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AsstrACT: We have developed a new method to calculate the properties of the nematic liquid crystals (NLC).
The new method involves the separation of the NLC molecules into two groups; those on a chain embedded
in the liquid crystal and the rest. The interactions between the nearest neighbor molecules on the chain are
treated exactly while the interaction between a molecule on the string and remaining molecules is treated via
amean field approach. We have calculated the partition function to the order 0(f°) for the molecules on the
chain using the cumulant expansion. Using the standard conditions for a nematic-isotropic (NI) transition
to occur, we obtain the values of the interaction energies needed to fit the published data on the NI
transitions in the homologous series of NLC’s p,p’-di-n-alkoxyazobenzene. We find that the values of the
strength of the microscopic interaction between the molecules (J) exhibit an even-odd dependence on the
number of (CH,) groups in the tails of the molecules in this series. The values of A (the strength of the mean
field interaction) do not exhibit an even-odd effect.

Keyworps: Nematic liquid crystal/mean-field theory, order parameter, cumulant expansion, p,p’-di-n-

alkoxyazobenzene.

INTRODUCTION

In the present age of powerful but inexpensive
computers, there is a tendency to think that serious
physics requires the use of intensive computational
techniques such as first principle calculations' or Monte
Carlo simulations®. Much however can be still gained
by using simple mean field approaches. Forinstance,
Zhangand his coworkers® have been able gain insights
into the interactions existing in the rare earth-transition
metal compounds through the use of the two sub-
lattice molecular field model. One of the presentauthors
(IMT) was able to modify the Weiss molecular field
model to take into account the disorder that occurs in
the substituted ferrites*. This modification was later
used to account for the local field fluctuations seen in
the substituted aluminum iron garnets®. In this paper,
we are interested in the mean field model used to
describe a different phenomena, the nematic-isotropic
(ND transition in the homologous series of NLC's, the
p,p’-di-n-alkoxyazobenzenes.

In the NLC5, the molecules in the liquid develop
spontaneous long range orientation ordering where the
moleculestend toline up parallel toeach other. Maierand
Saupe® (MS) introduced amean field theory to account for
what was seen at the transition from the isotropic
(disordered liquid) phase to a nematic liquid crystal
(ordered) phase. MS assumed that the stability of the

nematic phase arose from the dipole-dipole part of the
anisotropic dispersion forces. Their theory predicts that
the ratio A/k T, V?is equal to 4.541 and that the value of
the order parameter s_at the transition temperature T

was 0.4293, regardless of which liquid crystal (LC) was
being considered. This is however inconsistent with the
measured values of the order parameters (OP5) of the
members of the homologous series, p, p’-di-n-
alkoxyazobenzene. In that series, the values of the order
parameters’ changes from 0.43t00.50, thento 0.44, then
t00.55, thento 0. 48 and finally to 0.56 as the number of
CH, groups in the end chains of this homologous series
increases (See the structure shown in Fig. 1). A plot of

Fig 1. Molecular Structure of the p, p’-di-n-
alkoxyazobenzene Nematic Liquid Crystal. Not shown
in the structure is the terminating methoxy group CH,,
at the end of the CH, chain. As is clearly shown, the
CH, groups form a zig-zag pattern as more CH, groups
are inserted onto the chain.
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Fig 2. Values of the Order Parameter ‘s’ for the Different
Members of the p, p’-di-n-alkoxyazobenzene Series.
The different members of the series are defined by the
number of CH, groups in the chains. Whenn =0, the
NLCisPAA;n=1,the NLCis PAP;n=2, PDPAB;n =3,
PBAB;n =4, PPABand n =5, PHAB.

the values of the OP’s vs. the number of CH, groups in
the end chain (Fig. 2) exhibits an even old effect, the
values the OP’s go up and then down as the number of
(CH,) groups increases.

This even-odd change in the values of the OP’s of
this seriesisinconsistent with the prediction of the MS
mean field theory. Inaddition, a second shortcoming
of the present formulation of the MS theory is that it
neglects short rage correlations and nearest neighbor
interactions. This means that the MS theory is correct
only for high temperatures, i.e., forT—eoor 3 — 0. This
is a critical limitation since it means that based on the
MS theory, one can not estimate the strength of the
nearest neighbor interaction from experimental data.

The aim of our study is to resolve the inconsistency
between the theory and the experiments with regards
to the critical order parameter s_and to take into
consideration the nearest neighbor interaction between
the liquid crystal molecules. Particular goals of our
study are to extract the nearest neighbor interaction
parameters from the experimental data and to discuss
the even-odd effect in the framework of a generalized
mean field.

In Section I1a, we introduce the basic assumptions
we have made about the nature of the interaction in the
NLC’s. The partition function for a collection of
molecules located on a fictitious string embedded in
the liquid crystalis calculated in Section I1b. By dividing
the partition function by the mean field partition
functions, we find that the evaluation is equivalent to
performing a cumulant expansion. The treatment is
exact to the order B* in the present study (though a
treatment to any order of accuracy is possible). An
expression for the Helmholtz free energy for the
molecules located on the string, F_ s obtained in
Section Ilc. In Section III, we numerically plot the
Helmholtz free energy as a function of the order
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parameter. The values of two parameters in the
expression for the free energy are varied until the curve
of the free energy is such that at the values of the
observed OP3% for each member of the homologous
series, F_ (s, T ) =0 and 0k, /6S|SC,TN1 =0. In

string "¢

Section IV, we discuss the results.
PArTITION FUNCTION

Model.

The stability of the nematic phase is believed to
arise from the dipole-dipole part of the anisotropic
dispersion forces. The orientation energy originates
from the factor cos 3 where 3 is the angle between the
directors of the two molecules that are interacting with
each other. In terms of the orientation angles of the
individual gnolecules,

cosy=X ¥ Y, (0.9, )Y, . (0,0,

where anm( (9].,(p].) are the spherical harmonics and
with the subscriptsi (j) on the angles 8 and ¢ indicate
that the angles are the orientation of the i-th molecule.
Invoking symmetry arguments, we find that the leading
term in the interaction energy between molecules ‘1’
and ‘j would be

U, =-$P2 (cos,)P, (Cosej)

where J is the strength of the inter molecular
interaction and here is taken to be dependent on the
nature of the NLC molecule, V is the volume occupied
by the molecules and P,(cos 0) is the second Legendre
polynomial given by

1 2
-3 0-1
2( cos )

The mean field approximation is obtained when
one of the Legendre polynomials is replaced by its
thermal average, i.e.

= - o SP(c0s0,)

where the order parameter ‘s’ is the ensemble
average of the second Legendre polynomial and A is
the strength of the mean field interaction. This
replacement of a two body interaction by a one body
mean field interaction is standard in physics. The most
common example of this is the replacement of the two
body gravitation force by the mean field force F = mg
where g is equal to 9.8 m/sec?.

To go beyond the mean field approximation, we
consider a system containing N molecules on a string
which is embedded in a system of the remaining
molecules. The interaction between a molecule ‘I’ on
the string with its nearest (two) neighbors on the string
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istreated exactly while the interaction of the molecule
1’ with the nearest neighbor moleculesin the rest of the
system s treated by the mean field approximation. The
self consistency condition has been given by Ypmaand
Vertogen’. The OP of a molecule on the string
isequal to the OP of the molecules in the rest of the
system.

=<P, (cosb s

smng string )

The reason for this condition is that the designation
of amolecule to be on the string or to be in the rest of
the system is arbitrary.

Havingsaid this, the interaction energy for the i-th
molecule becomes

J

W= (R G PG 4 B GeB (x,)) - P ()
Vv Vv

(D
where x, =cos@ . The partition function for the
molecules on the string is

Z =

strirg

11 N Asn
I --@@[Bé 2B (x 4B (x I & lexplB— 2P (x ] de i .
a4 il =l (2)

We now introduce a fictitious system in which the
molecules on the string experience only a mean field
- —sP,(cosh,) . The

\Y

partition function for this systemis

interaction, ie. > uﬁcmous system (D:

SZPZ(X )

11
Z,= j]j] e dx,dx,...dx, (3)

Dividing eqn. (2) by eqn. (3), the ratio Zsmng/Z
becomes

0

4
wig _
Z

11 N N AS
I ,,exp[B% 0B, G5, 4B, IB, (5, {H(eXp[BVPZ (x )}dx,dx, ...dx,,

i {ﬁ(mmgg(x, Db d .. dx,

The right-hand side of eqn. (4) looks to be an
expression for the average of

expmi{Pz<xi,l>+P2<xH1>}Pz<x1>J )

taken over the distribution function, f(x ) = eXp[B— G
The evaluation of eqn. (4) is carried ou\{zby first
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integrating every other variable. Once this is done,
these variables no longer appear. We then integrate
over every other variable of the remaining variables.
This decimation of the variables is carried out until
there are no variables remaining. If we are only
interested in an accuracy of order B", the number of
decimations required will be small.

Evaluation of the Partition Function

When we decimate eqn. (4) for the first time, we
encounter the following type of terms in the multiple
integral

1-1,1+1P2 (X, )]f(X, )Xm

1
[ explC
-1

[x,)dx,

i=1,3,5,. (5)
where Covin _2ﬂ (P(x_)+P, (X+1>> As we have
mentioned, we are averaging the exponenua}\funcnon

exp{C_, ,,P,(x)}, overthedistribution, eXP{V sP, ()}

We note that the average of an exponential can be
expressed as an exponential of a cumulant expansion,
ie.,

<expX> = exp{K,X) + K,(X) + ...} (6)

where K and K| are the first and second cumulant
functions, respectively. The two cumulants are defined
as K (X) =<X> and K,(X) =5{<X2 > - <X>!} where the
subscript means that the averaging is over the
distribution function f(x). Letting X=C,,B), we get
K X) = <X> =<C,,, P, (x)>=C <P x)>=C_ s
€

where s = <P, (x,)>, . Theensemble average of X?is

i-1,i+1

also easily done to get
<X2 >1 = C12»1,1+1 <P22 (X1 )>1 =C12—1,1+1a (8)
where o = <P} (x,)>, .

Putting everything together, we get

<€xp [Cl—l ,1+1P2 (X1 )]>| =

exp{G(P, (x,, )+P, (x,,, D+F[(P, (x, )+P, (x,., )1}

2 9)

where G = ZB 75 =Ds andF—-ZBzv—(Ol-S ).
It should be noted that the squaring of
(P,(x,,)+P,(x,,,)) leads to a product involving the

i+l
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variablesx_andx_,. Thesubsequentintegrations over
dx_ and dx_, cannot be done independently of each
othersince the resulting integrant contains terms which
couples x.and dx_, together. For instance, the
integration over dx; will lead to a product of the
functions P,(x,) and P (x,) while the integration over
dx, willlead a product of the functions P (x,) and P (x,).
When the integrant does not contain any cross terms,
it can be factorized in products of identical functions
of each of the integration variables. We then have

}' ]' (f[F(Xl ))(1‘[ f(x )dx,...dx, = {} F(x, )f(xl)dxl}N

To see this more clearly, we explicitly carry out the
integrations over dx, and dx,and get

exp{G(R,(x,) +P,(x,)) + F(R(x,) + 2P, (x, P, (x,)+ B’ (x,))

(10a)

and
exp{G(P, (x,) +P,(x, )+ F(P” (x,) + 2P, (x, )P, (x, ) + P,*(x,))
(10b)

Multiplying these two terms togetherand then collect
the terms which depend on the variable x,, we get
exp{2GP, (x, )+2FP22 (x,)+2FP, (x DI(P, (x,)+P, (x )1}
(11)
where F and G have previously been defined (the
sentence followingeqn. (9)). Theintegration over dx le.

]I dx, (exp(2GP, (x, )+2FB,” (x, )+2FP, (x, (B, (%, )+, (x I, )

1

[ dx,fx,)

) (12)
canagain be done by carrying outacumulant expansion
where the argument of the cumulant function, X, is
now 2GP, (x, )+2FP22 (x)+2FP, (x [(P,(x,)+P,(x,)] . The
last bracket in the integrand of eqn. (12) couples the
variable x, to x, and x,. Performing the integration in
eqn. (12), we get

exp{K, (2GP, (x, )+2FPZz (x,)+2FP, (x )[(P, (x,)+P,(x )]) +

K,(2GP,(x, )+2FPZZ(x‘ )+2FP, (x )I[(P, (x, )+P, (x, )])+.( )
1

where K (X) and K (X) are the cumulate functions.
It should now be remember that G is of order B and F
is of order B*. The coupling of the variables x, and x, is
due to the appearance of the cross product term
P (x,)P (x,) in the 2" cumulant function. Thistermisof
order B*. Since we are only interested in determining the
free energy to orderf?, these terms would be dropped.
This does not mean that all the terms in the 2™ cumulant
should be dropped. The leading term in the averaging
the square of GP, (x, )+FP,*(x, )+FP, (x,)[(P, (x,)+P,(x, )] is of
order 3?and should therefore be kept. At this point, the
decoupling of the remaining variables occurs and the
rest of the integrations can be carried in a
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straightforward manner.
Keeping the above in mind, we find that

string

exp{—[4Gs +4Fs’+ 4Fa - 4G’ (a0 - s7)]} . (142)

0
where N is the number of molecules on the string.
Eqn. (14a) can be rewritten as

Z..= 2z exp{N [Gs+Fsz+Fa-Gz(a-sz)]}

string

(14b)
where Zy —IEXP[B sP, (x)]dx

In terms of the partition function, the Helmholtz
Free energy for the molecules on the string is given by

10
slringzzﬁl string k Tlnzsmng (15)
Helmholtz Free Energy
We start with
InZ . =Nlnz, +N[Gs+Fs + Fa - G*(a-s?)]} (16)

string

Taking the derivative with respect to 3, we get
ilnzsm’n =
op ¢
NihqzOi +N[siG+s iF+oc—F (a-s")—
B op o B
Performing the partial derivatives with respect to 3,
the right-hand side of eqn. (17) becomes

%N£1H201+N[LS 2[3—((1 -sH)(3s*+a)]

P

We also have

G) (17)
op

(18)

2
k,TInZ ;.= Nk, T Inz +2N[és2 —B%((}L—SZ)BS2 +a)] (19)

string

The Helmholtz free energy of the fictitious systemis

F0=1Nilnzol - Nk, TInz,,
2 0B

The first term is given by

[P G Dexpl A (el

L2 Inz 1N 4 s
“p e TN Ty 1
R

0

1 A
—N—s<P(x)>,
2V ‘

2

1__A
= —N—s
2V
while the second term is glven by

Nk,TInz, =Nk, Tln

=Nk, T ln[j' exp[BsP, (x,)dx, ]

= Nk, TIn| j'exp B5(3x = Dldx; ]
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Putting the two terms together and evaluating the
integrals, we get'”
F,= Nk L 1 L3
V= BT{EBS(S+1) - anl[E’E’_BSJ} 20)
where F [a,b;x]isthe Congruent Hypergeometric
function. This function has an expansion given by
1 ala+1)

a
l+—x+— X+
b 21b(b+1)

\Fla,b;x]=

From eqn. (15), we get

1
Foing = Nk T{= —s(s+1)
2 B
- J S-lnF[lzz AZS]}
k, TV? 2272k, TV o
By setting
B A D J
I, Tv? A 5 T Ty 22)
eqn. (21) can be rewritten as
Fing = Nk T{ Bs(s +1),,
23
-ln F[EEEBS]} (23)
222

The details of the derivation of the Helmhotz free
energy is given in the Appendex.

ResuLts

The values of the nematic-isotropc transition
temperatures and of the order parametersat T of the
six members of this series can be found in ref. 7. The
T, ‘s are 408.3 K, 441 K, 396 K, 409 K and 396 K in
order of the increasing number of CH, groups in the
homologousseries, p,p’-di-n-alkoxyazoxybenzene. The
values of the order parameters are 0.43, 0.50, 0.44,
0.55,0.48and 0.56. Aplotofthes sversus the number
of CH, groups in the end chains of these NLC's yields
Fig. 2, whichillustrates the odd-even effect first pointed
out by Marcelja’. If the ‘n’in the structure is 0, we have
the liquid crystal, p-azoxyanisole (PAA): forn=1, we
have p-azoxyphenetole (PAP); for n = 2, we have 4, 4/
-di-n-propyloxy-azoxybenzene (PDPAB); forn=3, we
have 4, 4’-di-n butyloxyazoxybenzene (PBAB); forn =
4, we have 4, 4’- di-n-pentyloxy-azoxybenzene (PPAB)
and finally, for n = 5, we have 4, 4/-di-n-hexyl-
oxyazoxybenzene (PHAB).

Using the values of s s given in Fig. 2 and noting that
atthe critical point (T=T ,s=s ) Fsmng(sc,T )=0and
OF, 1ing /6s|S 1, =0, whereF_ ring 1S 8IVET by eqn (23),
we have solved for B and D for each member of the
homologous series. The results are given in Table 1.
Using the values of the B's and D’s given in Table 1, we
have plotted F__ /Nk T as a function of ‘s’ in Fig.

string
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Table 1. The values of B and D for each member of the
homologous series.

Type Sep B D
PAA 0.43 4.5312 0.0102318
PAP 0.50 3.8968 0.5531240
PDPAB 0.44 4.4282 0.1104130
PBAB 0.55 3.5426 0.7791800
PPAB 0.48 4.0592 0.4310450
PHAB 0.56 3.4793 0.8137300
FiNkeTio
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Fig 3. Helmholtz Free Energies of the Different Members
of the p, p’-di-n-alkoxyazobenzene Series. The curves
for the different members are obtained by using the
values of Band D for each member in eqn (20) in the text.
As noted the value of the order parameter is the value at
which the conditions for a transition (F_ (s T ) =0

and OF,,, /08s 1, =0) are met.

string

3. We see that the curve for the Helmholtz free energy
for each member of series is zero and has a minimum
at the critical value s . These are the conditions for the
nematic-isotropic transition to take place.

Using the definitions of Band D, eqn. (19), we have
determined the values of A and J, the mean field
interaction energy and the strength of the interaction
between the liquid crystal molecules on the string. The
values needed for both the Helmholtz free energy and
its derivative to be zero at the critical value of the order
parameter of each member of the homologous series
are listed in Table 2. 'We have plotted the strength of

Table 2. The values of A and J for each type of nematic, n is
the number of CH, molecules between O and CH,.

Types n \ T Ax107 Jx103%°
(ml/mole) (K) Joule x m® Joule x m®

PAA 0 225.0 408 1.29157 1.450
PAP 1 267.3 441 1.69445 120.256

PDPAB 2 299.0 396 2.16344 26.972
PBAB 3 338.5 409 2.29108 251.958
PPAB 4 368.9 396 3.01878 160.282
PHAB 5 406.0 402 3.18164 372.056
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Fig 4. Strength of the Intermolecular Force as More CH,
Groups Are Added. As is seen, the strengths exhibit
an ‘even-odd’ effect. This ‘even-odd’ effect is most likely
responsible for the ‘even-odd’ effect observed in the
values of the order parameters of the p, p’-di-n-
alkoxyazobenzene series of NLC5.

Table 3. Odd-even effect and model parameters.

Phenomenological Structural
properties properties
T, s A B D ]
Odd-even effect Yes  Yes No Yes Yes Yes

interaction J for the different NLC’s in Fig. 4. Table 3
summarizes which parametersare affected by the odd-
even effect. We see that there is a non-trivial relation
between the parameter B and A on the one hand and
the parameters D and J on the other. The odd-even
effect in B does not carry over to A. In contrast, the
odd-even effect in D does persist in J.

J x10°%0 Joules m®

400 4
350 -
300 1
250 - odd .
200 1
150 -
100 - even

50 1

0 T T T T T T T 1
042 044 046 0.48 0.5 052 054 056 0.58

S
Fig 5. Correlation of the Intermolecular Potential J with the
Order Parameter at T . Plots of the strengths of the
intermolecular interaction vs the values of s_for the odd
series and the even series points to a linear dependence of
Jon the order parameter at the transition temperature.
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We now look at the odd-even effect in the nearest-
neighbor interaction in a more quantitative fashion.
Plotting J against s , we obtain Fig. 5. From Fig. 5, we
see that within the odd and even liquid crystal series,
the parameter ] increases monotonically with's . The
two sets of data points can be fitted by the linear equation
J=a_ +ags_where a least square best fit are achieved
witha =-1.387 x10%"Jm® and a, = 3.22x107"]
m° for the even series and with a = -1.73x 10° Jm®
and a=3.69 x107°Jm° for the odd series.

DiscussioN

We have shown that it is possible to account for
the even-odd effects seen in the observed values of the
nematic-isotropic transition temperatures and of the
order parameter at T in the homologous series p,p’-
di-n-alkoxyazobenzene within the Maier and Saupe
mean field theory. This is done by introducing a chain
of LC molecules in which the molecules on the chain

interact via a two particle interaction

(W= - %Pz (cost,)P,(cosB,) ) with their nearest
neighbor molecular on the chain and with the rest of
the moleculesin the system viaa Maier-Saupe-like mean
field interaction (U en; = - FSPZ (c0s9,)),and keeping

terms of order 3?in the Helmholtz free energy. We find
that the odd-even effect is reflected in a non-trivial
manner in the parameters A, B, Dand ] of our generalized
mean model. While the parameter Aisnotaffected by
the odd-even effect, the other three parameters are
affected. Finally, we wish to point out that our approach
yields a quantitative estimate of the nearest neighbor
interaction J. Moreover, we found that J increases with
s..i.e.AJ=a As wherea =3.22x 10" Jm°®for the even
series and 3.69 x 102° Jm® for the odd series.

Finally we wish to point out that unlike the standard
mean field approach which does not take into account
the effects of short range ordering or allow for the
deter-mination of the nearest neighbor interaction from
the experimental data, our approach does. Our
generalized mean field approach produces an
expression for the Helmholtz free energy of each
member of the series which is zero at the different
values of the s_of each member and whose derivative
is also zero at that value (Fig. 3). The Maier-Saupe
theory gives a Helmholtz free energy which can only
meet the required boundary conditionsat asingle critical
value, s =0.4293.
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APPENDIX

Details of the calculation of the Helmholtz free energy

The Helmholtz free energy for a system of N
molecules is defined as

F=U-TS (AD)

where U is the total internal energy, T is the
temperature and S is the total entropy. To calculate U
and S, we first need to calculate the partition function
Z. To do this, we first need to write down the two
particle interaction term

J
U= S u,= S 5P (cosd, P, (cost)
1] 1]
where the Y2 appears to take care of the problem
of double counting. In the mean field approximation,
the total internal energy becomes

1N A 3x2 -1
_2_2

(A2)

s(———)

Umean field = 2 i V 2

(A3)

where x, =cos@ .

_is (3X

Introducmg the one particle
energy u, ) we have for the partition

function of a single molzecule

=j)exp[—ﬂui1dxi (A9)

The average of potential energy g7 is given by
1
.[ui eXp[_ﬂui]dxl
_0

 Jexpl-fu,ldx, (a9
0
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The same result can be obtained by differentiating
the In of partition function (A3) and so we have

= li1nZ
2

op
Since the total entropy is equal to the natural log of
the entropy of the system, i.e., S = k,InZ, we have

F= liln Z-k,TInZ
20B

(A5)

(A6)

Finding the Helmholtz free energy for any system
reduces to calculating the partition function for the
system. Using the partition function for model of the
liquid crystal, we get

F=(- NkTBs)

-T(-lN k,Bs(1+2s)+N,k ln(jexp Bsx ldx,))
. (AT)

or

F= NAkBT{ Bs(1+s) - ln(jexp Bsxz]dx )} (A8)
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