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ABSTRACT

In this paper two theorems of iterative partial differential equation have been proved. One of them
is theorem of uniqueness and the other is theorem of existence. An example is given.

I. GENERAL FORMULA
The iterative partial differential equation, on the set Z, is of the form

(1) FPux) = Fxu(x),ud(x),...,u™(x))
0x0X, ... 0%
with

(2) u(x) = g(x) on the boundary of Z,

where m is an integer greater than 1 and
X4 uy(x)
Xy uy(x)

X = . , u(x) = . and

X, u, (%)

~ £ u®),u(x),..,u™(x)) -
£, (%,u(x), u%(x), .., u™(x))

f(x, u(x), u¥(x),....u™(x))

- fn(x,u(x),uz(x),...,um(x)) -
Uy (uy(x),uy(x),...,u, (X))
uy(u, (%), uy(x),...,u, (X))
and u’(x) = u(u(x)) =

— Un<u:(X))u2(x)r"'7un(x)) -

u¥(x) = u(u’(x))

WP (x) = u(u™(x)
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Z = [0,a4] X [0,35] X ... X [0,a,] , &y, &y, ..., &, are in R*
uy:Z—~R , fF:D—R ,i=12.n

u:Z—R*, f:D—R"

D is a suitable subset of Z x R™".

If f and g are continuous in D then the problem(1)-(2)is equivalent to the problem
of the existence of the continuous solution of the integral equation

®3) u(x) = gx) + X Kt u(t), v¥(t),..,u™(®)dt.

II. UNIQUENESS

Let £(x,2,,2,,...,2,,,) be defined and continuous in D and g be defined and continuous
in Z and let

4) E(x,20,25 2 | | < K
®) [ 1£05,21,29)1Zp) - f(x, 2, ZpyrZe) | |

SM lzy -zl + My llzy - gl | + oo + My [z, -2,
) llgx)|| =L <K

for every (x,21,2y,-,2), (X,21,Z),--2,) in D and every x in Z and KLM{,M,,...M_ in R*.
The norm]||.]|| is the Euclidean norm.

We are looking for the solution u(x) of the problem (1)-(2) or (4) where

7) u(x) belongs to Z for all x in Z and
(8) |lu) - u(y)|]] € N ||xy|| forallxyinZ and N in R*.
Let

S = M; + M)N + MN? + 4+ M Nt

S, = M, + MjN + MjN + .. + M, N™2

St = M_ 4+ MN

S =M

anda=ajay..a ,b=S,+S + ..+, ,d=50"d>0B=ab,C=a+
ay+ ..+a, ,B Cin R*. Thus we have the following theorem.

Theorem 1. If Be9C < 1 and f and g satisfy the above conditions then there exists
at most one solution to the problem (1)-(2).

Proof. Suppose u and v are two solutions of the problem (1)-(2) and let
p(x) = [lux) - v(x)l|

and
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Thus we have

px) =
<
<
But | |u2(t) -
| fu3(e) -
| Ju™(t) -
thus we have
p(x)
and then
p(x)
Then
p(x)

ma x ||ux)-v(x)]||

xeZ

g - JX  Etu()u?(©),..,u™())dt - g(x)
+ X Ev(),v3(),.., v (1)de ] |
[ HEGuE),u?(0),.,u™(®)
- £(t,v(t),v3(t),.., V2 | | dt
My JX ]l - v®] ] dt + My 13 [P0 dt
+ot My X [ u™)-v"@)] ] dt
vA(t)|| £ Np(t) + p(v(t)
Bl S N2p(t) + Np(v(r)) + p(v*(t))

Vi) || € N Ipt) + N2 2p(v(t)) +...+ Np(v™2(t))
+ pv™(t))

< [* My + MpN + MgN? +.+ M N™]p(t)dt
¥ My + MN + M,NZ +. .+ M N™]p(v(t))dt
[ Mgy + Mondp™2(v(t)dt

+ [X Mp, (v(t)dt

< S, JX pdt + S, J* p(R)de

+o.+ S JE pv™lt)de

< S, J¥ p(tydt+aS,P+aS;P+.+aS P

= S, JX p@)dt+aP[Sy;+ Sy+..+ 5]

= S, IX p(t)dt + ab P.

< abP ed(x1 + x2 +..+ an)

< abP ed(a1 + a2 +..+ an)

< abP e

< B P el
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but by the hypothesis that B e9© < 1 then p(x) < P for all x in Z , thus p(x) must be
equal to zero which ends the proof of theorem 1.

II1. EXISTENCE
Let W = a [M; + (N+1) My + (N? + N + 1)M,
+oot (N NP2 4 4 N+DM, ]
and let consider the sequence
9) U (X)) = gx) + JJ* £, u(t), u? (8),...,u (t))dt
where u (x) is fixed function of class C! map Z to Z such that
0"uy(x) <K

0%10X, ... 0%,

Hence we have the following theorem.

Theorem 2. Let the conditions of theorem 1 hold and W < 1 then the sequence (9)
converges uniformly to the (unique) solution u = u(x) of the problem (1)-(2).

Proof. We put

Uy = max | |u, (%) - w®)||
X€z
then we have
Uy < wkluy,.

Thus U,tends to zero as k tends to infinity. This means that if {u ()} is a
subsequence of {u,(.)} tending uniformly to some u(.) then u() is a solution of the
problem (1)-(2). Since the family{u_}is an Arzela-Ascoli family, thus for every
subsequence {u;} of {u,} there exists a subsequence {u.} uniformly convergent and the
limit needs to be a solution of the problem (1)-(2) as it was mentioned above. Thus the
sequence {u_} tend uniformly to the (unique) solution u of the problem (1)-(2). This ends
the proof of theorem 2.

IV. EXAMPLE
Find the solution, in Z = [0,1] x [0,1] of the equation
82 - .1_ -X - QY + 5&! + U1(X7Y) - UZ(X) ) + ul(u17u2)
ukxy) = 4 8 8 8 + uy(uy,uy)
Ixdy 1+ x + 5y - 5xy - uy(xy) + u(xy) - uylug,uy)
4 8 8 - Uy(uy,u,)
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with

g(x,y) x+y,
4 4

i.e. the initial conditions is that

S
N S
I

B

u(x0) = yuy) =

b4
4
Yy
4

X

Let u (x,y) = g(x,y) and by the equation (9) we get

r X+_Y-X)l+5—x2)£ 7

4 4 4 32
U1(X;Y) =
X_ Yy, xy 5y
-4 4 4 32 -
- X,y _xy, 25x%°
4 4 4 576
uxy) =
X, ¥ L XY _ 25x%
- 4 4 4 576 -
— X + y_ H-}- 5k.xk+1yk+1
4 4 4 k1232 (k41)?
Uk(X:Y) =
X_ YL XY 5ka+1yk+1

- 4 4 4 k12232 (k+1)?

then uy(x,y) tends to [x+y-xy, x-y+ Xy T
4 4

as k tends to infinity. Thus the solution of the given equation is

Xx+y-xy
4

X-y+xy
4
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