to which the kernel is approxi-
mated, while the collocation method as well as the
Galerkin method requires certain smoothness condi-
tions of the solution to guarantee the optimal conver-
gence rate. A priori error estimation of this type is
difficult to handle as one usually has no knowledge
about the solution in the case of many practical prob-
lems. We assume that thhgs are enumerated so that
gb }2"F forms the basis foiS*,, (see (5)). Now for

m?

LQ([O 1] x [0, 1]), we have
t) =D ribi(x)b;(t) 8)
i=1 j=1
where

141
Kij ://H(I,t)b
0Jo

We approximate the integral operatr by the finite
rank operatois,, defined by

1 o0 o

- / DD Gragbiaby (1)

i=1 j=1

f(t)dt,
9)

stated in the introduction, an application of the multiwith = [0,1], f € L»[0, 1] andn = 2™k. Clearly,
wavelet basis to the integral equation produces a linear

system consisting of a sparse matrix.
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An approximate solution is found by solving Definition 1 We say that a rectangular regidn, t +
a] x [s,s +b] C R? is separated from the diagonal if
o= Knfn=g. (10) a + max(a,b) < s —torb+ max(a,b) <t —s.

Specifically, to solve (10) fof,,, notice that (10) can

be written as For the logarithmic kernet(¢, s) = log |t —s|, the im-

portance of this definition is manifested in the bound-

ary integral formulation of Laplace’s equation. We
falz Z bi( / Z ijbj () fu(t) dt = g(2). state Lemma 2.2 from Ref. 6:

Hence, if we put Lemma 1 Suppose that(t,s) = log|t — s| is given
and By is the multiwavelet basis of ordet for
/ Z“ () fult (11) L,[0,1]. Denote the supports @ (t) and b;(s) in
g " By by [z, x0 + a) andI; = [yo, yo + b], respectively,
and assume that they are separated from the diagonal.
then . Then
fult) = g@) + S ebile). (12) gl < 0 (16)
=1

Substituting the form of, in (12) into (11), we obtain For a smooth kernel, we have the following (Lemma
2.31 from Ref. 6):

- ch”ij = /O Z”ijbﬂ'(t)gn(i) dt,  (13) | emma 2 Suppose that(, s) = f(t, ) log |t — s| +

- - g(t,s) and k(t,s) : D x D — C whereD is the

for eachi = 1,2,...,n. The system (13) may be closed disc of radiu% centred att = % Also, f
solved numerically fore; from which we obtainf,, andg are analytic in a domain containing x D —
using (12). Assuming thatl — K)~! exists, wherd  C? and By, is the multiwavelet basis of ordér for
is the identity operator, we obtain the error estimate, L, [0, 1]. Denote the supports 6f(t) andb;(s) in B,

byI; = [xo,z0+a] andl; = [yo, yo+D], respectively,

f=fn=Kf=EKnfn and assume that they are separated from the diagonal.
= (K - Kn)f +Kn(f - fn) Then
and hence k3 1
|ki5] < 3T 16) 351, 5w | f(t, )]
f - fn == (I - Kn,)il(K - Kn)f t,s€0D
From this it follows that + 7\/% sup |g(t, s)|.
7 8k t,s€0D

17 = ally < =1 15 = K 7] (29 | | |
Regarding the number of the basis elements which
By Theorem 1| K f — K, f||l2 = O(27™*) and there- have their supports near the diagonal, we recall
fore Lemma 2.41 of Ref. 6:
1f = full, = 027™). (15)

Observe that the rate of convergence of the relative elr_emmg 3 Suppose thaty, by, ..., I are.the non-
ror of the approximation depends upon the order dgficreasing mteryals of SUPp‘;” of the first fu_nc-
approximation ofi’ by K, but not upon the smooth- tions of the basig3;. Of then” rectangular regions _
ness off (see (14)). Thisis not the case for the pl‘OjeC-I x I;, we denote the number separated from the di-
tion methods that include the collocation and Galerku‘?lgonal byf(") and the number near the diagonal by
methods as special cades N(n) =n* = 5(n). ThenN(n) = O(nlogn).

What Alpert observed at this point is that a We now define the iterated variants f by
large majority ofx;; can be neglected, resulting in a
sparse matrix for the linear system. This observation =g+ Kfn. (17)

carries over to the present method, as the matrix of

the Galerkin method and that of the degenerate kernkl the case that a numerical solution of (6) is ob-
method coincide. More precisely, he defines the ndained by the Galerkin or collocation method, it is well
tion of the separation from the diagonal of a suppotknown that under suitable conditions the correspond-
of b; ® b; as follows: ing iterated variants converge foin the L., norm at
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a faster rate than the original numerical solution corNow, noting thatQ¥, f is the bestL, approximation
verges tof. With a sufficiently smooth kernkl?, the  of f in S* , we obtain the desired result. O
rate of convergence of the iterated variants is twicBrom (8), (9), and the orthonormality §b,, bo, . ..},
as fast as that of the original convergence, a phéhe kernel defined in (9) is the least-squares approxi-
nomenon commonly known as superconvergence. Weation ofx(x, t):
point out that it is somewhat more involved to get a
superconvergence of the iterated collocation variants /1 1 non
than that of the iterated Galerkin metidd In the // K(a,t) = > kibi()b;(t)| dedt =
case of Fredholm integral equations of the second kind”° *° i=1 j=1
with weakly singular kernels, a certain enhancement - W on 2
in the convergence rate was also obtained for the iter- . // k(2 1) — Z Z ai;bi(x)b; (t)] dz dt.
ated variants We also remark that many results on ai;€R /g /o P
the superconvergence of the iterates for the Fredholm
equations have been generalized to a class of nonlitWe are now ready to state and prove the main theo-
ear Hammerstein equatidn$ In this paper, we ob- rem of this section, which provides an estimate for the
tain a superconvergence of the iterated degenerate kerder of convergence of the iterated variants.
nel method using the wavelets of Alpert. The success,
of the method hinges heavily upon the orthonormalitg ; P
. 0), respectively. Assume thgt € W5 ([0,1]),
of the wavelet basis. Namely, we show that the be g‘ P !
i i i /i({l?,t) € W2 ([07 1] X [Oa 1]) and wx(u: 8) =
L, approximation for the kernel plays an important i
: . w(x,u) fn(s) € WH([0,1] x [0, 1]) for eachz € [0, 1],
role. In the next section, we consider the FrEdhOIrthereO < 1 < k and thatl|y, |]» is uniformly bounded
equations of the second kind, and in the final sectio? =iz y

) . . or xz € [0, 1]. Then
we consider a class of nonlinear Hammerstein equa-

tions. If = fall, = 0@272m).

2

eorem 3 Let f and f,, be the solutions of (7) and

THE ITERATED VARIANTS FOR FREDHOLM Proof: Note first that
INTEGRAL EQUATIONS .

We let WE = WZk[0,1], wherek is a non- _
negative integer, denote the Sobolev space of fun¥JSiNngK'f = Kg + K?fandK f, = KK, f, + Kg,
tions defined ovefo, 1]. In other words,f € W¥ if ~we obtain

and only if fU) € Ly = L,[0,1] for j = 0,1,...,k, - . .
wheref() denotes thgth distributional derivative of K fo = Kn(Kf =K fo) + Kn(Kf =K fo) + KK fr

f. The spacéV; is equipped with the norm in which we have introduced the notatidf), = K —
k Kp, fn = f — fu. Since|K,|l2 — 0 asn — oo and
£l =D _IIF, (I — K)~! exists by assumption, we conclude (fol-
e lowing Ref. 7) that 7 — K)~! exists and is uniformly

The Sobolev spac&V([0, 1] x [0,1]) of bivariate bounded for sufficiently large. Therefore,

functions is defined similarlyf € WX ([0, 1] x [0, 1]) Kf, = (I— Kn)’l{f(n(Kf —Kf))+ Kf(nfn}-
if 00 f/0W 20Ut € Ly([0,1] x [0,1]) fori+j =1

andl = 0,1, ..., k. Theorem 1 can be easily extendedlaking the norm on both sides,

to obtain anL, estimate ofQ*, f for f € W¥.

F Fally, < ANl [HE N 1], + (1 B fl}
Theorem 2 Supposef € W¥. ThenQ¥, f of (5) ap- (= ) (20)
proximatesf in the L, norm as follows: " 2’
|9 - il < o2, g Shee fo=( - K) 'K f (21)
where(' is a constant independent of and k. n " e
and from equations (19)—(21),
Proof: Recall thatS*, denotes the space of splines of .
degreek with knots at2=™n, n = 0,1,...,2™ — 1. £ = £alls = [|1K fall
Then it is well known (see p. 230 of Ref. 11) that <O K ‘ Al + HKK f H }
. _ —mk (k) R R
int |17 =gll, < C27H £, i+ Kt} @2)
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From (22), using Theorem 2, we obtain exists a constanC; > 0 for which |[¢(t,21) —
~ 1/)(t,172)| < Cl|l’1 — 1?2‘, for all xT1,To € (*O0,00);
I _ —2km )
1f = fall, =02 )+ O(|[KKnfull,)- (23)  the partial derivativey)(»:?) of ¢ with respect to
It remains to estimate the order of convergencgqe second variable exists and is Lipschitz continu-
of ||Kf( fulls.  We note thatHKf( falle < ous, i.e., there exists a constary > 0 such that

|K Ko f |0 for someC’ > 0, and that WOt 21) = OD(t22)] < Coley = aal, for
all 1,22 € (—o0,00); for f € C[0,1], we have

1 1 0,1
. . D F) OV F() € Clo, 1]
[K K fu(t)] = /()“(t7“)/0“”(“73)f”(3) dsdu The degenerate kernel method for Hammer-
1,1 stein equations was first established by Kaneko and
= //ﬁ(t,u),%n(w $)fn(s)dsdu Xu'2. We define
0J0
1
wherek,, (u, s) = k(u, s) — kn(u, s). Letp,(u, s) = KU f(z) = / Kz, (e, f(t))dt
S Yo bijbi(u)b;(s) be any element that is a 0
tensor product of multivaveletéb;}? , with n = sothat (24) can be written as
2™k. Then sincex,, is the least-squares approxima-
tion of x, f-EK¥f=g. (25)
1,1 By analogy to equation (9), we approximate the oper-
[ [ ot s)intus) dsdu=o, ator K ¥ by
0J0
1 o0 o0
and therefore, ()@ = [ 23 whtalty 0. £0)
A 1,1 i=1 j=1
|[KK,f.(t)] = //Wt(u,s) — op)Rn dsdu|. (26)
070 with z € [0, 1], where{b;}$°, is an orthonormal ba-
Applying the Cauchy-Schwartz inequality, sis for Ly [0, 1] as defined earlier. Lef, denote the

. solution of the equation,
|Kann(t)| < Hwt - SOnHQ

In the above inequality, the secolid ||» denotes the

L, norm defined on the space of bivariate functiondhe iterated solutiorf}, is now defined by
W¥([0,1] x [0,1]). Noting that||i, ||z = O(27™F) .

and selectingp,, so that|[1y; — ¢n|l2 = O(27™F) is fo=9+K¥fn. (28)
satisfied, equation (23) proves the desired result] s \ye et

B[ -

n 1
HAMMERSTEIN EQUATIONS ¢ = Z/ by (D0 (2, fu(8)) d, (29)
In this section, we generalize the results of the j=170

previous section to a class of Hammerstein equations.
The Hammerstein equations arise naturally in conneér
tion with Laplace’s equation in two-dimensional space n
having a certain type of nonlinear boundary condi- fo(z) = g(x) + Zcibi(x)' (30)
tions. The Hammerstein equation can be written as i=1

can be written as

1 Substituting (30) into (29), we obtain the following
f(z) - / k(z, )Y(t, f(t))dt = g(z), 0<z<1. nonlinear equations in unknownsc, ..., ¢y,
0

(24) noo n
We assume the following conditiongim;_., ||x; — ¢ = Z/ Kijbit (t,g(t) + chbl(t)> dt,
Krlloo = 0, 7 € [0, 1], wherer, (b) = x(a, b); j=17/0 =1
1 (31)
M= sup / In(t, 5)|dt < oo for 1 < ¢ < n. The Féchet derivative of ¥ at
0<s<1Jo ©o € Cla, bl is denoted and defined by

g € CI0,1]; 9(t,s) is continuous int € [0, 1] and L

Lipschitz continuous inc € (—o0, ), i.e., there (KW) (o) () () :/Oﬁ(xvt)%(t’%(t))@(t) dt
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for ¢ € Cla,b], wherey, denotes the partial deriva- 2.
tive of 1) with respect to the second variable. The fol-
lowing theorem describes the superconvergencg, of

to f.

Theorem 4 Assume thatf and f,, are solutions of
equations (24) and (27), respectively. Assume also
that in (24), x(x,t), 7 (u, s) € WE([0,1] x [0,1]), 4
wheren:(u, s) = k(t,u)(s, fn(s)). Finally as- '
sume thatl is not an eigenvalue ofK'¥)’(f). Then
If = il = O(272m").

Proof: From (25) and (28),

f—fn=KUf—KUf,. B2 ¢

Now,
KVf— KUf, 7.
= K\Il(g + K\I’f) - K\If(g + Kn\ijn)
WhereK@(n) = (K\Ij)/{e(n)(g + Knlpfn) + (1 - 8.

6(n))(g + KU f)} for some0 < #(n) < 1. Since
K is compact{ KU)'(f) is also compact. Also, since
the solutionsf,, of the degenerate kernel method con- 9.
verge to the solutiorf of the Hammerstein equatith
{Kyn)} converges t¢ K W)’ (f) in the operator norm.
From this, since is not an eigenvalue qfK¥)’( f),
using theorem 10.1 of Ref. 13 we show thdt—
Kg(n))*l exists and is uniformly bounded for suffi-
ciently largen. Hence, we obtain

KUf—KUf,

(I_Ke(n))_lKQ(n) (K_Kn)\llfn

(33)
Combining (32) and (33), and taking the norm on both
sides, we obtain

Hf_ frILH2 < CHK(’(R)(K_ Kn)lpf”||2

for some constant independent ofi. Using the as-
sumptions orx andr; and arguing as in the proof of
Theorem 3, we obtain the desired result. O
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