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AssTrRACT: In this paper, a new three-step iterative scheme for nonexpansive nonself- mappings in Banach
spaces is defined, and weak and strong convergence theorems are established for the new iterative scheme in

a uniformly convex Banach space.
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INTRODUCTION

Fixed-point iteration processes for nonexpansive
nonself-mapping in Banach spaces including Mannand
Ishikawa iteration processes have been studied
extensively by many authors*3. In 2001, Noor
introduced a three-step iterative scheme and studied
the approximate solutions of variational inclusion in
Hilbert spaces. In 1998, Jungand Kim?®s proved the
existence of a fixed point foranonexpansive nonself-
mappingin a uniformly convex Banach space with a
uniformly Gateaux differentiable norm. Tan and Xu
introduced a modified Ishikawa processtoapproximate
fixed points of nonexpansive self-mappings defined
on nonempty closed convex bounded subsets of a
uniformly convex Banach space!*. Suantai’® defined
a new three-step iteration, which is an extension of
Noor iterations and gave some weak and strong
convergence theorems of such iterations for
asymptotically nonexpansive mappings in uniformly
Banach spaces. Recently, Shahzad!" extended Tanand
Xu's results® (Theorem 1, p.305) to the case of
nonexpansive nonself-mapping inauniformly convex
Banach space. Motivating these facts, a new class of
three-step iterative scheme is introduced and studied
in this paper. The scheme is defined as follows.

Let X beanormed space, C a nonempty convex
subsetof X, P: X — C a nonexpansive retraction of
X onto C and T:C — X agiven mapping. Then for
agiven x, € C, computethesequence {x,}, {y,} and
{z,} by the iterative scheme
z,=P((1-a, —b,)x, +a,Tx, +bu,),

y, = PEEl— c,— dngzn +¢,Tx, +d,v, ) 1.1
Xpa = P((l_an _ﬂn)yn +anTXn +ﬂnwn)' n 21’
where {u,}, {v,}, {w,} are bounded sequences

in ¢ and {a,}, {b,}, {c.}, {d.}, {&,}, {B,} are

appropriate sequences in [0,1].

If T:C—>C and a,=b, =c, =d, =4 =0, then
the iterative scheme (1.1) reduces to the usual Mann
iterative scheme

Xou =, TX, + (1=, )X, n=1

where {a,} are appropriate sequencesin [0,1].

The purpose of this paper is to establish several
strong convergence theorems for the three-step scheme
(1.2) forcompletely continuous nonexpansive nonself-
mappings in a uniformly convex Banach space, and
weak convergence theorems for the scheme (1.1) for
nonexpansive nonself-mappings in auniformly convex
Banach space with Opial’s condition.

Now, we recall the well known conceptsand results.

Let x benormedspaceand C anonempty subset
of X. Amapping T :C — C is said to be nonexpansive
on C if [Tx=Ty||<|jx—y| forall x,yeC.

Recall thataBanach space x issaid to satisfy Opial’s
condition®® if x, — x weaklyas n — oo and x # y
implying that

lim sup”xn - x" <lim sup”xn - y"

n— n—o

Inthe sequel, the following lemmas are needed to
prove our main results.

Lemma 1.1 Let {a },{b } and {4 } be sequences of
nonnegative real numbers satisfying the inequality

d, <(146,)a, +b,, VYn=12,...

If > 6, <o and ibn<oo, then
n=1 n=1
1) lima, exists.

n—»o0
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() lima, =0 <whenever hmmf a, =0.

n—om

Proof. See'! (Lemma 1).

Lemma 1.2 Let x be a uniformly convex Banach
space and B, ={xe X:|x|<r}, r>0. Then there
exists a continuous, strictly increasing, and convex
function g:[0,00) > [0,0), g(0)=0 such that

| By -+l < A« I+ 7l - 2B (- 1),

forall x,y,zeB, andall 4,8,y€[01] with
A+p+y=1.

Proof. See’ (Lemma 1.4).

Lemma 1.3 Let x be auniformly convex Banach
space, C anonempty closed convex subset of X, and
T:C — X bea nonexpansive mapping. Then [ — T is
demi-closed at 0, i.e., if x, > x weakly and

Tx, — 0 strongly, then x e F(T), where F(T)
is the set of fixed point of T.
Proof. See®.

Lemma 1.4 Let X beaBanachspace which satisfies
Opial’s condition and let {x, } be a sequence in X.
u,ve X be such that hm“x —U| and hm X, —V"
exist.

1f {xnh } and {xmh } are subsequencesof {x, } which
converge weaklyto u and  respectively, then y =v.

Proof. See'® (Theorem 2.3).

ResuLts

In this section, we prove weak and strong
convergence theorems for the three-step iterative
scheme (1.1) for anonexpansive nonself-mapping in
a uniformly convex Banach space. In order to prove
our main results, the following lemma is needed.

Lemma 2.1 Let x be auniformly convex Banach
space, C anonempty closed convex nonexpansive
retractof X with p as anonexpansive retraction, and
T:C — X a nonexpansive nonself-mapping with

P+, Suppose that {a )14} {a,}.(0.).1c)
and {d,} arerealsequencesin [0,1] suchthat ¢, +d,
and a, +ﬂ are in [O 1] for all n>1 and
Zb <o, Zd <o, Zﬂ <. For agiven x, €C,
1et {x },{yn} and {z } be the sequences defined asin
(1.D.

(i) If p isafixed point of T, then lim[x, —p]
exists.

(i) If 0<liminfe, <limsup(e, + f,)<1, then

n—»0

ylli_I;g"Txn - yn =

n—»o
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0<limsup(e, +B,)<1

(iii) If and

0< hmlnfc < hmsup(cn +dn)<1

=0.
0<hm1nfa' <hmsup(a + 8, )<1

then

(1v) If
0 < liminfc, <11msup(c +d )<1andhmsupa <1,

n—o

then hm”Tx - X, W—

n—o

Proof. Let peF(T), and

M, =supi|u, —p|:n=1y,
M, =supi|v, —p|:n=1j,
M, =sup wn—p|:n21},

M =max {M, :i=1,2,3}.
Using (1.1), we have

= "P((l—an -b)x, +a,Tx, + bnun)—P(p)"

< "((1 —a, —b,)x, +a,Tx, +bu, ) - p"

<

<(

< ||xn - p" + Mb,,

_p":"P((l_Cn _dn)zn +¢,Tx, +ngn)—P(p)||

<(l-¢,—d,)
<(-c, —d,)(|x, - pll+Mb,) x, = p|
+Md,
S"xn —p||+ Mb, +Md,,
and so

oo Pl =[P (-, - B) 3, + @, Tx, + Bow, ) -P(p)|
<(l-a,-8)|y x, = p|

-p|+a,

<(1-a,-8,)(
x, —p[+M§p,
<|x, = p|+M(b, +d, + B,).

)

+a,

Hence the assertion (i) follows from Lemma 1.1.
(i) By (1), we know that lim|x, —p| exists for any
peF(). It follows that {)x —p} {Tx, —p} and
y, —p} are bounded. Also, {u, —p},{v, —p} and
w, — py are bounded by the assumption. Now we set

n =sup{||x —p||'n>1}
[T, = p|:n 21},

sup{ly, - pll:n>1},

sup{
{
sup{|z —p||:n21},
i
{I.

sup |u —p":nzl},
g =sup :nZl},
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= sup{"wn - p" nx 1},

r=max{r,:1=12345,6,7}. 2.1

By using Lemma 1.2 we have

z,-p - "P((l -a,-b,)x, +a,Tx, +bu,)- P(p)"2

< "(1 -a, - bn)(xn - p)+ a, (Txn - p)+ b, (un - p)”2

<(l-a, =b,)|x, —p"2 +a, ||Tx, —p"2
+b, ||u, —p|2 -a,(1-a, —bn)g("]'xH - xn")
<(1-a, -b,)|, 7p||2 va, |x, 7p||2 +b, [u, 7p||z

< ||x" - p"2 + rzb",

Iy, = ol =P (0 -c, = d.)z, +e,Tx, +dv, )= P (p)]
<l -c, )z, -p) e, (Tx, ~p)+d, (v, )
<(-c¢,—d)|k - pl +c.|x, - p[
+d, v, = pl =, 1=c, = d,)e(ITx, - z,[)
(- =d)z = pl +e x - Pl
+d, v, = p[ =, 0=c, = d,)e(lTx, - 2,[)
<(-c, =), = plf + 0, )+, x, ol
+rid, —¢,(1-c, = d,)g(|Tx, - z.])
<(=d)|x, = pl + b, +rd,

—a (L=c, = d,)g(lrx, - z.l)
<|x, - P"Z +1'b, +rd,,

and so

o - ol = [P(Q-a, - B.)y, + a,Tx, « Bw, ) -P(p)|
< ||(1 —a, - B.)y, +a,TIx, + Bw, - p||2
-, -8, )@, (Tx, - p)+ B (w, - p)|
s(=a, =B )y, - ol +a,|Tx, - ol
+ B, =l e, (1-a, - B,)e(Irx, - y.])
<(-a, =By, - ol +a, lx. -l
Bolw, = vl - (0 -a, - B)e(ITx, - 1)
<(-a,-B)(Ix - ol + b, +7d, ) v e, |x, - o
s —a, (L-a, - B,)g(|Tx, - v,])
< (1 - B, )"xn - p"2 + rzb“ + rzd“ + rzﬂ“
~a, (1-a, - 8,)g([Tx, - )
< ||xyl - p"2 + rzbyl + rzdyl + rZ,B“
~a,(1-a, - B,)g(Irx, - v.]|)
<l =l + 72 (b, +d, +8,)
~a, (1-a, = B,)g(Tx, - v.]).

which leads to the following:
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)

a,(1-a,-B,)g(|Tx, -y,

<l = ol =l =l 77 (b, 4, + 5,),
(2.2)
If 0<liminfe, <limsup(e, + B,) <1, thenthere

exista positive integer n, and 77, 7' € (0,1) such that
O<np<a, and a,+f <n' <1
follows from (2.2) that

n(1=1")g(|Tx, = .)

<fx = ol =l =P+ (b, +d, + 5,),
(2.3)
forall n=n,. Applying (2.3) for m 2 n,, wehave

for all n2n,. It

. e (I, = #lf = I, - 2I)
2 g(lrxn - yall) < e R
" TEZT) v % (b, +4d, + B,)
2
1 X T P"
(=) +* X (b, +d, +8,)
0 2.4

Letting m — oo in the inequality (2.4), we get that
> g(||TXn - Y, )< o, and therefore ,IEQHTXn -y, l=0.
Since gis strictly increasing and continuous at 0 with
g(0)=0, itfollows that lgg”TXn —Yu||=0.

(i) 1f0<limsup(a, + B,)<1
O<li£rliwnf c, Slimsup(?nﬂdn) <1, thenby the same

and

n—0 , . . .
argument as that given in (ii), it can be shown that
lim ||Txn -z, || =0.
n—oo

Gv) 1f O<liminfe, <limsup(e, +B,)<1,
0<liminfc, <limsup(c, +d,)<1 ;Hﬁ limsupa, <1,
by (ii) and (iii) we have e
lim|[Tx, - y,|=0 and lim|Tx, —z,[=0. (2.5)

FromY, =P((1-¢, =d,)z, +¢,Tx, +d,v,), we have
||y" - X, || = "P ((1 -c, —d, )z" +c¢,Tx, + d"v")— P(x")"
< "(1 -¢,—d, )z, +¢,Tx, +d,v, - x, "
:||(z" -x)+¢, (Tx, —z,)+d, (v, -z, )”
<z, = x|+ e, [Tx, =z, |+ d, v, = 2. |
=||P ((l -a,-b,)x, +a,Tx, +b,u, )— P(xn)"
+ o, ITx, =z, f+d, v, - 2.
< "(1 —a, —b, )x“ +a,Tx, +bu, — x""
+o, Itx, =z fl+d, v, -z
=||an (Tx“ - xn)+ b, (un - X, )”
+o, ITx, =z fl+d, v, -z
<a,|Tx, = x, |+ D, |ju, - x|
+ o, ITx, =zl +d, v, -z

<a, ||Tx,I - X, ||+ C, ||Tx“ -2, ||+ 2rb, + 2rd,,
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where r isdefined by (2.1). Thus
[T, - x| <]

n

< ||Txn -y, ||+ a,

+2rb, +2rd,,
and so

(1-a,)

< "Txn - yn

+c, ||Txn -2, | +2rb, +2rd,

Since hmsupa <1 and hmb =limd, =0, it

n—o0

follows from (2 5) that hm"Tx - X ||—

Theorem 2.2 Let X be a uniformly convex Banach
space, C anonempty closed convex nonexpansive retract
of x with p asanonexpansiveretraction,and T: C — X
acompletely continuous nonexpansive nonself-mapping
with F(T) = &. Supposethat {a } {A.},{a,},{b,}.{c.}.{d, }
are sequencesofrealnumbersin [0,1] with ¢, +d, €[0,1]

and  a,+f, € [0, 1] for all n>1, and
Zb <002d < 00, Zﬂ <o, and
(i) O<liminfe, <limsup(ea, +B,)<1, and
(i)  O<liminfc, <limsup(c, +d,)<1l and

n—oo

limsupa, <1. n—e

"For {x,},{y,} and {z,} being the sequences
defined by the three-step iterative scheme (1.1), we
have {xn},{yn} and {Zn} converge strongly toafixed
point of T,

Proof. By Lemma 2.1(iv), we have

lim ||Tx - X, || =0

n—om (26)
Since T iscompletely continuous and {xn} cCis
bounded, there exists a subsequence {xnh} of {x,}
such that {

{th } converges. Let 4= }gg X, - By the continuity of

}converges Therefore from (2.6),

T and (2.6) we have that Tq = ¢, so ¢ isa fixed point
of T. By Lemma 2.1(i),
koo x"’{ B q” =0

Thus }}_I}l"xn —q|| =0. Since ||yn -X,

X, —q|| exists. Then

n—o0

n— oo, and
bn)xn +a,Ix, +bnun) -

S||<1_an _bn)xn +anTx” +b”u” _x”"

<a,

it follows that limy, =¢q and limz, =q.
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For a, =b, =0, then Theorem 2.2 canbe reduced
to the two-step iteration with errors.

Corollary 2.3 Let x beauniformly convexBanach
space, C a nonempty closed convex nonexpansive
retractof X with p as anonexpansive retraction, and
T:C— X a completely continuous nonexpansive
nonself-mapping with F(T)=@. Suppose that
{Cn},{dn},{an},{ﬂn} are real sequences in [0,1]

satisfying
(i) 0< liminf e, < hmsup(a +4,)<1, and
(i) 0< hmmfc <limsup(c, +d,) <1
For a given x, €C, define
Y, —P% 1-c,—d,)x, +¢,Tx, +d,v,),
X0 =P((l-a, - B,)y, +a,Tx, +ﬂnwn), n>1.

Then {x,} and {y,} convergestronglytoa fixed
point of T.

In the next result, we prove the weak convergence
of the three-step iterative scheme (1.1) for
nonexpansive nonself-mappingsinauniformly convex
Banach space satisfying Opial’s condition.

Theorem 2.4 Let x beauniformly convex Banach
space which satisfies Opial’s condition, C anonempty
closed convex nonexpansive retract of X with p as
and T:C—>X a
nonexpansive nonself-mapping with F(T) = @&.
Suppose that {a,},{8,}.{a,}.{b,}.{c.}.{d,} are
sequences of realnumbersin [0,1] with ¢, +d, €[0,1]
and @, +p, e[Ol] for all nx1,

Zb <o, Zd <o, Zﬂ <, and

a nonexpansive retraction,

and

(i) O<liminfe, <limsup(e, +3,)<1, and

n—o n—c0

(i) 0<liminfc, <limsup(c, +d,)<1 and

n—oo

limsupa, <1. noe

Tet {x,} be the sequence defined by three-step
iterative scheme (1.1). Then{x,} converges weakly
to a fixed point of T.

Proof. By using the same proof as in Theorem 2.2,

it can be shown tha 1=0. Since x is
uniformly convex and {x,} is bounded, we may
assume that x, = u weakly as n — oo, without loss
of generality. By Lemma 1.3, we have u € F(T). Suppose
that subsequences {xnk} and {ka} of {xn} converge

weakly to u and v, respectively. From Lemma 1.3,
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u, v eF(T). By Lemma 2.1(i), lim|x, —u| and
ALVQHX” —V| exist. It follows from Lemma 1.4 that
u=v.Therefore {x } converges weakly to fixed point

of T.

Whena =b =0inTheorem 2.4, we obtain the weak
convergence theorem of the two-step iteration with
errors as follows:

Corollary 2.5 Let X beauniformly convexBanach
space which satisfies Opial’s condition, C a nonempty
closed convex nonexpansive retract of X with P as a
nonexpansive retraction, and T: C —X anonexpansive
nonself-mapping with F(T) = &. Suppose that {c },
{d}, {e}, {B} aresequences of real numbersin [0,1]
such that

(i) O<liminfea, <limsup(e, +8,)<1, and

(i) 0<liminfc, <limsup(c, +d,)<1.

For a given x, e C, define
yn = P((l_cn _dn)xn +chXn +ngn),
Xoa =P((1=a, = B,) Yo + &, T, + BW, ), n>1.

Then {x } converges weakly to a fixed point of T.
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